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Abstract

We introduce BoxLitE, a knowledge base (KB) embedding model for DL-Lite” that allows for convex optimization.
We show that for any satisfiable DL-Lite” KB, there is a BoxLitE embedding that is a weakly faithful model. As
a proof of concept, we show how to formulate the KB embedding task as a convex optimization problem and
how to obtain embeddings with such desirable faithfulness properties. This is an extended abstract of our paper
accepted at KR 2026 (Track: KR meets Machine Learning and Explanation).
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1. Introduction

Knowledge base (KB) embeddings combine the capability of knowledge graph embeddings to perform
inductive reasoning for link prediction with deductive reasoning, using logic expressions present in an
ontology [1]. Several authors have recently explored the idea of mapping concepts in a KB to regions
in a vector space [2, 3, 4, 5, 6]. Region-based embeddings are important for KBs as they can naturally
represent hierarchies present in KBs: more general concepts can be mapped to larger regions, containing
those regions associated with more specific concepts [7, 8, 9, 10]. In this work, we introduce BoxLitE,
a KB embedding model for DL-Lite! [11] KBs that allows for convex optimization. In particular, we
study the notion of weakly faithful models [12, 1] in the optimization task. This notion states that
axioms that hold in the embedding are consistent with the KB and entailments of the KB are satisfied
in the embedding. Our main contribution lies on theoretical grounds, establishing the existence of a
faithful model for DL-Lite! and the proposal of a novel approach that computes a faithful embedding.
BoxLitE’s implementation and the empirical results serve as a proof of concept that our theoretical
results translate into practice. One of the motivations for this work is to try to perform link prediction
using theoretically sounds techniques from a convex optimization perspective. We would like to check
how much performance can we get from a purely convex approach.
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2. BoxLitE’s Semantics

Here we introduce a semantics for DL-Lite inspired by box-based geometric models [7] and suitable
for defining a KB embedding model that can be optimized using convex optimization. We define a
geometric model that uses axis-aligned hyper-rectangles, called boxes (Figure 1).

Let € and s be fixed but arbitrary ! positive constants with € < sq. Let € and s denote the d-dimensional
vectors (d > 0) whose value in each dimension is equal to € and s respectively. Henceforth, we
denote elementwise comparison operators with <; and >;. Using € and s, we define an axis-aligned
hyper-rectangle, called the universe box: Q = {x € R | —s <; x <y s}.

Definition 1. A box is an element of the set Box, defined as:
Box:={{xeRY|L+e<;x<;U—¢€| 0<;(U—-L)<,2s, L,UeR%.

For a non-empty box, the lower and upper bounds are denoted L and U (resp.) of X. If X is the empty box
then we set L :=U := 0. We denote with x[i] the i-th dimension of a vector x. If X is a box with lower
and upper bounds L and U, resp., then X[i] is the pair (L[i], U[i]).

Definition 2. A box interpretation 7 is a function that maps:

« each individual name a € N; to two vectorsn(a) = (pos(a), bump(a)), namely, a position pos(e) € Q
and a bump bump(e) € Q;

« each concept name A € N to a box n(A) € Box;

« each role name R € Ny to three boxes n(R) = (Head(R), Tail(R), Bump(R)), which we call R’s head
Head(R), tail Tail(R) and bump box Bump(R).

We extend the mapping function n to arbitrary DL-Lite'! concept and role expressions as follows:

n(=C) :==n(C), n(R"):= (Tail(R), Head(R), Bump(R)),
n(AR) ={x e R | L - UB +e<;x <, UR - LB — ¢
where L, Uf{ with X € {H, T, B} are the lower and upper bounds of Head(R), Tail(R), and Bump(R); and

where n(C) represents n(C)’s complement box. Furthermore, for anyC € N%, the complement box n(C) is
defined as follows:

nC) ={xeR!|(-s —Lc +6€) <yx <4 (s — Uc — &)}
with L¢ and Uc being n(C)’s lower and upper bounds.
A box interpretation is box consistent if for all C € N% we have that n(C) N n(C) = @.
Definition 3. A box interpretation nj satisfies

« R(a,b) with R € Ng and a,b € N, iff (i) pos(a) + bump(b) € Head(R), (ii) pos(b) + bump(a) €
Tail(R), and (iii) bump(a), bump(b) € Bump(R);

«.CCDCe N% andD € Naﬁ iff n(C) € n(D);
« RE SwithR,S € Ny iff Bump(R) € Bump(S), Head(R) C Head(S), Tail(R) C Tail(S).

Regarding concept assertions with C € N% and a € Ny, ) satisfies C(a) if pos(a) € n(C) and n falsifies C(a)
if pos(a) € n(C). Otherwise the status of C(a) is unknown?.

'In our work and, in particular, in the implementation, we take 0 < € < €,,,,,, Where €,,,, = 0.5 and €,,,, < so/8. Making €
and s, learnable parameters would not enhance the representation capabilities of our model but allow for infinitely many
equivalent solutions of our learned embeddings which only differ in scale.

“Geometric models for languages that have negation normally need to allow for the ‘unknown’ truth status. This happens
in the Cone Semantics [12], tailored for &/ %, which has negation. Since DL-Lite allows for B € —C we use complement
boxes and the ‘unknown’ truth state.



We writen k£ a when 1 satisfies an axiom a, and n¥a otherwise. Also, if £ a for every axiom o in a KB K
then we say that n satisfies K or, equivalently, that n is a model of K, that is, n £ K.
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Figure 1: A two-dimensional box interpretation 1 is shown. It maps a role R € Ny to the Head(R), Tail(R), and
Bump(R) boxes. Additionally n(3R) is visualized. The depicted box interpretation satisfies the assertions { R(a, b),
R(b,d), R(b, ), R(c,d), R(c,c), AR(a), IR(b), 3R(c) } over {a,b,c,d, e} € N,.

3. Model Faithfulness

Here we study model faithfulness [12], which is a property that is useful to show that geometric models
correctly represent the knowledge present in KBs. For KB completion, one is particularly interested in
preserving the TBox axioms, while allowing new assertions consistent with the KB to hold.

Definition 4. (Adapted [12, 1]) Let &£ be an ontology language and K a satisfiable KB in &. A box
interpretation n is

« weakly KB faithful for & and K if for every KB axiom a in &, n k « implies K U {a} is consistent;
« KB entailed for & and K if for every KB axiom « in £ that is entailed by K, n k a.

We may omit “weakly” and just say “faithful”. We may also omit & and/or K if they are clear from the
context. If a box n interpretation satisfies both of the properties we say that n is a KB faithful model.
These notions can be adapted for the case £ is a description logic with TBox and ABox axioms and for the
case where we consider only TBox axioms (or only ABox axioms) for TBox (or ABox) faithful models.

Proposition 1 and Proposition 2 give basic conditions for faithfulness in DL-Lite!.
Proposition 1. Let 7 be a DL-Lite!’ TBox. Ify & T thenn is (weakly) TBox faithful.

Proposition 1 follows from the fact that, in DL-Lite!!, TBoxes are always consistent, that is, inconsisten-
cies only happen when considering a TBox and an ABox.

Proposition 2. Let K be a DL-Lite!’ KB and n a box interpretation that is box consistent. Ifn & K then n is
(weakly) KB faithful.

We are now ready to state Theorem 1, which is the main result of this section.

Theorem 1. There exists a suitable so, such that every satisfiable DL-Lite™! KB K has a box interpretation
N, that is a KB faithful model and box consistent.



Table 1
Test Results for BoxLitE on F_v1-4. Standard deviation nearly 0 in all cases.

Dataset MRR H@1 H@3 H@10

F_v1 .720 .545 .870 979
F_v2 .549 .352 .685 905
F_v3 433 .288 .509 .708
F_v4 444 .249 571 .763

Corollary 1. Let K be a DL-Lite™ KB with an empty ABox. For any d > d,;,, there is a box interpretation
n with dimensionality d such that dp;, = |Nc| + 3|NR| and 1 is a TBox faithful model of K.

Corollary 2. Let K be a satisfiable DL-Lite™ KB. For any d > dyy, there is a box interpretation n with
dimensionality d such that: dpin = |Nc| + INRI(2 + Ny + 2|NR|) and n is a KB faithful model of K.

We show in full version of the paper [13] that one can encode TBox axioms as linear inequalities that are
used as convex constraints in an optimization problem that guarantees any BoxLitE embedding solution
z to be KB faithful for DL-Lite. Let €x C R" be the set of z’s such that the constraints are satisfied.
That is, z € Gk if and only if: (a) for each TBox axiom the corresponding inequalities are satisfied;
and (b) the box consistency and universe constraints are satisfied, see the supplemental material for
details. Also, let fj : R" — R be the function that maps z to the objective value for a given choice of
nonnegative hyperparameters A = (1;, 3, A43) € R3. The next theorem establishes the conditions in
which the optimizer is guaranteed to find an optimal solution and associated properties.

Theorem 2. Let K be a satisfiable DL-Lite! KB. For nonnegative A the following problem is convex.
min f;(z), subjectto z € Gk. (1)
zeR?

In particular, f is a convex function, € is a polyhedral set and the following items hold.
i)  Ford asin Corollary 1, and sq as in Theorem 1, € is nonempty.
ii) Any embedding solution z € G corresponds to a box consistent interpretation that is TBox faithful.

iii) If Ay = 0 and there is an optimal solution z* such that f3(z*) < 0 then the box interpretation
corresponding to z* is KB faithful.

iv)  Suppose that Ay = Ay = A3 = 0. Ford as in Corollary 2, and sq as in Theorem 1, there is an optimal
solution z* s.t. f3(z*) < 0 holds.

Informally, Theorem 2 states that we can find a box interpretation for a satisfiable K via convex
optimization over a polyhedral set. Any z € @k (whether optimal or not) corresponds to a box
interpretation # that is TBox faithful and box consistent. Item i) gives a bound on the minimum required
d to ensure that Gk is nonempty, but this estimate seems to be conservative. Items iii) and iv) imply
that if we wish to find a solution that is KB faithful, this can be done by setting the hyperparameters
associated to regularization terms to 0, setting d to be sufficiently large and solving (1).

4. Proof of Concept

We evaluate BoxLitE’s performance on subsets (F_v1-v4) of the Family dataset [14], providing first
results for its scalability and reasoning capabilities. The sizes of the datasets vary from 155 to 895
individuals. We implemented BoxLitE’s (convex) second-order cone optimization problem in Python
3.12 using CVXPY [15, 16] for modeling and MOSEK [17] for solving it *. The results reveal that MOSEK
finds a solution that is KB faithful and satisfies the concept inclusions in the TBox (Table 1).

*The code is available at https://github.com/AleksVap/BoxLitE.
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