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Abstract
Temporal extensions of description logics o�en lead to a substantial increase in the complexity of reasoning.
Nevertheless, tractable extensions of ℰℒ have been developed by restricting the occurrences of temporal concepts.
One can even add so-called convex metric temporal diamond operators to ℰℒ, if they are only allowed to occur
on the le�-hand side of concept inclusions. In this paper, we consider the dual convex box operators for the �rst
time, and investigate the behavior of complex temporal formulas in which convex diamond and box operators
can be combined via composition, union and intersection. We demonstrate the intricate interplay between these
operators, and present decision procedures for checking subsumption between complex temporal formulas.
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1. Introduction

Temporal description logics have been studied for several decades now, with the aim of reasoning with
dynamic dependencies between concepts and roles. Many complexity results have been obtained both
for classical reasoning problems such as satis�ability [1, 2, 3] as well as for temporal query answering [4].
In the context of the ℰℒ family of DLs, it was investigated how tractability can be preserved [5, 6, 7, 8].
Reasoning in temporal extensions of ℰℒ easily becomes undecidable, in particular in the presence of
temporalized roles [9, 6], but under some restrictions, tractability can be regained [6, 7, 8]. In particular,
restricting the occurrences of temporal operators to the le�-hand side of concept inclusions preserves
the convexity of the entailment relation and allows classi�cation via completion rules and temporal
query answering using a single universal model, as in standard ℰℒ [10, 11]. Apart from classical
temporal operators of linear temporal logic (LTL) such as ◇− (stating that something has happened in
the past), research has also considered metric temporal DLs that can use operators like◇− (︀0,5⌋︀ to restrict
the temporal reach of such operators (in this case, to 5 time points into the past). However, including
such expressive operators leads to even harder reasoning problems [12, 13].
In this paper, we reconsider the convex temporal operators ◇c 𝑛 introduced for the temporal logic
𝒯 ℰℒℋ◇c ,lhs

� [7], which are special metric temporal operators that preserve convexity when only
employed on the le�-hand side of concept inclusions. Intuitively, the concept ◇c 2 Alarm represents all
objects that have intermittent alarms with gaps of at most 2 time points (see Figure 1). This allows
us to smooth over gaps that are at most 2 time points long, and can be used as a kind of low-pass
�lter on incoming time-stamped data. As such, they can be seen as a means of dealing with imperfect,
incomplete data. However, the ◇c 𝑛 operators only represent one half of a low-pass �lter, because they
do not remove spurious peaks in the data, where an Alarm is present only at a few time points, but
then disappears again. To deal with this, it is natural to consider the dual operators ◻c 𝑛 that can be
obtained as in classical modal logic from◇c 𝑛 via negation. For example, the e�ect of ◻c 2 is to remove
all peaks that last for at most 2 time points (see Figure 1). These operators are also convex, but before
we can add them to a logic like 𝒯 ℰℒℋ◇c ,lhs

� , we �rst need to fully understand how they behave when
combined with other temporal operators. For example, in contrast to [7], where it was shown that the
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Figure 1: The behavior of temporal operators over Z. The dots and gray boxes at the bottom represent the time
points at which some concept (e.g., Alarm) holds for some individual, and the colored boxes enclose the (integer)
time points resulting from applying various temporal operators to this concept.

Table 1
Semantics of temporal diamond and box operators. The input set𝑀 ⊆ N represents all time points at which a
given property holds. In our semantics, “past” and “future” always include the current time point 𝑖.

△ ∈D ∪B 𝑖 ∈ △𝑀 i� The property described by𝑀 holds (relative to 𝑖) . . .

◇+ ∃𝑗. 𝑗 ≥ 𝑖 ∧ 𝑗 ∈𝑀 eventually in the future
◇− ∃𝑗. 𝑗 ≤ 𝑖 ∧ 𝑗 ∈𝑀 eventually in the past
◇± ∃𝑗. 𝑗 ∈𝑀 eventually in the past or the future
◇c ∞ ∃𝑗, 𝑘. 𝑗 ≤ 𝑖 ≤ 𝑘 ∧ 𝑗, 𝑘 ∈𝑀 eventually in the past and the future . . .
◇c 𝑛 ∃𝑗, 𝑘. 𝑗 ≤ 𝑖 ≤ 𝑘 ∧ 𝑗, 𝑘 ∈𝑀 ∧ 𝑘 − 𝑗 ≤ 𝑛 + 1 . . . separated by at most 𝑛 time points

◻+ ∀𝑗. 𝑗 ≥ 𝑖→ 𝑗 ∈𝑀 always in the future
◻− ∀𝑗. 𝑗 ≤ 𝑖→ 𝑗 ∈𝑀 always in the past
◻± ∀𝑗. 𝑗 ∈𝑀 always in the past and the future
◻c∞ (−∞, 𝑖⌋︀ ⊆𝑀 ∨ (︀𝑖,∞) ⊆𝑀 always in the past or the future
◻c 𝑛 ∃𝑗, 𝑘. 𝑗 ≤ 𝑖 ≤ 𝑘 ∧ (︀𝑗, 𝑘⌋︀ ⊆𝑀 ∧ 𝑘 − 𝑗 ≥ 𝑛 in the past and the future, for at least 𝑛 time points

composition of several ◇c operators is commutative and equivalent to a single ◇c operator, if we add ◻c
into the mix, it makes a di�erence whether we consider the composition ◻c 2◇c 2 (�rst apply ◇c 2, and
then apply ◻c 2 to the result) or◇c 2 ◻c 2. In Figure 1, we can see that◇c 2 ◻c 2 removes the short peak on the
le�, but also removes the gap between the two longer intervals.
In this paper, we present �rst results towards characterizing combinations of ◻c 𝑛 and ◇c 𝑛 operators,

not just via composition, but also point-wise intersection and union. These operations are relevant for
reasoning in logics such as 𝒯 ℰℒℋ◇c ,lhs

� . We show that subsumption between such complex operators can
be decided in double exponential time in general, and in polynomial time when restricted to sequences
of compositions. This paves the way towards extending reasoning procedures for 𝒯 ℰℒℋ◇c ,lhs

� [7] with
the new ◻c 𝑛 operators.

2. Preliminaries

We �rst recall the logic 𝒯 ℰℒℋ◇c ,lhs
� , and in particular the temporal ◇c 𝑛 operators [7]. The set D ∶=

Dinf∪Dfin of diamond operators is composed of the classical operatorsDinf ∶= {◇+ ,◇− ,◇± } and the convex
operators Dfin ∶= {◇c 𝑛 ⋃︀ 𝑛 ∈ N ∪ {∞}}. Their semantics is based on in�nite sets of time points𝑀 ⊆ Z
over the integer timeline. The idea is that𝑀 contains all time points at which a certain property 𝑋
holds. For each operator◇ ∈D, the set◇𝑀 then contains all time points from Z at which◇𝑋 holds,
as de�ned in the upper half of Table 1 (cf. Figure 1). We slightly adapt the de�nitions from [7] to make
them more intuitive in the new setting with box operators; in particular,◇c 𝑛 now removes all gaps of
length ≤ 𝑛. More formally, given the input set𝑀 , a�er applying the diamond operator, ◇c 𝑛𝑀 includes
all time points 𝑖 that lie between elements 𝑗, 𝑘 ∈𝑀 with a di�erence of at most 𝑛 + 1, i.e., 𝑗, 𝑘 surround
a gap of at most 𝑛 time points that are not included in𝑀 . The special case ◇c ∞ removes all �nite gaps



from𝑀 . The classical operator ◇+ removes all �nite gaps and in�nite gaps of the form (−∞, 𝑘⌋︀, and
similarly for ◇− and ◇± ; the latter in particular maps ∅ to itself and all other sets to Z.
We consider several ways of combining arbitrary diamond operators ◇,◇⋅ ∈D as follows:

• Composition ◇○◇⋅ , de�ned by (◇○◇⋅ )𝑀 ∶= ◇(◇⋅ 𝑀), also written as ◇◇⋅
• Union ◇∪◇⋅ , de�ned by (◇∪◇⋅ )𝑀 ∶= (◇𝑀) ∪ (◇⋅ 𝑀)
• Intersection ◇∩◇⋅ , de�ned by (◇∩◇⋅ )𝑀 ∶= (◇𝑀) ∩ (◇⋅ 𝑀)

We also consider the partial order ⊆ (subsumption) on D de�ned by ◇ ⊆ ◇⋅ if◇𝑀 ⊆ ◇⋅ 𝑀 holds for all
𝑀 ⊆ Z, and de�ne equivalence ◇ ≡ ◇⋅ by◇ ⊆ ◇⋅ and◇⋅ ⊆ ◇. When we use the terms “largest/smallest”
over a set of such operators, we refer to the order ⊆. We recall the basic properties of these operators [7].
In particular, D is closed under ○, ∪, and ∩, the convex operators are totally ordered by ⊆, all of them
are extensive and monotone, and ◇∪◇⋅ and ◇○◇⋅ are always equivalent (for ◇,◇⋅ ∈D).

Lemma 1 ([7]). For all ◇,◇⋅ ∈D, 𝑛,𝑚 ∈ N ∪ {∞}, and𝑀,𝑀 ′ ⊆ Z, we have
(a) 𝑀 = ◇c 0𝑀

(b) ◇c 𝑛 ⊆ ◇c 𝑚 i� 𝑛 ≤𝑚
(c) ◇c ∞ ⊆ ◇+ ⊆ ◇± and ◇c ∞ ⊆ ◇− ⊆ ◇± , but neither ◇+ ⊆ ◇− nor ◇− ⊆ ◇+
(d) 𝑀 ⊆ ◇𝑀
(e) 𝑀 ⊆𝑀 ′ implies ◇𝑀 ⊆ ◇𝑀 ′

(f) ◇∅ = ∅ and ◇Z = Z
(g) ◇∩◇⋅ is equivalent to the largest ◇○ ∈D with ◇○ ⊆ ◇, ◇○ ⊆ ◇⋅
(h) ◇∪◇⋅ ≡ ◇○◇⋅ is equivalent to the smallest ◇○ ∈D with ◇ ⊆ ◇○ , ◇⋅ ⊆ ◇○
In particular, from Lemma 1(b), (g), and (h), it follows that, for 𝑛,𝑚 ∈ N ∪ {∞}, we have ◇c 𝑛 ∩◇c 𝑚 =
◇c min{𝑛,𝑚} and ◇c 𝑛 ∪◇c 𝑚 = ◇c 𝑛 ○◇c 𝑚 = ◇c max{𝑛,𝑚}.

The temporal DL 𝒯 ℰℒℋ◇c ,lhs
� is based on temporal roles 𝑟 ∶∶= 𝑠 ⋃︀ ◇ 𝑟 and temporal concepts 𝐶 ∶∶= 𝐴 ⋃︀

⊺ ⋃︀ � ⋃︀ 𝐶 ⊓𝐶 ⋃︀ ∃𝑟.𝐶 ⋃︀ ◇𝐶 , where 𝑠 is a role name,◇ ∈D, and 𝐴 is a concept name. It supports concept
inclusions 𝐶 ⊑𝐷 and role inclusions 𝑟 ⊑ 𝑠, where 𝑠 and 𝐷 do not contain temporal operators. Concept
assertions are of the form 𝐴(𝑎, 𝑖) and role assertions are of the form 𝑠(𝑎, 𝑏, 𝑖), where 𝑎, 𝑏 are individual
names and 𝑖 ∈ Z. The semantics is based on temporal interpretations I = (ΔI, (ℐ𝑖)𝑖∈Z), where each ℐ𝑖 is
a classical interpretation over the shared domain ΔI. The interpretation functions are de�ned as usual
for atemporal concepts and roles, and additionally

(◇ 𝑟)ℐ𝑖 ∶= {(𝑑, 𝑒) ∈ΔI ×ΔI ⋃︀ 𝑖 ∈ ◇{𝑗 ∈ Z ⋃︀ (𝑑, 𝑒) ∈ 𝑟ℐ𝑗}}
(◇𝐶)ℐ𝑖 ∶= {𝑑 ∈ΔI ⋃︀ 𝑖 ∈ ◇{𝑗 ∈ Z ⋃︀ 𝑑 ∈ 𝐶ℐ𝑗}}

for temporal roles and concepts, i.e., the time points at which a domain element 𝑑 ∈ ΔI is included
in ◇𝐶 are determined by applying ◇ to the temporal extension {𝑗 ∈ Z ⋃︀ 𝑑 ∈ 𝐶ℐ𝑗} of 𝐶 . A temporal
interpretation I satis�es a concept inclusion 𝐶 ⊑𝐷 if 𝐶ℐ𝑖 ⊆𝐷ℐ𝑖 holds for all 𝑖 ∈ Z, a concept assertion
𝐴(𝑎, 𝑖) if 𝑎 ∈ 𝐴ℐ𝑖 (using the standard name assumption), and similarly for role inclusions and -assertions.

Consistency and entailment for 𝒯 ℰℒℋ◇c ,lhs
� knowledge bases can be decided by means of completion

rules similar to those for classical ℰℒ [10]. Since the focus of this paper is on the temporal operators
rather than the temporal DL, we only consider a small example to motivate our research questions. The
two sound rules

◇𝐴1 ⊑ 𝐴2 ◇⋅ 𝐴2 ⊑ 𝐴3T4 (◇⋅ ○◇)𝐴1 ⊑ 𝐴3

◇𝐴 ⊑ 𝐴1 ◇⋅ 𝐴 ⊑ 𝐴2 𝐴1 ⊓𝐴2 ⊑ 𝐵T6 (◇∩◇⋅ )𝐴 ⊑ 𝐵



illustrate how compositions and intersections of temporal operators naturally arise in the context of
reasoning in temporal DLs. Moreover, if two rule applications derive di�erent axioms of the form
◇𝐴 ⊑ 𝐵 and ◇⋅ 𝐴 ⊑ 𝐵, they can be equivalently summarized by the axiom (◇∪◇⋅ )𝐴 ⊑ 𝐵 by using
the union of temporal operators. However, in contrast to 𝒯 ℰℒℋ◇c ,lhs

� , where the combination of two
operators fromD again yields an operator fromD, when adding temporal ◻c 𝑛 operators, we have to deal
with more complex expressions. Moreover, it is not straightforward to decide whether a subsumption
or equivalence holds between two such expressions.

2.1. Adding Boxes

We now consider the dual box operators B ∶=Binf ∪Bfin with the classical operators Binf ∶= {◻+,◻−,◻±}
and the convex operators Bfin ∶= {◻c 𝑛 ⋃︀ 𝑛 ∈ N ∪ {∞}}, whose semantics is given in the lower half of
Table 1. Dually to the diamond operators, ◻c 𝑛 removes all peaks of length ≤ 𝑛 from𝑀 , i.e., intervals
(︀𝑗, 𝑘⌋︀ ⊆𝑀 with 𝑗 − 1 ∉𝑀 , 𝑘 + 1 ∉𝑀 , and 𝑘 − 𝑗 < 𝑛. Again, ◻c∞ removes all �nite intervals from𝑀 , i.e.,
◻c∞𝑀 can only contain intervals of the forms (︀𝑗,∞), (−∞, 𝑘⌋︀, or (−∞,∞). The operator ◻+ additionally
removes in�nite intervals of the form (−∞, 𝑘⌋︀, and similarly for ◻− and ◻± ; the latter in particular maps Z
to itself and any other set to ∅.

It is easy to see that the operators inDinf andBinf are duals of each other, in the sense that◻𝑀 = ◇𝑀 ,
where ⋅ denotes the complement w.r.t. Z, ◻ ∈Binf , and◇ is the corresponding operator from Dinf . We
verify that the same is also true for Dfin andBfin.

Lemma 2. For every ◻c 𝑛 ∈Bfin and every𝑀 ⊆ Z, it holds that ◻c 𝑛𝑀 = ◇c 𝑛𝑀 .

Proof. We have 𝑖 ∈ ◇c ∞𝑀 i� there are 𝑗, 𝑘 ∉𝑀 with 𝑗 ≤ 𝑖 ≤ 𝑘, which is equivalent to neither (−∞, 𝑖⌋︀
nor (︀𝑖,∞) being contained in𝑀 , i.e., to 𝑖 ∈ ◻c∞𝑀 . Similarly, for �nite 𝑛 ∈ N, we have 𝑖 ∈ ◇c 𝑛𝑀 i�
there are 𝑗, 𝑘 ∉ 𝑀 with 𝑗 ≤ 𝑖 ≤ 𝑘 and 𝑘 − 𝑗 ≤ 𝑛 + 1, which is equivalent to the non-existence of an
interval (︀𝑗′, 𝑘′⌋︀ ⊆𝑀 that includes 𝑖 and is of length 𝑘′ − 𝑗′ ≥ 𝑛, i.e., to 𝑖 ∈ ◻c 𝑛𝑀 .

Due to Lemma 2, all known properties from Lemma 1 also hold for the operators in B, but with the
order reversed, i.e., with “smallest” swapped with “largest”, ⊆ swapped with ⊇, and ∪ swapped with ∩:
Corollary 1. For all ◻,◻⋅ ∈B, 𝑛,𝑚 ∈ N ∪ {∞}, and𝑀,𝑀 ′ ⊆ Z, we have
(a) 𝑀 = ◻c 0𝑀
(b) ◻c 𝑛 ⊆ ◻c 𝑚 i�𝑚 ≤ 𝑛
(c) ◻± ⊆ ◻+ ⊆ ◻c∞ and ◻± ⊆ ◻− ⊆ ◻c∞, but neither ◻+ ⊆ ◻− nor ◻− ⊆ ◻+
(d) ◻𝑀 ⊆𝑀
(e) 𝑀 ⊆𝑀 ′ implies ◻𝑀 ⊆ ◻𝑀 ′

(f) ◻∅ = ∅ and ◻Z = Z
(g) ◻∪◻⋅ is equivalent to the smallest ◻○ ∈B with ◻ ⊆ ◻○ , ◻⋅ ⊆ ◻○
(h) ◻∩◻⋅ ≡ ◻○◻⋅ is equivalent to the largest ◻○ ∈B with ◻○ ⊆ ◻, ◻○ ⊆ ◻⋅
This also proves that these operators are convex, i.e., whenever an intersection 𝜓 of box operators is

subsumed by a union 𝜑 of box operators, then 𝜓 is already subsumed by one of the operators in 𝜑. To
see an example of the order ⊆ on Dfin andBfin, consider the le�most arrows in Figure 2.
We now investigate the combined set of operators T ∶= D ∪B, which does not satisfy all the nice

properties in Lemma 1 and Corollary 1. We denote by T∗ the set of all �nite sequences (compositions)
of such operators, and by T× the set of all formulas that can be constructed from T by applying ○, ∪,
and ∩, whose semantics is de�ned exactly as above. We also de�ne the relations ⊆, ≡ on T× as before.



We consider the empty sequence 𝜖 ∈ T∗ to represent the identity function on 2Z, which is equivalent
to ◻c 0 and ◇c 0 by Lemma 1(a) and Corollary 1(a).
Our goal in this paper is to decide 𝜎 ⊆ 𝜏 for any formulas 𝜎, 𝜏 ∈ T×, in order to be able to use these

complex operators for reasoning in an extension 𝒯 ℰℒℋ◇c ,◻c ,lhs
� of 𝒯 ℰℒℋ◇c ,lhs

� .

3. Operator Sequences

As a �rst step, we prove that all sequences from T∗ can be transformed into a normal form.

Lemma 3. Every 𝜎 ∈ T∗ is equivalent to a sequence of the form 𝜎inf△1▽1 . . .△𝑘(︀▽𝑘⌋︀, where
• △ denotes an operator type (◇ or ◻) and ▽ the opposite type,

• ▽𝑘 is optional,

• 𝜎inf is one of the following sequences of classical operators: ▽+ , ▽− ,▽± , △+ ▽+ , or △− ▽− ,
• for all 𝑖 ∈ {1, . . . , 𝑘}, △𝑖 = △c 𝑗𝑖 with 𝑗1 > ⋅ ⋅ ⋅ > 𝑗𝑘 > 0, and
• for all 𝑖 ∈ {1, . . . , 𝑘}, ▽𝑖 = ▽c ℓ𝑖 with ℓ1 > ⋅ ⋅ ⋅ > ℓ𝑘 > 0 (or ℓ1 > ⋅ ⋅ ⋅ > ℓ𝑘−1 > 0 if ▽𝑘 is absent).

Proof. Lemma 1(h) and Corollary 1(h) show that the composition of any two operators of the same type
is equivalent to another operator of that type, and thus we can merge any two consecutive operators of
the same type in 𝜎. Furthermore, the result of applying any operator fromDinf ∪Binf to any𝑀 ⊆ Z
cannot contain any �nite gaps or peaks, and thus applying convex operators a�er (to the le� of) classical
operators has no e�ect. For sequences 𝜎inf of classical operators, the following equivalences hold (for
all △ ∈Dinf ∪Binf ):

△◇± ≡ ◇± , △◻± ≡ ◻± , ◻−◇+ ≡ ◇+ , ◇− ◻+ ≡ ◻+, ◻+◇− ≡ ◇− , ◇+ ◻− ≡ ◻−,
◻+◇+ ≡ ◻± ◇+ , ◇+ ◻+ ≡ ◇± ◻+, ◻−◇− ≡ ◻± ◇− , ◇− ◻− ≡ ◇± ◻− .

The �rst two equivalences hold because ◻±𝑀 and ◇± 𝑀 are always either ∅ or Z and by Lemma 1(f)
and Corollary 1(f). Similarly, ◇+𝑀 is always of the form ∅, Z, or (−∞,max𝑀⌋︀, on which applying ◻−
has no e�ect, and ◻± has the same e�ect as ◻+. The other equivalences follow by analogous arguments.
Thus, there are essentially only four combinations of two classical operators that are not equivalent to
a single operator: “always eventually” and “eventually always”, in both directions.

It remains to show that every sequence of convex operators is equivalent to a sequence of the form
△1▽1 . . .△𝑘(︀▽𝑘⌋︀ as above. To see this, observe that ◻c 𝑘◇c ℓ ◻c 𝑚 ≡ ◇c ℓ ◻c 𝑚 whenever 𝑘 ≤𝑚, since ◻c 𝑚𝑀
cannot contain any peaks of length ≤ 𝑚 and ◇c ℓ can only increase the length of peaks, and thus the
subsequent ◻c 𝑘 has no e�ect. The dual equivalence◇c 𝑘 ◻c ℓ◇c 𝑚 ≡ ◻c ℓ◇c 𝑚 follows by Lemma 2. This means
that we can remove any operators from 𝜎 that do not have a larger index than any previous (to the
right) operators of the same kind. Finally, note that all operators△c 0 and▽c 0 can be removed, since they
are equivalent to 𝜖 by Lemma 1(a) and Corollary 1(a).

By applying the equivalences used in this proof, we can transform every sequence into normal form
in polynomial time, since each step removes at least one operator (or transforms△± into△+ or△− ). In the
following, we consider only sequences of convex operators in normal form (i.e., without 𝜎inf ), and want
to characterize subsumption between such sequences.

Example 1. Consider the �nite subset {◻c 4,◻c 3,◇c 2,◇c 5} ⊆ T. Figure 2 depicts the ⊆-order between all
possible sequences over these four operators in normal form.

To determine whether two sequences are subsumed by each other, we can �rst compare the right-most
operator (which is applied �rst). Indeed, in the �gure we can see that a sequence ending in ◻c 4 cannot
subsume a sequence ending in ◻c 3, etc. (see the colored layers in the diagram). However, checking
subsumption is not as straightforward as comparing the operators in each sequence one by one in



◻c 4
◇c 2 ◻c 4

◇c 5 ◻c 4
◻c 3

◇c 2 ◻c 3

◇c 5 ◻c 3

◻c 4◇c 2 ◻c 3

◻c 4◇c 5 ◻c 3
◇c 5 ◻c 4◇c 2 ◻c 3

𝜖

◇c 2

◻c 3◇c 2

◻c 4◇c 2

◇c 5 ◻c 3◇c 2

◇c 5 ◻c 4◇c 2

◻c 4◇c 5 ◻c 3◇c 2

◇c 5

◻c 3◇c 5

◻c 4◇c 5

Figure 2: The order diagram of ⊆ on a subset of T∗. Sequences ending in the same operator have the same color.

right-to-le� order. For example, it holds that ◇c 2 ◻c 4 ⊆ ◻c 4◇c 2 ◻c 3, and indeed ◻c 4 ⊆ ◻c 3 and ◇c 2 ⊆ ◇c 2,
but the remaining ◻c 4 does not have a clear corresponding operator. However, recall from the proof
of Lemma 3 that ◇c 2 ◻c 4 ≡ ◻c 4◇c 2 ◻c 4, and hence we can also match the last operator and conclude that
◇c 2 ◻c 4 ≡ ◻c 4◇c 2 ◻c 4 ⊆ ◻c 4◇c 2 ◻c 3.
Likewise, we can add a ◻c 0 ≡ ◇c 0 ≡ 𝜖 as the rightmost element of any sequence, e.g., to easily see

that ◇c 5 ◻c 3(◇c 0) ⊆ ◇c 5 ◻c 3◇c 2. On the other hand, consider the pair ◇c 2 ◻c 4 ⊈ ◻c 3. Although it holds that
◻c 4 ⊆ ◻c 3, there is no equivalent extension to the second sequence that would allow us to match the
remaining ◇c 2 operator.

For a more complex example, consider◇c 5 ◻c 4 ⊆ ◇c 5 ◻c 4◇c 2 ◻c 3. While ◻c 4 ⊆ ◻c 3 holds, the next operator
◇c 5 can only be matched by the last operator in the second sequence. However, we can consider the
expansion ◇c 5 ◻c 4 ≡ ◇c 5(◻c 4◇c 0)◻c 4 ⊆ ◇c 5 ◻c 4◇c 2 ◻c 3 to align the sequences. This demonstrates that we
can sometimes skip parts of sequences, if the indices of the surrounding operators allow this (in the
example, it worked because the �rst operator was ◻c 4).

3.1. Finite-State Transducers Comparing Sequences of Convex Operators

We will use a special model of �nite-state transducer that implements the intuitions described in the
example. We only consider a �nite subset Sfin ⊆ Tfin ∶=Dfin ∪Bfin here, e.g., consisting of the convex
operators occurring in the input sequences that we want to compare. The treatment of the in�nite
operators Tinf is le� for future work, since their behavior is mostly independent of the �nite operators
and there are only �nitely many combinations to consider (see Lemma 3). In the following, let 𝜎, 𝜏 ∈S∗fin
be two sequences in normal form according to Lemma 3.

As seen in Example 1, the natural way to compare these sequences is from right to le�, which is why
we use a non-standard model of �nite-state transducer that works in this direction.

De�nition 1. A (right-to-le�) �nite-state transducer is a tuple 𝑇 = (𝑄,Σ,Γ, 𝐼,Δ, 𝐹 ), where 𝑄 is a
�nite set of states, Σ is a �nite input alphabet, Γ is a �nite output alphabet, 𝐼 ⊆ 𝑄 is the set of initial
states, Δ ⊆ 𝑄 ×Σ∗ × Γ∗ ×𝑄 is the transition relation, and 𝐹 ⊆ 𝑄 is the set of �nal states.
A run of 𝑇 on two words 𝜎 ∈ Σ∗ and 𝜏 ∈ Σ∗ is a sequence 𝑞𝑛, (𝜎𝑛, 𝜏𝑛), . . . , 𝑞1, (𝜎1, 𝜏1), 𝑞0, 𝑛 ≥ 0,

alternating between states 𝑞𝑖 and pairs (𝜎𝑖, 𝜏𝑖) of input-output words, such that 𝜎𝑛 . . . 𝜎1 = 𝜎, 𝜏𝑛 . . . 𝜏1 =
𝜏 , and (𝑞𝑖, 𝜎𝑖, 𝜏𝑖, 𝑞𝑖−1) ∈ Δ for all 𝑖 ∈ {1, . . . , 𝑛}. We write 𝑞𝑛 ∈ Δ(𝜎, 𝜏, 𝑞0) if there is such a run. The
language accepted by 𝑇 is 𝐿(𝑇 ) ∶= {(𝜎, 𝜏) ∈ Σ∗ × Γ∗ ⋃︀ ∃𝑞0 ∈ 𝐼, 𝑞𝑛 ∈ 𝐹 ∶ 𝑞𝑛 ∈Δ(𝜎, 𝜏, 𝑞0)}.



Table 2
The transition relation Δfin of 𝑇fin

successor input output current
state word word state

(𝑞0,ℓ,◻c , 𝜖, ◇c ℓ, 𝑞0 ) (T1)
(𝑞𝑘,0,◇c , ◻c 𝑘, 𝜖, 𝑞0 ) (T2)
(𝑞0,0,◻c , 𝜖, 𝜖, 𝑞0 ) (T3)
(𝑞0,0,◇c , 𝜖, 𝜖, 𝑞0 ) (T4)

(𝑞𝑘,𝑗,◇c , ◻c 𝑘, ◻c ℓ, 𝑞𝑖,𝑗,◻c ) if 𝑘 ≥ ℓ (T5)
(𝑞𝑖,ℓ,◻c , ◇c 𝑘, ◇c ℓ, 𝑞𝑖,𝑗,◇c ) if 𝑘 ≤ ℓ (T6)
(𝑞𝑖,ℓ,◻c , 𝜖, ◇c ℓ ◻c 𝑘, 𝑞𝑖,𝑗,◻c ) if 𝑘 ≤ 𝑖 (T7)
(𝑞𝑘,𝑗,◻c , ◇c ℓ ◻c 𝑘, 𝜖, 𝑞𝑖,𝑗,◻c ) if ℓ ≤ 𝑗 (T8)
(𝑞ℓ,𝑗,◇c , ◻c ℓ◇c 𝑘, 𝜖, 𝑞𝑖,𝑗,◇c ) if 𝑘 ≤ 𝑗 (T9)
(𝑞𝑖,𝑘,◇c , 𝜖, ◻c ℓ◇c 𝑘, 𝑞𝑖,𝑗,◇c ) if ℓ ≤ 𝑖 (T10)

(𝑞𝑓 , 𝜖, ◻c 𝑘, 𝑞𝑖,𝑗,◻c ) if 𝑘 ≤ 𝑖 (T11)
(𝑞𝑓 , ◻c 𝑘, 𝜖, 𝑞𝑖,𝑗,◻c ) (T12)
(𝑞𝑓 , ◇c 𝑘, 𝜖, 𝑞𝑖,𝑗,◇c ) if 𝑘 ≤ 𝑗 (T13)
(𝑞𝑓 , 𝜖 ◇c 𝑘, 𝑞𝑖,𝑗,◇c ) (T14)
(𝑞𝑓 , 𝜖, 𝜖, 𝑞𝑖,𝑗,◻c ) (T15)
(𝑞𝑓 , 𝜖, 𝜖, 𝑞𝑖,𝑗,◇c ) (T16)

We now de�ne the transducer 𝑇fin ∶= (𝑄fin,Sfin,Sfin,{𝑞0},Δfin,{𝑞𝑓}) that expresses the semantic
relation 𝜎 ⊆ 𝜏 between two sequences 𝜎, 𝜏 ∈ S∗fin. The states in 𝑄𝒯 ∶= {𝑞0, 𝑞𝑓} ∪ {𝑞𝑖,𝑗,△c ⋃︀ ◻c 𝑖,◇c 𝑗 ∈
Sfin,△c ∈ {◻c ,◇c }} track the bound 𝑖 of the latest ◻c operator encountered in 𝜎, the bound 𝑗 of the latest
◇c operator in 𝜏 , and whether the next operators to be compared are of the form ◻c or◇c . Recall that we
assume 𝜎 and 𝜏 to be in normal form, and hence they are alternating sequences of ◻c and◇c operators,
and the bounds of each operator type are increasing (when reading from right to le�). However, the two
sequences do not necessarily start or end with the same type of operator. To process such sequences,
Δfin contains the transitions listed in Table 2, for all ◻c 𝑖,◻c 𝑘,◻c ℓ,◇c 𝑗 ,◇c 𝑘,◇c ℓ ∈Sfin.1 Transitions (T1)–(T2)
match the �rst◇c ℓ or ◻c 𝑘 to an imaginary◇c 0 ⊆ ◇c ℓ or ◻c 0 ⊇ ◻c 𝑘 in the other sequence, in order to align
the sequences to the same operator type. The next two transitions (T3)–(T4) are used if the sequences
are already aligned. The transitions (T5)–(T6) take care of matching◇c and ◻c operators in an alternating
fashion, obeying the order ⊆ on Sfin. The next transition (T7) allows skipping over any ◇c ℓ (and the
intermediate ◻c 𝑘) in the output sequence 𝜏 , as long as ◻c 𝑘 subsumes the last ◻c 𝑖 read from the input
sequence 𝜎. Then, transition (T8) allows the same in 𝜎, but only if ◇c ℓ is subsumed by the last ◇c 𝑗

seen in 𝜏 . The subsequent two transitions (T9)–(T10) encode the analogous behavior when the two
operator types are swapped. Finally, at the end of the sequences, it is possible to introduce one more
imaginary◇c 𝑗 or ◻c 𝑖 (or◇c 0 or ◻c 0) operator to match the last remaining operator in the other sequence
((T11)–(T14)), or simply accept if both sequences have been processed completely ((T15)–(T16)).

Lemma 4. For all 𝜎, 𝜏 ∈S∗fin in normal form, we have (𝜎, 𝜏) ∈ 𝐿(𝑇fin) i� 𝜎 ⊆ 𝜏 .
To prove this result, we introduce some auxiliary notations. We say that 𝜎 and 𝜏 are△c -compatible

if either both sequences start with the same kind of operator △c ∈ {◻c ,◇c } or one (or both) are empty.
Moreover, 𝜎 ⊆𝑖,𝑗 𝜏 denotes the fact that 𝜎𝑀 ⊆ 𝜏𝑀 holds for all𝑀 ⊆ Z with ◻c 𝑖𝑀 =𝑀 and◇c 𝑗𝑀 =𝑀 ,
i.e.,𝑀 is closed under applications of ◻c 𝑘, 𝑘 ≤ 𝑖, and ◇c ℓ, ℓ ≤ 𝑗, which means𝑀 does not have peaks of
length ≤ 𝑖 or gaps of length ≤ 𝑗. Intuitively, in a state 𝑞𝑖,𝑗,△c we have already applied ◻c 𝑖 and ◇c 𝑗 , and
thus can assume that the set of time points is closed under these operators. Moreover, we know that all
1We write the successor state �rst and the current state last in order to be consistent with the direction in which the words
are processed. In contrast, we write the input word before the output word to stay consistent with the direction of the
subsumption 𝜎 ⊆ 𝜏 .



remaining ◻c 𝑘 operators in 𝜎 must be such that 𝑘 > 𝑖, and similarly for◇c ℓ operators in 𝜏 . Note that ⊆0,0
is the same as ⊆, since ◻c 0𝑀 =𝑀 = ◇c 0𝑀 by Lemmas 1(a) and 2.

Lemma 5. If 𝜎 and 𝜏 are △c -compatible, 𝜎 contains no ◻c 𝑘 with 𝑘 ≤ 𝑖, and 𝜏 contains no ◇c ℓ with ℓ ≤ 𝑗,
then 𝑞𝑓 ∈Δfin(𝜎, 𝜏, 𝑞𝑖,𝑗,△c ) i� 𝜎 ⊆𝑖,𝑗 𝜏 .
Proof. We consider only the case of△c = ◻c here, since the other case can be handled by dual arguments.
“⇒”: We show 𝜎 ⊆𝑖,𝑗 𝜏 by induction on the length of the run of 𝑇fin to 𝑞𝑓 from 𝑞𝑖,𝑗,△c . We consider

any𝑀 ⊆ Z such that ◻c 𝑖𝑀 =𝑀 = ◇c 𝑗𝑀 , and show that 𝜎𝑀 ⊆ 𝜏𝑀 . For the induction base, the run
consists of exactly one transition leading to 𝑞𝑓 :

• If the last transition is (𝑞𝑓 , 𝜖,◻c 𝑘, 𝑞𝑖,𝑗,◻c ) (T11), then 𝜎 = 𝜖 and 𝜏 = ◻c 𝑘 with 𝑘 ≤ 𝑖. Thus, we have
𝜎𝑀 =𝑀 = ◻c 𝑖𝑀 ⊆ ◻c 𝑘𝑀 = 𝜏𝑀 by Corollary 1(b).

• For (𝑞𝑓 ,◻c 𝑘, 𝜖, 𝑞𝑖,𝑗,◻c ) (T12), we have 𝜎 = ◻c 𝑘 and 𝜏 = 𝜖, and thus 𝜎𝑀 = ◻c 𝑘𝑀 ⊆ ◻c 0𝑀 =𝑀 = 𝜏𝑀 .

• For (𝑞𝑓 , 𝜖, 𝜖, 𝑞𝑖,𝑗,◻c ) (T15), we trivially have 𝜎 = 𝜖 = 𝜏 .
For the induction step, we assume that the claim holds for all shorter runs ending in 𝑞𝑓 , and make a
case distinction on the shape of the �rst transition starting from 𝑞𝑖,𝑗,◻c :

• (𝑞𝑘,𝑗,◇c ,◻c 𝑘,◻c ℓ, 𝑞𝑖,𝑗,◻c ) with 𝑘 ≥ ℓ (T5) and 𝑞𝑓 ∈ Δfin(𝜎′, 𝜏 ′, 𝑞𝑘,𝑗,◇c ) with 𝜎 = 𝜎′ ◻c 𝑘 and 𝜏 = 𝜏 ′ ◻c ℓ:
By the induction hypothesis, we have 𝜎′ ⊆𝑘,𝑗 𝜏 ′, and have to show that 𝜎′ ◻c 𝑘𝑀 ⊆ 𝜏 ′ ◻c ℓ𝑀 .
For 𝑀 ′ ∶= ◻c 𝑘𝑀 , we have ◻c 𝑘𝑀 ′ = ◻c 𝑘 ◻c 𝑘𝑀 = ◻c 𝑘𝑀 = 𝑀 ′ by Corollary 1(h). Moreover,
◇c 𝑗𝑀

′ = ◇c 𝑗 ◻c 𝑘𝑀 = ◇c 𝑗 ◻c 𝑘◇c 𝑗𝑀 = ◻c 𝑘◇c 𝑗𝑀 = ◻c 𝑘𝑀 = 𝑀 ′ by Lemma 3. Thus, 𝜎′ ◻c 𝑘𝑀 =
𝜎′𝑀 ′ ⊆ 𝜏 ′𝑀 ′ = 𝜏 ′ ◻c 𝑘𝑀 ⊆ 𝜏 ′ ◻c ℓ𝑀 by the fact that 𝜎′ ⊆𝑘,𝑗 𝜏 ′ and Lemma 1(e) and Corollary 1(b)
and (e).

• (𝑞𝑖,ℓ,◻c , 𝜖,◇c ℓ ◻c 𝑘, 𝑞𝑖,𝑗,◻c ) with 𝑘 ≤ 𝑖 (T7) and 𝑞𝑓 ∈ Δfin(𝜎, 𝜏 ′, 𝑞𝑖,ℓ,◻c ) with 𝜏 = 𝜏 ′◇c ℓ ◻c 𝑘: By the
induction hypothesis, we have 𝜎 ⊆𝑖,ℓ 𝜏 ′, and have to show 𝜎𝑀 ⊆ 𝜏 ′◇c ℓ ◻c 𝑘𝑀 . For𝑀 ′ ∶= ◇c ℓ𝑀 ,
we have ◻c 𝑖𝑀 ′ = ◻c 𝑖◇c ℓ𝑀 = ◻c 𝑖◇c ℓ ◻c 𝑖𝑀 = ◇c ℓ ◻c 𝑖𝑀 = ◇c ℓ𝑀 = 𝑀 ′ and ◇c ℓ𝑀

′ = ◇c ℓ◇c ℓ𝑀 =
◇c ℓ𝑀 =𝑀 ′ by Corollary 1(h). Thus, 𝜎𝑀 ⊆ 𝜎◇c ℓ𝑀 = 𝜎𝑀 ′ ⊆ 𝜏 ′𝑀 ′ = 𝜏 ′◇c ℓ𝑀 = 𝜏 ′◇c ℓ ◻c 𝑖𝑀 ⊆
𝜏 ′◇c ℓ ◻c 𝑘𝑀 by the fact that 𝜎 ⊆𝑖,ℓ 𝜏 ′ and Lemma 1(d) and (e) and Corollary 1(b) and (e).

• (𝑞𝑘,𝑗,◻c ,◇c ℓ ◻c 𝑘, 𝜖, 𝑞𝑖,𝑗,◻c ) with ℓ ≤ 𝑗 (T8) and 𝑞𝑓 ∈ Δfin(𝜎′, 𝜏, 𝑞𝑘,𝑗,◻c ) with 𝜎 = 𝜎′◇c ℓ ◻c 𝑘: By the
induction hypothesis, we have 𝜎′ ⊆𝑘,𝑗 𝜏 , and have to show 𝜎′◇c ℓ ◻c 𝑘𝑀 ⊆ 𝜏𝑀 . For𝑀 ′ ∶= ◻c 𝑘𝑀 ,
we obtain ◻c 𝑘𝑀 ′ =𝑀 ′ = ◇c 𝑗𝑀

′ as above. Thus, 𝜎′◇c ℓ ◻c 𝑘𝑀 = 𝜎′◇c ℓ𝑀
′ ⊆ 𝜎′◇c 𝑗𝑀

′ = 𝜎′𝑀 ′ ⊆
𝜏𝑀 ′ = 𝜏 ◻c 𝑘𝑀 ⊆ 𝜏𝑀 by the fact that 𝜎′ ⊆𝑘,𝑗 𝜏 and Lemma 1(b) and (e), and Corollary 1(d) and (e).

“⇐”: We show that 𝜎 ⊆𝑖,𝑗 𝜏 implies 𝑞𝑓 ∈Δfin(𝜎, 𝜏, 𝑞𝑖,𝑗,◻c ) by induction on ⋃︀𝜎⋃︀ + ⋃︀𝜏 ⋃︀. For the induction
base, we assume that ⋃︀𝜎⋃︀ + ⋃︀𝜏 ⋃︀ ≤ 1, and distinguish three cases:

• If 𝜎 = 𝜏 = 𝜖, then 𝑞𝑓 ∈Δfin(𝜖, 𝜖, 𝑞𝑖,𝑗,◻c ) holds by (T15).

• If 𝜎 = ◻c 𝑘 and 𝜏 = 𝜖, then 𝑞𝑓 ∈Δfin(◻c 𝑘, 𝜖, 𝑞𝑖,𝑗,◻c ) by (T12).

• If 𝜎 = 𝜖 and 𝜏 = ◻c 𝑘 , then 𝜎 ⊆𝑖,𝑗 𝜏 implies that 𝑘 ≤ 𝑖 (otherwise the interval𝑀 ∶= (︀−𝑖,0⌋︀ of length
𝑖 + 1 would be a counterexample: ◻c 𝑖𝑀 = 𝑀 = ◇c 𝑗𝑀 and 𝜎𝑀 = 𝑀 ⊈ ∅ = ◻c 𝑘𝑀 = 𝜏𝑀 ), and
thus again 𝑞𝑓 ∈Δfin(𝜖,◻c 𝑘, 𝑞𝑖,𝑗,◻c ) by (T11).

For the induction step, we assume that ⋃︀𝜎⋃︀ + ⋃︀𝜏 ⋃︀ > 1 and that the claim holds for all pairs of sequences
with a smaller combined length. Assuming that 𝜎 ⊆𝑖,𝑗 𝜏 , 𝜎 contains no ◻c 𝑘 with 𝑘 ≤ 𝑖, and 𝜏 contains no
◇c ℓ with ℓ ≤ 𝑗, we again consider several cases:

• If 𝜎 = 𝜎′ ◻c 𝑘 and 𝜏 = 𝜏 ′ ◻c ℓ with 𝑘 ≥ ℓ, then ⋃︀𝜎′⋃︀ + ⋃︀𝜏 ′⋃︀ < ⋃︀𝜎⋃︀ + ⋃︀𝜏 ⋃︀, 𝜎′ and 𝜏 ′ are ◇c -compatible, and
we can show that 𝜎′ ⊆𝑘,𝑗 𝜏 ′. For this, consider any 𝑀 ⊆ Z with ◻c 𝑘𝑀 = 𝑀 = ◇c 𝑗𝑀 . Since
0 ≤ 𝑖 < 𝑘, we have 𝑀 ⊆ ◻c 𝑘𝑀 ⊆ ◻c 𝑖𝑀 ⊆ 𝑀 by Corollary 1(d) and (e), i.e., ◻c 𝑖𝑀 = 𝑀 . Thus,



by the assumption 𝜎 ⊆𝑖,𝑗 𝜏 , we obtain 𝜎′𝑀 = 𝜎′ ◻c 𝑘𝑀 ⊆ 𝜏 ′ ◻c ℓ𝑀 ⊆ 𝜏 ′𝑀 by Lemma 1(e) and
Corollary 1(d) and (e), which shows that 𝜎′ ⊆𝑘,𝑗 𝜏 ′. Finally, since 𝜎 is in normal form (see
Lemma 3), 𝜎′ contains no ◻c 𝑘′ with 𝑘′ ≤ 𝑘, and thus we can apply the induction hypothesis to
obtain that 𝑞𝑓 ∈ Δfin(𝜎′, 𝜏 ′, 𝑞𝑘,𝑗,◇c ). Together with the transition (𝑞𝑘,𝑗,◇c ,◻c 𝑘,◻c ℓ, 𝑞𝑖,𝑗,◻c ) with
𝑘 ≥ ℓ (T5), we conclude that 𝑞𝑓 ∈Δ𝒯 (𝜎, 𝜏, 𝑞𝑖,𝑗,◻c ).

• If 𝜎 = 𝜎′◇c 𝑚 ◻c 𝑘 with𝑚 ≤ 𝑗, then we show that 𝜎′ and 𝜏 satisfy the preconditions of the induction
hypothesis w.r.t. ⊆𝑘,𝑗 . It is clear that ⋃︀𝜎′⋃︀ + ⋃︀𝜏 ⋃︀ < ⋃︀𝜎⋃︀ + ⋃︀𝜏 ⋃︀, 𝜎′ and 𝜏 are ◻c -compatible, and 𝜎′
contains no ◻c 𝑘′ with 𝑘′ ≤ 𝑘, and thus it remains to show that 𝜎′ ⊆𝑘,𝑗 𝜏 . Consider any𝑀 ⊆ Z
with ◻c 𝑘𝑀 =𝑀 = ◇c 𝑗𝑀 . As in the previous case, we also know that 𝑖 < 𝑘, and thus ◻c 𝑖𝑀 =𝑀 .
By the assumption 𝜎 ⊆𝑖,𝑗 𝜏 and Lemma 1(d), we obtain 𝜎′𝑀 ⊆ 𝜎′◇c 𝑚𝑀 = 𝜎′◇c 𝑚 ◻c 𝑘𝑀 =
𝜎𝑀 ⊆ 𝜏𝑀 , which shows that 𝜎′ ⊆𝑘,𝑗 𝜏 holds. By the induction hypothesis, we know that
𝑞𝑓 ∈ Δfin(𝜎′, 𝜏, 𝑞𝑘,𝑗,◻c ). Together with the transition (𝑞𝑘,𝑗,◻c ,◇c 𝑚 ◻c 𝑘, 𝜖, 𝑞𝑖,𝑗,◻c ) with 𝑚 ≤ 𝑗 (T8),
this shows that 𝑞𝑓 ∈Δfin(𝜎, 𝜏, 𝑞𝑖,𝑗,◻c ).

• If neither 𝑘 ≥ ℓ nor 𝑚 ≤ 𝑗 hold (or the corresponding operators do not exist, e.g., if 𝜎 or 𝜏 are
empty), then we can show that 𝜏 must have at least length 2. Suppose for a contradiction that
⋃︀𝜏 ⋃︀ ≤ 1 (but recall that ⋃︀𝜎⋃︀ + ⋃︀𝜏 ⋃︀ > 1).

– If 𝜏 = 𝜖, then 𝜎 must contain at least two operators, i.e., 𝜎 = 𝜎′◇c 𝑚 ◻c 𝑘 , with𝑚 > 𝑗 and 𝑘 > 𝑖.
Consider the set𝑀 ∶= (︀−𝑘,0⌋︀ ∪ (︀𝑗 + 2,∞) (or (−∞,0⌋︀ ∪ (︀𝑗 + 2,∞) if 𝑘 = ∞) that has a
peak of size 𝑘 + 1 followed by a gap of size 𝑗 + 1. Then ◻c 𝑘𝑀 = ◻c 𝑖𝑀 = 𝑀 = ◇c 𝑗𝑀 , but
𝜎𝑀 = 𝜎′◇c 𝑚 ◻c 𝑘𝑀 = 𝜎′◇c 𝑚𝑀 = 𝜎′(︀−𝑘,∞) = (︀−𝑘,∞) ⊈ 𝑀 = 𝜏𝑀 (or correspondingly
with Z instead of (︀−𝑘,∞)), which contradicts the assumption that 𝜎 ⊆𝑖,𝑗 𝜏 .

– If 𝜏 = ◻c ℓ, then 𝜎 contains at least one operator, i.e., 𝜎 = 𝜎′ ◻c 𝑘, with 𝑖 < 𝑘 < ℓ. If 𝜎′ = 𝜖,
then 𝑀 ∶= (︀−𝑘,0⌋︀ is a counterexample for ◻c 𝑘 = 𝜎 ⊆𝑖,𝑗 𝜏 = ◻c ℓ since 𝑘 < ∞. Thus, 𝜎 =
𝜎′′◇c 𝑚 ◻c 𝑘 and𝑀 ∶= (︀−𝑘,0⌋︀ ∪ (︀𝑗 + 2,∞) or𝑀 ∶= (−∞, 𝑘⌋︀ ∪ (︀𝑗 + 2,∞) from above is again
a counterexample, because 𝜏𝑀 = ◻c ℓ𝑀 ⊆𝑀 by Corollary 1(d).

Thus, we must have 𝜏 = 𝜏 ′◇c 𝑝 ◻c ℓ, and we show that ℓ ≤ 𝑖. Assume to the contrary that ℓ > 𝑖.
Then 𝜎 cannot consist of a single ◻c 𝑘 (with 𝑘 < ℓ), since then again 𝑀 ∶= (︀−𝑘,0⌋︀ would be a
counterexample to ◻c 𝑘 = 𝜎 ⊆𝑖,𝑗 𝜏 = 𝜏 ′◇c 𝑝 ◻c ℓ. The same holds for the case where 𝜎 = 𝜖. Thus,
we must have 𝜎 = 𝜎′◇c 𝑚 ◻c 𝑘 with 𝑖 < 𝑘 < ℓ and 𝑗 <𝑚. Then,𝑀 ∶= (︀−𝑘,0⌋︀ ∪ (︀𝑗 + 2,∞) is again
a counterexample to 𝜎 ⊆𝑖,𝑗 𝜏 , since 𝜎𝑀 = 𝜎′◇c 𝑚 ◻c 𝑘𝑀 = 𝜎′(︀−𝑘,∞⌋︀ = (︀−𝑘,∞) ⊈ (︀𝑗 + 2,∞) =
𝜏 ′◇c 𝑝(︀𝑗 + 2,∞) = 𝜏 ′◇c 𝑝 ◻c ℓ𝑀 = 𝜏𝑀 .
Thus, we know that ℓ ≤ 𝑖. We show that 𝜎 and 𝜏 ′ satisfy the preconditions of the induction
hypothesis w.r.t. ⊆𝑖,𝑝. Since 𝜏 is in normal form (see Lemma 3), we have ⋃︀𝜎⋃︀ + ⋃︀𝜏 ′⋃︀ < ⋃︀𝜎⋃︀ + ⋃︀𝜏 ⋃︀,
𝜎 and 𝜏 ′ are ◻c -compatible, and 𝜏 ′ contains no ◇c 𝑝′ with 𝑝′ ≤ 𝑝. Consider now a set 𝑀 ⊆ Z
with ◻c 𝑖𝑀 =𝑀 = ◇c 𝑝𝑀 . Since 𝑗 ≤ 𝑝, we also have ◇c 𝑗𝑀 =𝑀 , and thus by 𝜎 ⊆𝑖,𝑗 𝜏 we know
that 𝜎𝑀 ⊆ 𝜏𝑀 = 𝜏 ′◇c 𝑝 ◻c ℓ𝑀 ⊆ 𝜏 ′◇c 𝑝𝑀 = 𝜏 ′𝑀 by Lemma 1(e) and Corollary 1(d) and (e). By
the induction hypothesis, we obtain that 𝑞𝑓 ∈ Δfin(𝜎, 𝜏 ′, 𝑞𝑖,𝑝,◻c ), and the claim follows by the
transition (𝑞𝑖,𝑝,◻c , 𝜖,◇c 𝑝 ◻c ℓ, 𝑞𝑖,𝑗,◻c ) with ℓ ≤ 𝑖 (T7).

With this auxiliary result, we can now prove Lemma 4.

Proof of Lemma 4. “⇒”: Let (𝜎, 𝜏) ∈ 𝐿(𝑇fin), i.e., there is a run of 𝑇fin on 𝜎 and 𝜏 starting in 𝑞0 and
ending in 𝑞𝑓 . We consider the form of the �rst transition in this run:

• (𝑞0,ℓ,◻c , 𝜖,◇c ℓ, 𝑞0) (T1) and 𝑞𝑓 ∈ Δfin(𝜎, 𝜏 ′, 𝑞0,ℓ,◻c ) with 𝜏 = 𝜏 ′◇c ℓ: By inspecting all transitions
starting from 𝑞0,ℓ,◻c , we observe that 𝜎 must be empty or start with a ◻c operator, and thus 𝜎 and
𝜏 ′ are ◻c -compatible. Moreover, 𝜏 ′ contains no ◇c ℓ′ with ℓ′ ≤ ℓ. By Lemma 5, we obtain 𝜎 ⊆0,ℓ 𝜏 ′.
To show 𝜎 ⊆ 𝜏 , consider an arbitrary set𝑀 ⊆ Z. For𝑀 ′ ∶= ◇c ℓ𝑀 , we have ◻c 0𝑀 ′ =𝑀 ′ = ◇c ℓ𝑀

′

by Lemma 1(h) and Corollary 1(a), and thus 𝜎𝑀 ⊆ 𝜎◇c ℓ𝑀 = 𝜎𝑀 ′ ⊆ 𝜏 ′𝑀 ′ = 𝜏 ′◇c ℓ𝑀 = 𝜏𝑀 by
Lemma 1(d) and (e) and Corollary 1(e).



• (𝑞𝑘,0,◇c ,◻c 𝑘, 𝜖, 𝑞0) (T2) and 𝑞𝑓 ∈Δfin(𝜎′, 𝜏, 𝑞𝑘,0,◇c )with 𝜎 = 𝜎′ ◻c 𝑘: Due to the transitions of 𝑞𝑘,0,◇c ,
we know that 𝜏 must be empty or start with a◇c operator. Since 𝜎′ contains no ◻c 𝑘′ with 𝑘′ ≤ 𝑘,
by Lemma 5, we have 𝜎′ ⊆𝑘,0 𝜏 . For any𝑀 ⊆ Z, we thus have 𝜎𝑀 = 𝜎′ ◻c 𝑘𝑀 ⊆ 𝜏 ◻c 𝑘𝑀 ⊆ 𝜏𝑀
by Lemma 1(e) and Corollary 1(d) and (e).

• (𝑞0,0,△c , 𝜖, 𝜖, 𝑞0) (T3)–(T4) and 𝑞𝑓 ∈ Δfin(𝜎, 𝜏, 𝑞0,0,△c ): Due to the transitions in Δfin, 𝜎 and 𝜏
must be △c -compatible. Thus, by Lemma 5 we get 𝜎 ⊆ 𝜏 .

“⇐”: Assume now that 𝜎 ⊆ 𝜏 . If the two sequences are △c -compatible, then we can apply Lemma 5
to 𝜎 ⊆0,0 𝜏 to infer 𝑞𝑓 ∈ Δfin(𝜎, 𝜏, 𝑞0,0,△c ), and thus the transition (𝑞0,0,△c , 𝜖, 𝜖, 𝑞0) (T3)–(T4) yields
(𝜎, 𝜏) ∈ 𝐿(𝑇fin). If 𝜎 and 𝜏 are not △c -compatible, then we consider two cases:

• If 𝜎 = 𝜎′◇c 𝑚, 𝜏 = 𝜏 ′ ◻c ℓ, then we have 𝑚 > 0 and ℓ > 0 since the sequences are in normal form
(see Lemma 3). Consider the set𝑀 = {0} ∪ (︀2,∞) that consists of a peak of length 1 followed
by a gap of length 1. Then, 𝜎𝑀 = 𝜎′◇c 𝑚𝑀 = 𝜎′(︀0,∞) ⊈ (︀2,∞) = 𝜏 ′(︀2,∞) = 𝜏 ′ ◻c ℓ𝑀 = 𝜏𝑀 ,
which contradicts the assumption that 𝜎 ⊆ 𝜏 .

• If 𝜎 = 𝜎′ ◻c 𝑘 and 𝜏 = 𝜏 ′◇c ℓ, we show that the pair 𝜎, 𝜏 ′ satis�es the preconditions of Lemma 5
w.r.t. ⊆0,ℓ. By Lemma 3, they are ◻c -compatible, 𝜎 contains no ◻c 𝑘′ with 𝑘′ ≤ 0, and 𝜏 ′ contains
no ◇c ℓ′ with ℓ′ ≤ ℓ. To show 𝜎 ⊆0,ℓ 𝜏 ′, consider any 𝑀 ⊆ Z with ◇c ℓ𝑀 = 𝑀 . Then, 𝜎𝑀 ⊆
𝜏𝑀 = 𝜏 ′◇c ℓ𝑀 = 𝜏 ′𝑀 . By Lemma 5, we obtain 𝑞𝑓 ∈ Δfin(𝜎, 𝜏 ′, 𝑞0,ℓ,◻c ), and thus the transition
(𝑞0,ℓ,◻c , 𝜖,◇c ℓ, 𝑞0) (T1) shows that (𝜎, 𝜏) ∈ 𝐿(𝑇fin).

This yields the following complexity for checking subsumption between two sequences of convex
temporal operators.

Theorem 1. It can be decided in polynomial time whether 𝜎 ⊆ 𝜏 holds for 𝜎, 𝜏 ∈ T∗fin.
Proof. Using Lemma 3, we can transform 𝜎, 𝜏 into normal forms 𝜎′, 𝜏 ′ in polynomial time. Then, we
can construct the transducer 𝑇fin over the setSfin of all operators occurring in 𝜎′, 𝜏 ′ and check whether
(𝜎′, 𝜏 ′) ∈ 𝐿(𝑇fin). The latter check can be done in polynomial time via dynamic programming, by
iteratively constructing the set of states reachable from 𝑞0 a�er reading any pair of su�xes 𝜎′′, 𝜏 ′′ of
𝜎′, 𝜏 ′. Since there are only quadratically many pairs of su�xes, and 𝑄fin is of quadratic size, we can
determine a�er polynomial time whether 𝑞𝑓 is reachable from 𝑞0 via the full sequences 𝜎′, 𝜏 ′, which is
equivalent to checking 𝜎 ≡ 𝜎′ ⊆ 𝜏 ′ ≡ 𝜏 by Lemma 4.

4. Subsumption between Formulas over Bounded Operators

We now consider subsumption between complex formulas in (Tfin ∖ {◇c ∞,◻c∞})×, which is de�ned as
for T× above.

Example 2. Consider the e�ect of the operator ◻c 2◇c 1 that closes gaps of length 1 and subsequently
removes intervals of length at most 2 on𝑀 = {2,5,6,9,11,14,15,16,19,21,22}:

-1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

◇c 1 ◇c 1 ◇c 1 ◇c 1 ◇c 1

◻c 2◇c 1 ◻c 2◇c 1 ◻c 2◇c 1

time

Visually, it is easy to notice that the di�erence between ◻c 2◇c 1 and◇c 1 lies in the identity operator, i.e.,
𝜖 ∪ ◻c 2◇c 1 is equivalent to ◇c 1.

In general, to check whether 𝜑 ⊆ 𝜓 holds for 𝜑,𝜓 ∈ T×fin that do not use◇c ∞ or ◻c∞, we can show that
the behavior of these complex formulas is local, in the sense that, to check whether 𝑡 is included in 𝜑𝑀 ,



we only need to consider a local neighborhood of time points𝑀 ∩ (︀𝑡 − 𝑛, 𝑡 + 𝑛⌋︀ near 𝑡. For a formula
𝜑 ∈ (Tfin ∖ {◇c ∞,◻c∞})×, we recursively de�ne its reach as:

reach(△c 𝑛) ∶= 𝑛
reach(𝜑 ○ 𝜓) ∶= reach(𝜑) + reach(𝜓)
reach(𝜑 ∪ 𝜓) =max{reach(𝜑), reach(𝜓)}
reach(𝜑 ∩ 𝜓) =max{reach(𝜑), reach(𝜓)}

Example 3. For◇c 4 ◻c 3◇c 2 ◻c 1, we have reach(◇c 4 ◻c 3◇c 2 ◻c 1) = 4+ 3+ 2+ 1 = 10, and thus to determine
whether 𝑡 ∈ ◇c 4 ◻c 3◇c 2 ◻c 1𝑀 holds, we only need to look at time points of distance at most 10 from 𝑡:

-1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

◇c 4 ◻c 3◇c 2 ◻c 1
◻c 3◇c 2 ◻c 1 ◻c 3◇c 2 ◻c 1

𝑡

time
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Lemma 6. For any 𝜑 ∈ (Tfin ∖ {◇c ∞,◻c∞})× with reach(𝜑) = 𝑛, any𝑀 ⊆ Z, and any time point 𝑖 ∈ Z,
we have 𝑖 ∈ 𝜑𝑀 i� 𝑖 ∈ 𝜑(𝑀 ∩ (︀𝑖 − 𝑛, 𝑖 + 𝑛⌋︀).
Proof. We show this by induction on the structure of 𝜑. For 𝜑 = ◇c 𝑛, we have 𝑖 ∈ 𝜑𝑀 i� 𝑖 ∈𝑀 or there
are 𝑗, 𝑘 ∈ 𝑀 with 𝑗 < 𝑖 < 𝑘 and 𝑘 − 𝑗 ≤ 𝑛 + 1, and thus one can equivalently check the existence of
𝑗, 𝑘 ∈𝑀 ∩ (︀𝑖 − 𝑛, 𝑖 + 𝑛⌋︀ with 𝑗 ≤ 𝑖 ≤ 𝑘 and 𝑘 − 𝑗 ≤ 𝑛 + 1, since the distances of 𝑗 and 𝑘 from 𝑖 are at
least 1 and at most 𝑛. For 𝜑 = ◻c 𝑛, we have 𝑖 ∈ 𝜑𝑀 i� there is an interval (︀𝑗, 𝑘⌋︀ ⊆𝑀 with 𝑗 ≤ 𝑖 ≤ 𝑘 and
𝑘− 𝑗 ≥ 𝑛 (i.e., the interval contains at least 𝑛+1 time points) i� there is an interval 𝐼 ⊆𝑀 ∩(︀𝑖−𝑛, 𝑖+𝑛⌋︀
of at least 𝑛 + 1 time points that contains 𝑖.
For 𝜑 = 𝜑1 ○ 𝜑2, let 𝑛1 = reach(𝜑1) and 𝑛2 = reach(𝜑2) and 𝑀 ′ ∶= 𝜑2𝑀 . By induction, we have

𝑖 ∈ 𝜑1𝑀 ′ i� 𝑖 ∈ 𝜑1(𝑀 ′ ∩ (︀𝑖 − 𝑛1, 𝑖 + 𝑛1⌋︀) and, for any 𝑡 ∈ (︀𝑖 − 𝑛1, 𝑖 + 𝑛1⌋︀, it holds that 𝑡 ∈ 𝜑2𝑀 i�
𝑡 ∈ 𝜑2(𝑀 ∩ (︀𝑡 − 𝑛2, 𝑡 + 𝑛2⌋︀) i� 𝑡 ∈ 𝜑2(𝑀 ∩ (︀𝑖 − 𝑛2 − 𝑛1, 𝑖 + 𝑛2 + 𝑛1⌋︀). We obtain that 𝑖 ∈ 𝜑1𝜑2𝑀 i�
𝑖 ∈ 𝜑1(𝜑2𝑀 ∩ (︀𝑖 − 𝑛1, 𝑖 + 𝑛1⌋︀) i� 𝑖 ∈ 𝜑1((𝜑2(𝑀 ∩ (︀𝑖 − 𝑛2 − 𝑛1, 𝑖 + 𝑛2 + 𝑛1⌋︀)) ∩ (︀𝑖 − 𝑛1, 𝑖 + 𝑛1⌋︀) i�
𝑖 ∈ 𝜑1𝜑2(𝑀 ∩ (︀𝑖 − 𝑛2 − 𝑛1, 𝑖 + 𝑛2 + 𝑛1⌋︀).
For 𝜑 = 𝜑1 ∪ 𝜑2, we similarly have 𝑖 ∈ 𝜑𝑗𝑀 i� 𝑖 ∈ 𝜑𝑗(𝑀 ∩ (︀𝑖 − 𝑛𝑗 , 𝑖 + 𝑛𝑗⌋︀), which is equivalent to

𝑖 ∈ 𝜑𝑗(𝑀 ∩ (︀𝑖 −max{𝑛1, 𝑛2}, 𝑖 +max{𝑛1, 𝑛2}⌋︀), for 𝑗 ∈ {1,2}. Thus, 𝑖 ∈ 𝜑𝑀 i� 𝑖 ∈ 𝜑1𝑀 or 𝑖 ∈ 𝜑2𝑀
i� 𝑖 ∈ 𝜑(𝑀 ∩ (︀𝑖 −max{𝑛1, 𝑛2}, 𝑖 +max{𝑛1, 𝑛2}⌋︀). The argument for 𝜑 = 𝜑1 ∩ 𝜑2 is similar.

This implies that, to solve the question 𝜑 ⊆ 𝜓, it su�ces to consider all𝑀 ⊆ (︀−𝑛,𝑛⌋︀, where 𝑛 is the
maximal reach of 𝜑 and 𝜓.

Theorem 2. For any 𝜑,𝜓 ∈ (Tfin∖{◇c ∞,◻c∞})×, we can check whether 𝜑 ⊆ 𝜓 holds in double exponential
time if operator subscripts are encoded in binary, and in exponential time for unary encoding.

Proof. If 𝜑𝑀 ⊈ 𝜓𝑀 , then there is 𝑖 ∈ 𝜑𝑀 with 𝑖 ∉ 𝜓𝑀 . By considering the set𝑀−𝑗 ∶= {𝑖 − 𝑗 ⋃︀ 𝑖 ∈𝑀},
we obtain that 0 ∈ 𝜑𝑀−𝑗 and 0 ∉ 𝑀−𝑗 , i.e., it su�ces to check whether 0 is a counterexample for
𝜑 ⊆ 𝜓 under any 𝑀 ⊆ Z. By Lemma 6, 0 is a counterexample in 𝑀 i� it is a counterexample in
𝑀 ∩ (︀−𝑛,𝑛⌋︀, where 𝑛 ∶= max{reach(𝜑), reach(𝜓)}. Thus, to check 𝜑 ⊆ 𝜓, we can enumerate all
(double) exponentially many subsets𝑀 ⊆ (︀−𝑛,𝑛⌋︀, compute 𝜑𝑀 and 𝜓𝑀 in (double-)exponential time,
and check whether 0 ∈ 𝜑𝑀 and 0 ∉ 𝜓𝑀 .

5. Conclusions

In this paper, we have presented �rst results on characterizing combinations of ◻c 𝑛 and ◇c 𝑛 operators,
including their composition, point-wise intersection, and union. We have established that subsumption
between such complex operators can be decided in double exponential time in the general case. For



sequences of compositions, we have proposed a transducer-based procedure that solves the subsumption
problem in polynomial time.
In future work, we will extend the developed characterizations of subsumption to the classical

in�nite operators ◻+, ◇± , etc., for which there are only �nitely many cases to consider (see Lemma 3).
More importantly, we want to determine tight complexity bounds for subsumption between arbitrary
temporal formulas fromT×. We conjecture that this problem can be decided in polynomial time, based on
observations indicating that non-subsumption is always witnessed by a simple kind of counterexamples,
of which there are only polynomially many. Based on this, our aim is to characterize which axioms of
the form 𝜑𝐴 ⊑ 𝐵 can be entailed by a temporal 𝒯 ℰℒℋ◇c ,lhs

� ontology extended with ◻c operators, as a
step towards developing a classi�cation algorithm for this logic.
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