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Abstract

In formal semantics of concurrent systems, executions are typically represented as partial orders over events,
capturing different aspects of sequentiality and concurrency, such as total, stratified, or interval orders. An
alternative, more compositional perspective focuses on series-parallel orders, in which executions are constructed
using sequential and parallel composition of sets of events, providing a natural way to reflect the compositional
structure of concurrent behaviours. Moreover, since analysing all individual executions is often infeasible, a more
effective approach is to reason at a higher level of abstraction using relational specifications that capture invariant
relationships between events, such as causality or temporal constraints.

In this paper, we introduce a new model of such specifications for series-parallel executions, based on two
relations: precedence (“earlier than”) and weak precedence (“not later than”). These relations provide a compact
way to describe sets of executions and capture key concurrency phenomena such as causality and simultaneity.
We study the structural properties of these specifications and establish their correspondence with series-parallel
executions, yielding a new order-theoretic framework for compositional reasoning about concurrency.
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1. Introduction

This paper investigates how partial orders can be employed to represent executions of concurrent systems,
where each execution consists of a collection of events, understood as occurrences of actions or operations.
A number of semantic models of concurrency rely on particular classes of partial orders to describe the
ways in which events are arranged along an execution. In such representations it is always possible to
determine the relative relationship between any pair of events, specifying whether one precedes the other
or whether the two occur simultaneously. Consequently, these structures can naturally be interpreted as
abstract observations of discrete physical processes.

Throughout the paper we interpret events (that is, executed actions) as activities occurring over time
intervals. We do not aim to capture the exact temporal duration of such intervals. Rather, we are concerned
only with their qualitative temporal relationships. In particular, we distinguish whether two events are
strictly ordered (meaning that the interval corresponding to one event precedes the interval corresponding
to the other) or whether they are simultaneous (in the sense that their corresponding intervals overlap).

In the literature, one can identify at least three classes of partial orders that have been used to
model concurrent executions according to the intuition outlined above. These include (i) total orders,
representing purely sequential executions; (ii) stratified orders, representing behaviours in which sets of
simultaneous events are executed sequentially as steps; and (iii) interval orders, representing behaviours
where events may occupy time intervals and where overlapping intervals correspond to simultaneity
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Figure 1: A strict inclusion hierarchy (indicated by directed arcs) of partial order classes considered in
this paper. Except for the general partial orders, each class is characterised by ‘forbidden’ pattern(s).

of events. Representations of the latter kind were regarded by Wiener [1] as the most general form of
physical observation available to a single observer.

Each of the above classes admits a clear operational interpretation. From the perspective of modelling
concurrent behaviour, total and stratified orders provide well-structured representations that reflect natural
execution patterns. Interval orders, by contrast, capture more general temporal observations but do not
intrinsically encode structural information about the executions they represent. One of the principal
aims of this paper is therefore to identify and investigate a non-trivial class of partial orders that admits
meaningful structural characterisation.

A particularly important class of partial orders endowed with well-defined structural properties are
the series-parallel orders (SP-orders). These structures are defined using two composition operators
(sequential and parallel composition) which correspond to fundamental mechanisms used in the design
and analysis of concurrent systems. Importantly, these operators apply to sets of events rather than to
individual events, thereby enabling structured descriptions of concurrent behaviour. Despite the central
role played by SP-orders in concurrency theory, the structural properties of their prototype specifications
and of the sets of executions implementing them have not yet been systematically investigated.

Figure 1 depicts the (strict) hierarchy of the classes of partial orders considered in this paper. An
interesting observation is that every class in this hierarchy, except for the most general one, admits a
characterisation in terms of forbidden patterns (subgraphs). Such forbidden configurations provide useful
insights into the structural properties of the corresponding classes of executions.

The properties of SP-orders, and in particular their algebraic and order-theoretic aspects, have been
studied extensively in the literature; see, for example, [2, 3]. The algebraic framework developed in [2]
enabled the work of [4] to provide a partial-order semantic treatment for a simple process algebra equipped
with sequential and parallel composition operators. As another example, [5, 6] extended classical automata
theory from languages of words to languages consisting of labelled sP-orders. The relationship between
Sp-orders and the K-density property in Petri nets was investigated in [7]. A complete axiomatisation of
inclusion for SP-orders was obtained in [8]. More recently, the use of series-parallel orders as a foundation
for automata and logical formalisms has been explored in [9], while [10] proposed a generalisation of
Sp-orders allowing more flexible composition operators.

Directly reasoning about the potentially vast number of executions of a concurrent system is generally
infeasible. A more effective approach is to consider executions at a higher level of abstraction, using
behavioural specifications that capture relationships between events, such as causality or dependency.
Such a specification is typically represented by a relational structure rs, which characterises a (possibly
large) set RS of individual executions. Examples of such relational structures can be found, for instance,
in [11, 12, 13, 14]. These include causal partial orders for sequences and invariant structures for step
sequences. Structures of this kind provide concise representations of concurrent histories and their
usefulness follow from generalisations of Szpilrajn’s Theorem [15], which states that every partial order
can be expressed as the intersection of its total-order extensions. Although the relational structure rs
provides a clean theoretical characterisation of the set RS, turning such representations into practical
tools (as, for example, in [16]) requires that they can be derived directly from individual executions using



structural properties of the concurrent system.

This observation naturally leads to relational representations based on acyclic relations between events,
such as the dependence graphs introduced in [17]. Applying transitive closure to such acyclic relations
yields invariant structures capturing the essential causal structure of executions.

The above perspective has been proposed and investigated in [11, 12] as a general methodological
framework for constructing semantic models based on relational structures. In the present paper, we apply
this approach to the study of specifications of executions given by SP-orders.

1.1. About this paper

This paper lays the foundations for a novel concurrency semantics based on SP-orders and introduces
their specifications in the form of series-parallel relational structures. The proposed framework follows
the general methodology for defining order-theoretic semantics of concurrent behaviours developed
in [11, 12]. Within this approach, sets of executions are characterised through relational structures
capturing invariant relationships between events.

The specifications we propose rely on two fundamental relationships between events, namely prece-
dence and weak precedence. Intuitively, these relations correspond to the relative temporal positions of
events in individual executions: precedence expresses the fact that one event occurs strictly earlier than
another, whereas weak precedence captures the more permissive situation in which one event is not later
than another. Together, these relations provide a natural and expressive mechanism for capturing causal
and temporal constraints that arise in concurrent computations.

The same pair of relations has been studied previously in [12, 18, 13], where relational structures based
on them were shown model a variety of computational frameworks, including inhibitor nets, Boolean
networks, reaction systems, and membrane systems [12, 19]. Building on these results, the present work
adapts this relational perspective to the setting of series-parallel executions. The resulting SP-order—based
specifications provide a structured representation of concurrent behaviours while retaining the generality
needed to capture rich classes of executions. In particular, the proposed model is strictly more expressive
than the Set-Sequential Object model and incomparable with the Interval-Sequential Object model in the
hierarchy presented in Fig. 1 of [20].

1.2. Contributions

The main contributions of this paper can be summarised as follows:

* We introduce a novel semantic framework for concurrent executions based on SP-orders, providing a
structured representation of behaviours that naturally combines sequential and parallel composition
patterns.

» We propose series-parallel relational structures as specifications of sets of SP-orders, following
the invariant-structure methodology developed in [11, 12]. These structures capture executions
through two fundamental relations between events: precedence and weak precedence.

* We investigate the structural properties of these specifications and establish their correspondence
with sets of executions represented by SP-orders, thereby providing a systematic framework for
reasoning about series-parallel concurrent behaviours.

1.3. Organization of the paper

The next section recalls basic notions and terminology concerning partial orders. Section 3 reviews
relational structures used to specify sets of executions. Section 4 introduces series-parallel relational
structures. Section 5 characterises maximal SP-structures and relates them to SP-orders. Section 6 studies
closed SP-structures and the associated closure operator. The final section provides concluding remarks.



2. Partial orders modelling concurrent behaviours

In this paper, observed behaviours (executions) of concurrent systems are represented by partial orders
capturing event precedence (the lack of ordering is interpreted as simultaneity).

Let A be a finite domain (set of events) and < be an irreflexive binary (precedence) relation over A.
Moreover, let —~ be a binary (simultaneity) relation over A comprising all pairs (x,y) such that x # y and
x Ly £ x. Then po = (A, <) is called (below x,y,z,w € A):

* (strict) partial order if r <<y = x <Y
* total order if ’(x;éy/\y¢<x)\/x<<z<<y:>x<<y‘
e stratified order if ’x<<z<<y Vx—~zLyVxikKz~y = x<<y‘
e interval order if ’x<<y/\z<<w:>x<<w\/z<<y‘

* series-parallel order
(sp-order) if ’x<<z<<y:>x<<y‘ and ’z<<y/\w/\z/\x<<w/\z<<w:>x<<y‘

The sets of partial / total / stratified / interval / SP- orders are denoted by PO / TO / SO / 10 / SPO. A
trivial partial order po = (A, &) will be denoted by 7.

Figure 1 depicts inclusions between different classes of partial orders. Partial orders belonging
to each class 2~ € {TO,S0,10,SPO}, can be characterised by the absence of forbidden pattern(s)
depicted in Figure 1. Hence each class is projection-closed, i.e., if po = (A, <) € 2" and ® C A, then
pole = (P, <N(PxP)) e 2.

Series-parallel orders can be defined compositionally (which is reflected in their name). One needs two
ways of composing partial orders with disjoint domains, po = (A, <) and po’ = (A, <'):

e spo®spo’ = (AUAN (K U< )U(AxA)). (series composition)
s spo@spo’ = (AUAN < UK). (parallel composition)

Both operators are associative and have 7y as the unit; moreover, & is commutative. Then SP-orders
can be shown to be the smallest set SPO comprising all trivial partial orders and such that, for all
spo,spo’ € SPO with disjoint domains, spo @ spo’ and spo @ spo’ € SPO. Following this, one can use
algebraic expressions like 7T,y ® (7f,) @ 7)) to denote SP-orders.

3. Relational structures for specifying system executions

There is a distinction between specifications of concurrent system behaviour (e.g., given as sets of
constraints about the ordering of actions to be executed), and the actual observed executions. In particular,
a single specification can be realised by (very) many executions.

In this paper, we consider structures with two relationships ‘generating’ executions consistent with
these two relations. Such a structure is a triple rs = (A, <, ), where < and C are two binary relations
over a finite domain A. Moreover, if both relations are irreflexive, then rs is a relational structure.
Intuitively, x < y (precedence) is a record that event x preceded event y, whereas x [ y (weak precedence)
is a record that x preceded or was simultaneous with y (i.e., y did not precede x)'. Also, if x C y C x then
x and y are considered to be simultaneous. We use A, <5, and [, to denote the components of rs, and
the notations below can be used to enlarge these components, where x ¢ A, y,z € A and y # z:

e rspx] = (AU{x},<,C)
o rsly — 2] = (A, < U{{(»2)},0)
s rsly ——= 7= (A, <,CU{(nz)}).

Let Z be a set of relational structures, rs, s’ be relational structures, and ® C A,,. Then:

!In intended execution models, x precedes y (x < y) excludes y weakly precedes x (y C x). In maximal structures, C can therefore
be seen as the complement of the reversed <.



 rs < rs’ means that rs’ is an extension of rs, i.e., Ary = Ay, <5 € <y, and Cpy C Ty

e rs<rs’ means that rs’ is a strict extension of rs i.e., rs < rs' and rs # rs'.

o exty(rs) ={rs' € #Z | rs I rs'} are the extensions of rs in %.

o B = {rs' € # | exty(rs') = {rs'}} are the maximal structures in Z.

* maxy(rs) = extgma(rs) are the maximal extensions (or saturations) of rs in Z.

e 15l = (P, < |oxd, T |oxa) is the projection of rs onto P.

* X is projection-closed if rs|p = (P, < |oxa, C |oxo) € Z, forall rs € Z and @ C A,;.

o X is left-closed if rs' € %, for every rs € % and every structure rs’ satisfying rs’ < rs.

o X is intersection-closed if (A, <,s N <y, Cps N Cpy) € X whenever rs,rs’ € Z and A= Ay = A,y

* Gps = (A5, <ys U Cpy) is a directed graph jointly representing both relations of rs.

A partial order po = (A, <) can be represented as relational structure p(po) = (A, <, C), where
C = < U —. Hence, x —~ y in po is represented by x C y  x in p(po).

Relational structures in Z™* are intended to represent executions specified by relational structures
in Z. Suppose then that 2" is a set of partial orders representing concurrent executions and that we
would like to characterise the set of all relational structures & which are non-vacuous specifications for
4, i.e., all relational structures rs satisfying max g (rs) Np(Z2") # @ (that is, each partial order po € 2
with p(po) € maxg(rs) is regarded an execution of rs). One can see that such a set # is characterised
by being left-closed and satisfying 2" = p(Z"). In such a case, the set of partial order executions
specified by rs € Z is given by p~! (max(rs)).

For some of the partial order classes modelling executions in Section 2, all non-vacuous specifications
rs = (A, <,C) can be characterised in the following way (see [12, 18, 21]):

* There is a total order execution of rs iff there are no cycles in Gy;.
* There is a stratified order execution of rs iff there is no cycle xi,...,x, in G, such that x| < x;.
* There is an interval order execution of rs iff there is no cycle xy,...,x, in G, such that:

1) xi—1 < x; V x; < x4, forall 1 <i<n;and (ii) x,—1 <X, V X, < Xx1.

Each case above captures a kind of ‘acyclicity’ or ‘constrained cyclicity’. Such a property is linked
to the absence of substructures of rs which are ‘forbidden’ in a given execution model. For example,
if x C y  x then no total order exists in which x does not precede y and, at the same time, y does not
precede x. However, in the case of SP-orders the ‘constrained cyclicity’ conditions are no longer sufficient,
and we will propose to use instead a ‘constrained strong connectivity’ condition.

4. Series-parallel structures

To introduce relational structures for specifying concurrent executions modelled by SP-orders we need
auxiliary notions.
Let rs = (A, <, ) be a structure and & C A be such that |®| > 2. Then:

* A partition EWW¥ of ® is an rs-partition if (ExPU¥Y X E)N <= .

* & is a strongly connected set in rs if it induces a strongly connected sub-graph of G,;. We denote
this by ® € SCS(rs).

* If ® € SCS(rs) and there is no rs-partition of @, then ® is an indivisible strongly connected set (or
I1SC-set) in rs . We denote this by ISCS(rs).

Proposition 1. Let rs and rs' be structures such that rs < rs', and ® C A,. Then:
1. SCS(rs) C SCS(rs') and ISCS(rs) C ISCS(rs').
2. SCS(rs|o) C SCS(rs) and ISCS(rs|o) C ISCS(rs).

Proof. (1) It follows directly from the definitions, and observing that: (i) <,; C <,y, and (ii) adding
additional arcs maintains the property of being a strongly connected sub-graph.
(2) It follows from the fact the all relationships within ® in rs|e are the same as in rs. ]
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Figure 2: A spP-structure together with one of its SPM-structure extensions. Solid and dashed arcs
represent relations < C C and C \ <, respectively.

Proposition 1 shows the properties of two operations that will be used repeatedly later: extending a
structure and restricting it to a smaller domain. This is exactly what one wants from forbidden patterns,
viz. any problematic fragment of a structure should be detectable locally. It is therefore natural to take an
absence of indivisible strongly connected subsets as the defining property for series-parallel specifications.

Definition 1 (SP-structure). A structure rs is Sp-acyclic if ISCS(rs) = @. Then, a series-parallel structure
(or SP-structure) is a relational structure which is SP-acyclic. The set of all SP-structures is denoted
by SPS.

Proposition 2. SP-structures are projection-closed, left-closed, and intersection-closed.

Proof. The first two properties follow directly from Proposition 1. Moreover, the third one follows
directly from the second one. O

In the context of the discussion on ‘constrained strong cyclicity/connectivity’ at the end of the last
section, the role of ‘forbidden cyclic substructures’ is played in SP-structures by the indivisible strongly
connected subsets.

5. Maximal sp-structures

We now provide an axiomatic characterisation of maximal SP-structures.

Definition 2 (SPM-structure). A series-parallel maximal structure (or SPM-structure) is a structure
spms = (A, <, C) such that the following hold, for all x,y,z,t € A:

* SPMS:1 xIZx

* SPMS:2 x<y <= xLCy[Z«x

* SPMS:3 x#y <= x<y V y<x V xCyLx

* SPMS:4 x<y<z = x~<2

* SPMS:5 xCzCx A yCwLCy A x<y A z=<w A z<y = x=<w

The set of all SPM-structures is denoted by SPMS.

Clearly, SPM-structures are projection-closed.

Figure 2 shows a SP-structure together with one possible SPM-structure extending it. The SPM-
structure on the right corresponds (through the mapping p introduced in Section 3) to the SP-order
() ©703y) © Ti2y) © Ty

The next result clarifies relationship between SP-orders and SPM-structures. Basically, it demonstrates
that p(SPO) = SPMS (see Section 3).

Proposition 3. A structure sps = (A, <, ) belongs to SPMS iff the following two properties are satisfied.:
(i) (A,<) € SPO, and (ii) C = {{x,y) EAXA|x#y Ny Ax}.



Proof. Letpo=(A,<)and S ={(x,y) EAXA|x#y ANy Ax}

(=) By sPMS: 1,2, < is irreflexive. This and SPMS:4 yields po € PO. Hence, by SPMS:5 and the
definition of SP-orders, po € SPO and so (i) holds.

To show S C [, suppose that x # y € A and y 4 x. Then, by SPMS:3, x C y C x or x < y. Moreover, in
the latter case, we have x  y by SPMS:2. Hence, the S C [ inclusion holds.

To show the C C S inclusion, suppose that x T y. Then, by SPMS: 1, x # y. If y < x then, by SPMS:2,
x [ y, a contradiction. Hence y 4 x # y and so the — C § inclusion holds.

(<=) We consider the following cases.

* (SPMS:1) It follows from (ii).

* (SPMS:2, =) Suppose x < y. Then, by po € PO, y 4 x # y. Hence, by (ii), x C y IZ x.

* (SPMS:2, <) Suppose x C y [Z x. Then, by SPMS:1 (see above), x # y. Hence, by (ii), x < y.

* (spMsS:3, =) Suppose x # y and x £ y £ x. Then, by (ii), x " y and y C x.

e (SPMS:3, <) It follows from SPMS:1,2 (see above).

* (SpMs:4) It follows from po € PO.

* (SPMS:5) Suppose that x CzCx A yCwCy A x<y A z<w A z=<y. Then, by (ii) and
xXCzCx A yEwLCy, wehavez ~p, x Ay~ w. Therefore, since po € SPO, we obtain x < w
by the definition of SP-orders.

O]

Proposition 3 is a key representation result for maximal structures. It shows that elements of SPMS
are not an alternative semantics competing with SP-orders, but exactly their relational encodings. In
particular, once the precedence relation is fixed in the maximal case, the weak precedence relation is
determined canonically.

We are now in a position to relate the maximal SP-structures with their relational encodings as well as
axiomatically defined SPM-structures.

Theorem 1. p(SPO) = SPMS = SPS™*.

Proof. The first equality follows from Proposition 3. The second one is proved below.

(SPMS C SPS™) Let spms = (A, <,C) € SPMS and spo = (A, <). By Proposition 3, spo € SPO. We
first show that spms € SPS, proceeding by induction on structure of spo.

If spo = my then, clearly, spms € SPS. In the inductive step, we consider two cases.

Case 1: spo = spo’ & spo”, where spo’,spo” € SPO and A,y # @ # Apor. Then, by the induction
hypothesis and the fact that SPM-structures are projection-closed (see Proposition 2),

spms’ = spms| A, €SPS and spms” = spms| A,y €SPS.

Let @ € SCS(spms). If ® C Ay, or @ C Ay, then, by spms’, spms” € SPS, we have @ ¢ ISCS(spms’) U
ISCS(spms”). Hence @ ¢ ISCS(spms). If

@’ :(DﬂASpO/ + 0 75(13” :CDﬂASpoN ,

then @' W®" is an spms-partition of ®. Hence, ® ¢ ISCS(spms). As aresult, we obtained that spms € SPS.
Case 2: spo = spo’ @ spo”, where A,y # & # Agyor. Then, by the induction hypothesis and the fact
that SPM-structures are projection-closed, we have

spms’ = spms| A, €SPS and spms” = spms| A,y €SPS.

Moreover, (< U C) N (Agpor X Agpe) = &, which means that SCS(spms) = SCS(spms’) U SCS(spms”),
and so ISCS(spms) = &. As a result, we obtained that spms € SPS.

Hence spms € SPS. Moreover, by Proposition 3, for all x #y € A, x £y implies {x,y} €
ISCS(spms[x — y]) and x [Z y implies {x,y} € ISCS(spms[x —— y]). Hence spms € SPS™*".



(SPS™* C SPMS) Since SP-structures are finite and we have already proved that SPMS C SPS, it
suffices to show that extspys(sps) # @, for every sps = (A, <,C) € SPS.

We proceed by induction on the size of the domain of sps. Clearly, (&, &, &) € extspys((F,,2)). In
the inductive step |A| > 1 and we consider two cases.

Case 1: A € SCS(sps). Then, by sps € SPS, A can be partitioned as @' ¥ ®" in such a way that
(@' x D")U (D" x @')) N <= @. As SpP-structures are projection-closed, sps|qr,sps|er € SPS. Hence,
by the induction hypothesis, there are spms’ € extspys(sps|q) and spms” € extspys(sps|er). A routine
verification shows that (A, <my U <gmer) € SPO and so, by Proposition 3,

<A, <spms’ U <spms”7 |:spms’ U |:spms” U((I)/ X CI)N) U ((I)N X (I)/)>

belongs to extspps(sps).

Case 2: A ¢ SCS(sps). Then A can be partitioned as @' W ®” so that (" x ®')N(KULC)=g. As
SP-structures are projection-closed, we have sps|e € SPS and sps|q» € SPS. Hence, by the induction
hypothesis, there are spms’ € extspys(sps|e) and spms” € extspys(sps|er). It is easy to check that
(A, < spms' U =< spms U(P' x ®")) € SPO and so, by Proposition 3,

(A, < gpms’ U <spms? V(D X D), Ty U Typmsr (P x D))
belongs to extspss(sps). O

Theorem 1 together with Proposition 2 implies that SPS is the set of all non-vacuous specifications for
sp-orders, as SPS turned out to be a left-closed set of relational structures satisfying SPS"* = p(SPO).
Moreover, by Theorem 1, having SPM-structure extensions yields an alternative characterisation of
SP-structures.

Proposition 4. A structure is an SP-structure iff one of its extensions is an SPM-structure.

The next result captures some cases where extending (in the sense of the general relational structure
extension) an SP-structure may (or may not) lead outside SP-structures. Intuitively, any valid extension of
SP-structure is therefore SP-structure and repeated application of Proposition 5 together with the checks
from Definition 1 can be used to saturate non-maximal SP-structures.

Proposition 5. Let sps = (A, <,C) € SPSand x #y € A. Then:

x <y implies sps[y —— x] ¢ SPS.

x C y implies sps[y — x] ¢ SPS.

sps[x — y] € SPS or sps[y —— x] € SPS.

spslx —— y| & SPS implies sps[y —— x| € SPS and maxgpgs(sps[y —— x]) = maxgps(sps).
sps[x ——y] & SPS implies sps[ly — x| € SPS and maxsps(sps[y — x]) = maxsps(sps).

ARl

Proof. (1) It follows from {x,y} € ISCS(sps[y — — x]).

(2) It follows from {x,y} € ISCS(sps[y — x]).

(3) Suppose that rs; = sps[x —— y] ¢ SPS and rs, = spsly —— x| ¢ SPS.

As rs; (for i = 1,2) is a relational structure and rs; ¢ SPS, there is ®; € ISCS(rs;). From sps € SPS it
follows that x,y € ®; N ®,. Moreover, ®; € ISCS(rs;) implies that there is a directed path in G, from y
to x going through the elements of ®;, and ®, € ISCS(rs,) implies that there is a path in Gy, from x to
y going through the elements of ®,. Hence ®; U®d, € SCS(sps), and so from sps € SPS it follows that
there is an sps-partition =, & E, of & U®P;.

Let¥;; = ®;NE; (for i, j = 1,2). We consider two cases.

Case 1: ¥ = @ or ¥, = &. Then, since | NP, # &, ¥y W), is a partition of ®,. Moreover,
since y [_ x is the only relationship added to get rsy, Wo; WWys is an rsy-partition of ®,, a contradiction.

Case 2: W1 # & and W, # @. Then W11 W), is a partition of ;. Moreover, since x < y is the only
relationship added to get rs;, we must have w.l.o.g. x € E| and y € ;. Hence, W & W9, is a partition of
®,, and we can proceed as in Case 1 to obtain a contradiction.



(4) By part (3), sps[y —— x] € SPS. Clearly, maxgsps(spsly —— x]) C maxgps(sps). Suppose that
spms € maxgps(sps) \ maxsps(sps[y —— x]). Then we must have y 7 s X, and s0 X <gyms y. As a result,
spms € maxgsps(sps[x — y|). Hence, by Proposition 4, sps[x — y] € SPS, a contradiction.

(5) Similarly as for part (4). ]

6. Closed spP-structures

SP-structures are all the non-vacuous specifications for SP-order executions. We now identify SP-structures
which are particularly suitable for, e.g., property verification or causality analysis in concurrent behaviours.
According to the general theory expounded in [12] and the fact that SP-structures are intersection-closed
(see Proposition 2), a class of such SP-structures can be defined as follows.

Definition 3. An SP-structure sps € SPS is closed if
o 5ps = (Agps, [ W <spms| spms € maxsps(sps) }, (W Copms| spms € maxsps(sps)}).
The set of all closed SP-structures is denoted by SPS.

The above definition captures a generalisation of Szpilrajn’s Theorem [15] stating that a partial order is
the intersection of all its total order extensions.

From the general results proved in [12] (Prop.7.5), and the fact that SPS is a set of intersection-closed
relational structures (see Proposition 2), it follows that there is a structure closure clogps : SPS — SPS"
such that the following hold, for all rs € SPS* and 73, 75 € SPS:

* | clogps(75) = (Ars, N{ < spms| spms € maxsps(75) }, N{ Cypms| spms € maxgps(75) })

* |rs<rs = maxgps(7s) C maxgps(rs) ‘ extending rs excludes some SPM-structures
* | 7s < clogps(7s) = clogps(clogps(7s)) ‘ clogps is closure in the usual sense
* | maxgps(7s) = maxgps(clogps(7s)) ‘ closure preserves generated SPM-structures
e |75 Qs = clogps(7s) < clogps(7s) ‘ closure is monotonic
* |maxgps(7s) = maxgps(rs) <= clogps(7s) = clogps(rs) ‘ generating the same

SPM-structures is equivalent to having the same closure.

The generic definition of closed SP-structures in Definition 3 is impractical as it directly refers
to potentially (very) large set of maximal extensions of SP-structures. Below we present alternative
definitions of SPS and clogps.

Definition 4 (SPC-structure). A series-parallel closed structure (or SPC-structure) is a structure spcs =
(A, <,C) such that the following hold, for all x # y € A:

* SPCS:1  x[ZxAx

* SPCS:2 x<y = ylx

* SPCS:3  ISCS(spesjx — y]) #9 — yCx
* SPCs:4  ISCS(spesjx ——y]) #9 — y<x

The set of all SPC-structures is denoted by SPCS.
SPC-structures are positioned in-between SPM-structures and SP-structures.

Proposition 6. SPMS C SPCS C SPS.



N N
X w clogps X----=Ww
A A N 7
y y

Figure 3: Closing sP-structure. Solid and dashed arcs represent relations < C  and C \ <, respectively.

Proof. (SPMS C SPCS) Let spms = (A,<,C) € SPMS. Then SpCs:1 and SPCs:2 hold for spms,
by spMS:1 and SPMS:2, respectively. To show SPCS:3 for spms, suppose that x # y € A and
ISCS(spms|x — y|). Then, by Theorem 1, x £ y. Hence, by SPMS:2,3, we obtain y C x. Show-
ing SPCS:4 for spms is similar. As a result, SPMS C SPCS.

(SPCS C SPS) By spcs:1, it suffices to show that if spcs = (A, <,C) € SPCS then we have
ISCS(spcs) = @. Indeed, suppose that @ € ISCS(spcs). Then there are x # y € A such that x < y.
Since spcs[x — y] = spcs, by SPCS:3, we obtain y [ x, a contradiction with SPCS:2. O

To show that SPCS = SPS, the next result identifies two ways in which SPCS-structures can be
extended to SPS-structures.

Proposition 7. Let spcs = (A, <,C) € SPCS and x #y € A. Then:

e x Ay = spcsly —— x| € SPS.
* x[fy = spcsly — x| € SPS.

Proof. (1) If spesly —— x| ¢ SPS, then ISCS(spes[y — — x|) # @. Hence, by SPCS:4, we obtain x <y,
yielding a contradiction.

(2) If spesly — x| ¢ SPS, then ISCS(spcs[y — x]) # @. Hence, by SPCS:3, we obtain x C y,
yielding a contradiction. O

One can then define an alternative definition of the structure closure mapping for SP-structures. Let
T : SPS — SPS be such that, for every sps = (A, <,C) € SPS, F(sps) = (A, < U </,C U '), where:

o <'={(y,x) EAXA|x#yAx N ISCS(spslx ——y]) # @}
o C'={(y,x) EAXA|x#yZx A ISCS(spsjx — y]) # &}.

Such a mapping can be used to approximate the closure of an SP-structure sps and obtain it after repeatedly
applying § a bounded number of times. For example, Figure 3 depicts the SP-structure from Figure 2
together with its closure which can be calculated by repeated application of function § as stated in the
next result.

Proposition 8. § is a well-defined function such that, for every sps € SPS:

1. sps <§(sps) < clogps(sps).
2. §(sps) = sps iff sps € SPCS.

Proof. (1) Suppose that x <" y. Then x # y and ISCS(sps[y — — x|) # &. Hence, by Proposition 5(5),
we obtain:

sps[x —— y] € SPS and maxsps(spsjx — y|) = maxgps(sps).

Thus, since generating the same SPM-structures is equivalent to having the same closure, we have:
sps[x —— y] Qclogps(sps[x — y]) = clogps(sps).

Similarly, we may show that x " y implies

sps[x —— y] I clogps(sps).



As result, we have sps < F(sps) < clogps(sps). Thus F(sps) € SPS, and so § is well-defined.
(2) Follows directly from Definition 4 and the definition of §. ]

Proposition 8 reduces closure to finite saturation. Each application of § preserves the intended
semantics and adds only relations that must already hold in the closure, while fixed points are exactly
structures belonging to SPCS. It remains only to observe that, over a finite domain, this process must
stabilise after finitely many steps.

Theorem 2. The mapping 9 : SPS — SPCS such that M(sps) = F [Asps]? (sps), for every sps € SPS, is the
structure closure of SPS, i.e., SPCS = SPS" and 9 = clogps.

Proof. The number of relationships which the successive applications of § can add is not greater than
|Asps|2 (taking into account all possible choices of two distinct event and at most two updates of binary
relationships between them). Hence, §(9(sps)) = M (sps), Hence, by Proposition 8(2), we obtain that
M(sps) € SPCS and is M is well-defined.

The theorem is proven by applying a general result — allowing one to deal with the closure operation
and closed relational structures without referring to intersections of the maximal extensions of structures
— formulated in [12] as Prop.7.8 and reproduced below.

Let Z be an intersection-closed set of relational structures, . C %, and f : Z — . be a
monotonic (i.e., rs Ars' = f(rs) < f(rs')) and non-decreasing (i.e., rs < f(rs)) function.
Moreover, for all rs = (A, <,C) € % and x #y € A, we have:

o f(rs) Irs.
o Ifx Ay (orxILy), then there is Ts € maxg(rs) such that x A7y (resp. x U y).
Then f is the structure closure of %, i.e., = % and f(rs) = cloy(rs), for every rs € Z.

We can apply the above result after observing the following:

e SPS are intersection-closed.

SPCS C SPS by Proposition 6.

M is monotonic (i.e., sps I sps’ = M(sps) < M(sps’)) by Proposition 1.
» O is non-decreasing (i.e., sps < M(sps)) by Proposition 8(1).

* For every spcs € SPCS, we have M (spes) < spes, as M(spes) = spes because in such a case
<=’ = o in the definition of §.

* Forall spcs = (A, <,C) € SPCSand x #y € A, if x £y (or x [Z y), then there is spms € maxsps(spcs)
such that x Ay y (resp. X [Zpms ¥). This follows from Theorem 1 and Proposition 7.

Hence, SPCS = SPS°” and Mt = clogps. O

As 9t adds to sps all the arcs by all its maximal extensions, we obtained an effective procedure for
determining the largest relational structure, with respect to extensions of relational structures, having a
given set of maximal extensions.

7. Concluding remarks

This paper applied the generic approach elaborated in [11, 12] and developed an order-theoretic semantics
for structured concurrency based on series-parallel orders. Specifications were represented as relational
structures over sets of events equipped with two relations: precedence, expressing that one event occurs
strictly ’earlier than’ another, and weak precedence, expressing that one event is 'not later than’ another.

We defined series-parallel structures as those relational structures that contain no indivisible strongly
connected sets, showed that their maximal extensions coincide exactly with the relational encodings of
series-parallel orders, and characterised closed series-parallel structures as intersections of their maximal
extensions. We also introduced an iterative closure construction that provides an effective saturation



procedure for non-maximal specifications while preserving the executions they generate. Taken together,
these results yield a compositional framework for reasoning about causality and simultaneity in concurrent
systems. The proposed framework is strictly more expressive than the Set-Sequential Object model and
incomparable with the Interval-Sequential Object model.

A possible direction for the future work is concerned with the theory of traces [22]; in particular,
the interval traces proposed and discussed in [23]. The relationship with interval relational structures
from [13, 24] is yet to be developed.
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