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Abstract

Petri nets are one of the standard modeling languages for visualizing and analyzing processes. However, auto-
matically discovered models for such processes only show a snapshot of all possible system behavior. Thus, a
common task is to decide whether an observed sequence of activities is part of a Petri net’s language. If the
answer is no, the next question is how far the sequence deviates from the model’s language. Optimal align-
ments answer this question by finding the minimum number of insert and delete operations to transform the
sequence into a word of the language. Alignments are used in several metrics that evaluate a model’s confor-
mance to recorded data. However, algorithms that compute optimal alignments have an exponential runtime.
Only recently has research found that finding optimal alignments is computationally hard for sound free-choice
workflow nets. This paper continues this line of research. It investigates the effects of the labeling and bound-
edness of a Petri net on the computational complexity of finding optimal alignments. Unlabeled and unbounded
Petri nets have attracted increasing research interest in disciplines such as object-centric process mining. The
results of this paper show that the problem of finding optimal alignments is PSpPACE-complete for unlabeled nets,
Pspace-complete for labeled and bounded nets, and AckERMANN-complete for labeled and unbounded nets.

Keywords

Conformance Checking, Alignments, Computational Complexity, Petri Nets

1. Introduction

Petri nets are a popular modeling language for the analysis of processes [1, 2]. Their intuitive formal
semantics make them easily accessible, while their mathematical foundations unlock a large toolbox of
formal analysis techniques. To ensure high model quality, it is common practice to check whether it
describes some previously recorded data of the process. As such, the model’s language should contain
as much of the recorded behavior as possible (i.e., have high fitness), but not much beyond that (i.e.,
have high precision). There are several metrics that compute the fitness and precision of a model with
respect to the recorded data [3]. The most frequently used metrics are based on alignments [4, 5]: For
some sequence o, alignments show which insert and delete operations are necessary to transform o into
a word of the model’s language. For example, consider the Petri net N in Fig. 1 and the sequence acb.
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Figure 1: A Petri net N with transitions 7, a, b, ¢, d, and two of its alignments, y; and ~s, for the word acb.
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Fig. 1 shows two alignments, y; and 72, for acb with respect to the model V. Both alignments show
how to transform acb into a word in the language of N: ; proposes to insert 7 before the first a, to
insert b directly after the first a, and to delete the last b of the sequence acbh. 72, on the other hand,
proposes not only to delete the last b of acb, but also the last ¢, and to insert a d at the end of the
sequence. Thus, v; transforms acb into Tabe, while s transforms acb into the word Tabd. We use the
notation for alignments in [5], denoting silent transitions by 7 and a “skip” symbol by >>. That is, for
every insertion, we add >> to the log sequence, and for every deletion, we add >> to the model sequence.

Similar to the Levenshtein distance [6], we determine how close a sequence ¢ is to the language
L(N) of a Petri net NV by asking for the minimum number of operations that transform o into a word
of L(N). Note that inserting or deleting some symbols might be more problematic than inserting or
deleting others. In the model of Fig. 1, the leftmost transition 7 has the special role of initiating the
parallel execution of a and b. This might just be a design choice in the model that is not reflected in
the recorded data. If this is the case, the insertion of 7 in an alignment should not infer any penalty.
To incorporate this use case, alignments allow one to assign individual costs to each possible insert
and delete operation. With the so-called standard costs for alignments, each insertion of control flow
transitions such as 7 has costs 0, while inserting or deleting any other symbol has costs 1.

The cost of an alignment is the sum of the costs for each performed operation. With standard
costs, the total cost of 1 is 2, while the total cost of 2 is 4. The most popular fitness and precision
measures calculate optimal alignments, i.e., alignments with the minimum possible cost. To calculate
optimal alignments, the literature provides an algorithm that transforms the alignment problem into a
single-source shortest path problem on the reachability graph of a special Petri net [3]. However, since
the original net is a subnet of this special Petri net, the size of the reachability graph can be exponential
in the size of the original net. Consequently, the runtime of this algorithm is exponential. For various
reasons, researchers believe that this runtime cannot be asymptotically improved [3].

Related Work. If this conjecture is true, calculating optimal alignments for large Petri nets may not
be feasible in practice. However, since alignments form the basis for many popular fitness and precision
measures, there is active research on strategies to speed up this calculation. Van Dongen [7] uses
knowledge about the sequence to be aligned and defines an extended marking equation. The resulting
algorithm shows significant runtime improvements over the traditional method when considering
difficult instances. Boltenhagen et al. [8] encode the task of finding optimal alignments as an optimized
SAT instance. Since the satisfiability of formulas is a well-researched NP-complete problem, this enables
them to use some of the fastest known approximation algorithms to calculate optimal alignments.
However, as the name suggests, approximation algorithms do not return exact results. Fani Sani et
al. [9] therefore propose a framework based on proxy sets to determine bounds for the approximation
error. Their framework for mitigating the approximation error allows approaches such as those of
Boltenhagen et al. [8] to become efficient for calculating fitness scores. However, the exact complexity
class of the problem of calculating optimal alignments remained an open question for a long time.

Only recently, Schwanen et al. [5] found an answer to this question for the most commonly used
Petri net classes in process modeling. They showed that the problem of finding optimal alignments is
NP-complete for live, bounded, free-choice systems (short LBFC systems). A net is live iff any transition
t can eventually fire, regardless of which transitions were fired beforehand. It is bounded iff there is a
bound b such that in every reachable marking of the model, the number of tokens per place does not
exceed b. Finally, a net is free-choice iff two distinct transitions either have no common places from
which they take tokens or share the same set of such places. For example, the Petri net in Fig. 1 is not
live, since every transition can fire at most once, but it is bounded by b = 1 and free-choice. Schwanen
et al. [5] also found that the problem of calculating alignments for 1-bounded, free-choice workflow nets
is NP-complete as well. Workflow nets are a subclass of Petri nets with a distinct source and sink place,
where every place and transition lie on a directed walk from the source to the sink. For non-free-choice
1-bounded systems, Schwanen et al. [5] found that calculating optimal alignments is PSPACE-complete.
Their results allow one to estimate when computing alignments is feasible in practice.



Contribution. This paper continues the investigation started by Schwanen et al. [5]. While the Petri
net classes these authors analyzed are the most common to model the control structure of a process,
recent trends in research show a shift towards model types that model dependencies and interactions
between the control flow of different objects as well. Fahland [10] uses so-called proclets to describe
the life cycle of objects in a process. These proclets synchronize over the same transition labels to show
how two objects interact with each other. Understanding each proclet as an independent system, it is
likely to contain unique transition labels. Thus, we investigate the effect of a Petri net’s labeling on the
complexity class of the alignment problem.

Van Hee et al. [11] expand Petri nets with token identifiers, so each token represents an object. In this
case, 1-bounded nets cover trivial cases where there is exactly one object present. Thus, we investigate
the more general case where a net is b-bounded for some natural number b. Furthermore, van Hee et
al. [12] and van der Werf et al. [13] describe nets that contain arbitrarily many objects of one type. As
tokens represent objects, they describe situations where the underlying system is unbounded.

There is active and ongoing research on how to define alignments for the previously mentioned
model types [14, 15, 16]. Thus, investigating the complexity class of the alignment problem for the cases
described above holds value for this line of research. This paper therefore investigates the computational
complexity of calculating optimal alignments for the following Petri net classes:

+ Unlabeled and bounded place/transition nets;

+ Unlabeled and unbounded place/transition nets;

+ Labeled and bounded place/transition nets; and

« Labeled and unbounded place/transition nets.
With this contribution, we expand what is known about the computational complexity of the alignment
problem for Petri nets to the results shown in Table 1.

Table 1
An overview of results on the computational complexity of computing optimal alignments for Petri nets.
Petri net class Result Reference
(acyclic) LBFC systems NP-complete (5]
(acyclic) sound free-choice workflow nets NP-complete [5]
1-bounded systems PspAcE-complete (5]
1-bounded and sound workflow nets PspAce-complete [5]
unlabeled, bounded place/transition nets PspAce-complete Corollary 1
labeled, bounded place/transition nets PspAcE-complete Corollary 2
unlabeled, unbounded place/transition nets PspAce-complete Corollary 3

labeled, unbounded place/transition nets AcCKERMANN-complete  Theorem 8

Note that all Petri nets considered by Schwanen et al. [5] are place/transition nets. That is, the nets
contain at most one arc between each place and transition, and they contain no special arcs (such as
reset or inhibitor arcs). Furthermore, all nets they consider are labeled.

Schwanen et al. also found results on the computational complexity of the alignment problem
for process trees [17]. Process trees are a special modeling language that can be translated to Petri
nets. The authors show that the alignment problem on process trees can be described as solutions of
mixed integer linear programs. If the model does not contain parallel executions, they show that the
alignment problem can even be solved efficiently. However, since these results do not directly concern
the alignment problem with respect to Petri net classes, we did not add them to the overview in Table 1.

The remainder of this paper is organized as follows: Section 2 introduces definitions for the investi-
gated Petri net classes, alignments, and the alignment problem. It also briefly describes the relevant
complexity classes. Section 3 and Section 4 investigate the computational complexity of the alignment
decision problem for bounded and unbounded place/transition nets, respectively. Both sections distin-
guish between cases where the net is labeled and cases where the net is unlabeled. Finally, Section 5
concludes the paper and offers further directions for future research.



2. Basic Definitions

We denote the set of natural numbers by N := {1,2,3, ...} and define Ny := N U {0}. Furthermore,
by R we denote the set of real numbers, and by R{ := {r € R | 7 > 0} the set of non-negative real
numbers. Next, we give the definition of the modeling language investigated in this paper, that is,
place/transition nets.

Definition 1. (Place/Transition Net). A place/transition net (short: P/T net) is a tuple N = (P, T, F'),
where P is a finite set of places, T is a finite set of transitions, PNT = (), and F C (P x T) U (T x P)
is a flow relation. For any placep € P, we call®p = {t € T | (t,p) € F} the preset of p and
p* = {t € T | (p,t) € F} the postset of p. Similarly, we define*t = {p € P | (p,t) € F} and
t* ={p € P|(t,p) € F} as the pre- and postset of a transitiont € T.

The model N of Fig. 1 shows a place/transition net with six places, drawn as circles, and five
transitions, drawn as rectangles. The flow relation F' defines the directed edges in this place/transition
net. There can only be edges from places to transitions or from transitions to places. The preset (postset)
of a place p is the set of transitions that have an edge to (from) p. For example, *p5 = {c, d}.

In some literature, the notions of place/transition nets and Petri nets are used interchangeably.
However, sometimes the term Petri nets is used specifically for models with weighted arcs or with arcs
featuring special semantics. To avoid confusion, in this paper, we use the term place/transition net, or
short P/T net, for a class of Petri nets without arc weights or special arcs. To define the semantics and
thus the behavior modeled by a P/T net, we first define the notion of markings.

Definition 2. (Multisets, Markings). Let D be a set. A multiset is a mapping m : D — Ny that
assigns to each element d € D how often it occurs in the multiset. We denote the number of occurrences of
an element d € D in the multiset m by m(d). We denote finite multisets by M = [d;n(dl), e ,dnm(d")],
where dy,...d, € D. We omit all entries d"™® with m(d) = 0 and omit the exponent if it is equal
to 1. For two multisets m and m’ over a domain set D, we define (m + m’) as a multiset over D where
(m+4+m/)(d) = m(d)+m'(d) for each d € D. Similarly, we define (m —m’) as a multiset over D where
(m —m')(d) = max{m(d) — m’(d),0} for each elementd € D.

A marking M of a P/Tnet N = (P, T, F) is a multiset over the set of its places, that is, M : P — Nj.

Markings define the state of a P/T net. We visualize a marking M by drawing M (p) black bullets
inside each place p € P. We call these black bullets tokens. For example, in Fig. 1, the place pg contains
exactly one token, while all other places contain no tokens. Thus, the marking of this example net is
M = [p}, p{, 19, 0%, pY, pY], which we write as M = [py].

The tokens in a P/T net determine which of the transitions can fire. A transition can fire if all places
in its preset contain at least one token. If it fires, it takes one token from each of the places in its
preset and puts one token in each place of its postset. In this way, firing a transition can enable other
transitions that could not fire before. The language of a P/T net is the set of all sequences of transition
firings. Let us now define these ideas formally.

Definition 3. (Firing Rule, Language of a P/T Net). Let N = (P, T, F) beaP/Tnetand M : P — N
a marking of N. We call a transitiont € T enabled if M (p) > 1 for all placesp € *t and write (N, M)|[t)
in this case. If somet € T is enabled in M, it can fire. Firing t leads to the marking M’ = M — *t + t°.

We denote this fact by (N, M)[t)M' or, if N is clear from the context, by M LM,

A sequence of transitions ¢ = ty...t, withty,...,t, € T is called a firing sequence in M if there
are markings My, ..., M, with (N, M)[t1)M; andVi € {2,...,n} : (N, M;_1)[t;)M;. In this case, we
write (N, M)[o) and call the sequence o enabled. Furthermore, we write (N, M)[o)M,, and say firing o
leads to M,,. Again, if N is clear from the context, we also write M —— M,,.

The language of a P/T net N with respect to some initial marking My is the set of all its enabled and
finite firing sequences, that is, L(N, My) = {t1...ty | t1,...,tn, € T N (N, Mo)[t1...tn)}. This set is
a subset of all possible finite sequences of transitions, T* = {t1 ...ty | t1,...,t, € T}.



In the example of Fig. 1, the initial marking [py] enables only the transition 7. Firing this transition
leads to the marking [p;, p2], where both the transitions a and b are enabled. Since they are enabled
simultaneously and have disjoint presets, we can fire them both. We can choose whether to fire a
first, b first, or even both transitions at the same time. However, since we defined the language of
a P/T net as a set of sequences, we need to choose one of the transitions to appear first. Firing a
and b in any order leads to the marking [ps, p4], where the transitions ¢ and d are enabled. These
transitions have the same preset and thus compete for the tokens in the respective places, so here we
have to choose whether to fire ¢ or d. Regardless of our choice, firing the transition will lead to the
marking [ps], where no transition is enabled. The language of N with respect to the marking [po] is
L(N,[po)) = {e, 7, 7a, b, Tab, Tba, Tabc, Tabd, Thac, Thbad}, where £ denotes the empty sequence.

In the context of process modeling, we are typically interested in firing sequences that lead to a
special marking that we call the final marking. This is because if we record data of a process, we do not
store all prefixes of sequences of events but instead only those that end in some predefined state. We
call P/T nets with final states accepting systems.

Definition 4. (Accepting System). Let N = (P, T, F) be a P/T net and My : P — Ng a marking. We
call the tuple (N, My) a system and My the initial marking. In addition, let My : P — Ng be a marking.

Then, we call the triple (N, Mo, M) an accepting system and My its final marking. The language of an
accepting system is L(N, Mo, My) = {o € T* | (N, Mo)[o)My}.

For example, by setting the final marking of N in Fig. 1 to [p5], we construct an accepting system
with the language L(N, [po], [ps]) = {Tabc, Tabd, Tbac, Tbad}. Setting the final marking to [p2, ps]
would lead to an accepting system with the language L(N, [po], [p2, p3]) = {Ta}.

Next, we increase the expressive power of P/T nets by giving labels to transitions. Furthermore, we
introduce transitions without any externally visible semantics. These transitions allow us to move
around tokens inside the P/T net but are not registered as a label in the word built by a firing sequence.

Definition 5. (Labeled P/T nets). Let . be an alphabet with T ¢ 3. A labeled P/T net over X is a
5-tuple N = (P, T, F,3, \), where (P,T,F) isa P/Tnet,and \ : T — (X U {7}) is a labeling function
that assigns a label to each transitiont € T'. Transitionst € T with A\(t) = T are called silent transitions.

A labeled P/T net N together with an initial marking My is called a labeled system. Its language is
L(N, My) ={pr(o) | 0 € L((P,T,F), M)}, where

e pale) =€ and
- pa(o) ifA(t) =7
A(t) - pa(o) otherwise.

Similarly, a labeled P/T net N together with an initial marking My and a final marking My is called a

labeled accepting system. Its language is L(N, Mo, My) = {px(c) | 0 € L(P, T, F'), Mo, My)}.

s pa(t-o

For example, if we interpret the model NN in Fig. 1 as a labeled system, its language becomes
L(N,[po]) = {e, a,b,ab, ba, abc, abd, bac, bad}, since we ignore all the occurrences of the silent transi-
tion 7 when constructing the language. Interpreted as an accepting system with the final marking [ps],
the language of this model becomes L(N, [po], [ps]) = {abe, abd, bac, bad}.

Note that two transitions t1, to with t; # 9 can receive the same transition label from A. This
makes it easier to create P/T nets with rather involved languages but also makes it more difficult to find
whether a word is part of a model’s language. Later, we investigate how this affects the complexity of
the alignment problem. For now, we define one last important property of P/T nets.

Definition 6. (Reachable Markings, Boundedness). Let (N, My) be a system, where N = (P, T, F)
is a P/T net. The set of reachable markings of (N, M) is the set of markings that can be reached by firing
any firing sequence, that is, [N, My) = {M : P — Ny | 3o : (N, My)[o) M }.

We call a system (N, My) bounded if there is a place-bound b € Ny, such that every reachable marking
contains at most b tokens, that is, VM € [N, My) : Vp € P : M(p) <b.



As discussed earlier, the set of reachable markings for the system (NN, [po]) shown in Fig. 1 is
[N, [po]) = {[po], [p1,p2]; [P1, P4, [P2, D3], [P3, Pa], [P5]}- In all of these markings, every place contains
0 or 1 tokens. Thus, (NN, [po]) is a 1-bounded system. It is also 2-bounded, 3-bounded, and so on, since
no place can ever contain more than 2, 3, or more tokens.

Alignments. With the syntax and semantics of important Petri net classes defined, we now draw our
attention to alignments. As described in Section 1, alignments visualize and evaluate how closely some
word o resembles an element of an accepting system’s language. They do this by using four types of
moves. Synchronous moves, where the model and the word agree; log moves, where we ignore the next
symbol of the word; model moves, where we allow the model to fire a transition that is not the same as
the next symbol of the word; and silent moves, where the model fires a silent transition.

Definition 7. (Alignments). Let ¥ be an alphabet with XN {1,>>} = (0. Furthermore, let (N, My, M)
be an accepting system, where N = (P, T,F,¥,\). Let o, = 01...0; be a sequence of elements
01,...,0j € 3 (i.e, a word of ¥*). An alignment between o1, and a firing sequence of (N, Mo, My) is
ann-tuple ((ay, B1), - - ., (an, Bn)) withn > max{j, k}, whereay, ..., an, f1,.. ., € (BU{T,>}),
and where for anyi € {1,...,n}, one of the following holds:

e a = B (then (o, 3;) is called a synchronous move),

e a; € ¥ and B; = > (then (wy, ;) is called an (asynchronous) log move),

e a; =>> and B; € ¥ (then («y, ;) is called an (asynchronous) model move), or

e a; = > and B; = 7 (then (v, ;) is called a silent move).
Furthermore, deleting all occurrences of the symbol > in the sequence o . . . oy, results in oy, and deleting
all occurrences of the symbol > in the sequence (1 . .. 3, results in some o = A(t1) ... A(tx), where
t1...ty € L((P,T,F), Mo, My) is a firing sequence of the accepting system (including silent transitions).

On its right side, Fig. 1 shows two alignments, y; and vs. If we write these alignments as tuples, we get
7= ((>>a 7-)’ (a’v CL), (>>a b)7 (C’ C)v (b’ >>)) and 72 = ((>>7 T)’ (av a)a (>>7 b)v (67 >>)v (ba >>)7 (>>7 d))
The alignment ~; contains two synchronous moves, the alignment 5 only one. Since s is longer than
Y1, Y2 is a worse alignment than 7;: It contains more log- and model moves than necessary.

We quantify this observation by defining a cost function for moves in an alignment and for whole
alignments. A cost function assigns a positive real-valued score to each move. We get a cost for the
overall alignment by summing the costs of all tuples that the alignment consists of.

Definition 8. (Cost Function). Let Y be an alphabet with ¥ N {7,>>} = . A cost function for
alignment moves is a function cost : (XU {3>}) x (S U {r,>}) — R that assigns non-negative costs
to each of the possible tuples in an alignment. For an alignment v = ((a1, (1), ..., (an, Byn)) of length
n € Ny, we define cost(y) = >, cost(a;, B;).

To find how close a word ¢ is to the accepting system, we find the smallest possible cost of an
alignment between o and a word of the accepting system’s language. An alignment with the smallest
possible cost is called an optimal alignment. Optimal alignments are important for calculating fitness
and precision scores to relate process models with the data recorded from real processes. To facilitate
their use, these measures use a standard cost function. In the standard cost function, all asynchronous
moves have a cost of 1, while synchronous and silent moves have a cost of 0.

Definition 9. (Standard Cost Function). Let Y. be an alphabet with ¥ N {7,>>} = (). The standard
cost function for alignments is costgq : (XU {>}) x (XU {7,>}) — {0, 1,00} where

0 ifa;=pior(;=>NABi=1),
COStStd(Ozi,ﬁi) =<1 lf(Oél EXANG = >>) or (Ozi =>ANf; € Z),
00 otherwise.
Since most algorithms that rely on alignments use the standard cost function, this paper investigates
the alignment problem with respect to costs:4. In particular, we want to find the complexity class for

calculating optimal alignments w.r.t. costs;. However, complexity classes are only defined for decision
problems, so we first reformulate the problem of finding an optimal alignment into a decision problem.



Decision Problems and Complexity Classes. To define the alignment problem, we first reiterate
which Petri net classes we are interested in. In this paper, we investigate (un-)labeled, (un-)bounded
P/T nets. However, for a first general introduction to the alignment decision problem, let us suppose
that we have some predefined Petri net class C. Then, the alignment problem is the following:

(ALIGN¢) Alignment Decision Problem for Petri Nets of Class C

Input: An alphabet ¥, a finite sequence o € ¥*, an accepting system (N, Mo, My),
where N is a Petri net of class C, and a natural number k € Nj,.

To decide: Is there an alignment v between the sequence o and a firing sequence of
(N, Mo, My) that leads to the marking M and has costsq(y) < k?

Instead of asking for an optimal alignment or its cost, we fix some cost k& € Ny and ask whether there
is an alignment with standard cost at most k. This results in a question that can be answered by “yes”
or “no”, so ALIGNg is in fact a decision problem.

Decision problems can be solved under different time and space constraints. Some decision problems
require more time or space to be solved than others. We say that the former problems are more difficult
to solve than the latter. However, to be able to compare the time and space requirements of two decision
problems, we need to ensure that they are solved on the same type of machine. Due to their expressive
power, the literature agrees to use Turing machines for this task, which essentially consist of a state
machine and an infinite tape of storage space.

To ensure comparability of the space requirements with other decision problems, we need to encode
the Petri nets in a series of Os and 1s. Special dividing symbols, in our case #, and a blank symbol
_ for empty cells are also allowed. We represent a P/T net (P, T, F') with two binary matrices. The
first matrix, A, ; has | P| rows (one for each place) and |T’| columns (one for each transition). An entry
(4,7) in this matrix is 1 if for the respective pair of place and transition (p;,t;) € F', and 0 otherwise.
The second matrix, A; ;, has |T'| rows and | P| columns. Similarly, an entry (i, j) in this matrix is 1 if
(ti,pj) € F, 0 otherwise. For the net N in Fig. 1, we get

T a b ¢ d ) ) S
pof1 0 0 0 O Do P1 P2 P3 D4 Ds
/0 1 1 0 0 O
|0 1 0 0 O
{0 0 1 0 0 al O 0 0 1 0 O
Apt — D2 Atp = {) O O 0 0 1 0
“ op3{f0 0 0 1 1 ,

cl 0O 0 0 0 0 1
p4l0 0 0 1 1 Ao o 0 0 o 1

ps\0 0 0 0 O a

Using the same idea, we can encode a marking M of a P/T net as a vector. For each place p we write the
binary representation of M (p) on the tape to store M. Fig. 2 shows how we store the example net N of
Fig. 1 and the marking M = [p$, p2] for this net on the tape of a Turing machine. As this figure shows,
storing the matrix A, ; takes (| P|+1)-|T"|+3 cells of the Turing machine’s tape. Storing the matrix A, ,
on the other hand, takes (|7'| + 1) - | P| + 3 cells. Thus, to store a P/T net (P, T, F), we need a total of
O(|P| - |T|) cells. For a marking M, we use O(|P|-logy(bas)) cells, where byy = max{M(p) | p € P}
is the highest amount of tokens a place holds in M.

A (|[#[#[1]ofofofof#[ofr]) - [J1]r]#[o]ofoofof#]#[-]]

Avi ([o]#[#]o]1]1]ofofo]#[o]} - (J1][#[o]ofofo]o[1][#]#][-]/

i ([of#[#lofof#]1[r[#]ofo#[ofo]#[1]o]#[o]o[#[#]=]]

Figure 2: How to store binary encoded P/T nets and their markings on the tape of a Turing machine.
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Figure 3: A part of the hierarchy of the complexity classes (see [19, p. 499]) relevant to this paper.

To store the alphabet X is even simpler: Since all elements in 3. are unique, we count the number of
elements in Y. To write |X| on the tape, we need O(logy(|X])) cells. Then, we can write a sequence o
onto the tape using O(|o|-logy(|X|)) cells, where || denotes the length of the sequence o. Thus, to store
the input of the decision problem ALIGN¢, we need O(| P|- (|T'| +1logy(bar)) + |o| - logy (|2]) +logy(k))
cells on the tape of a Turing machine. We call this the input size of the problem ALIGNc.

We are interested in finding how much time or space relative to the input size we need to solve the
decision problem. We say that a problem is in the class P if it can be solved in polynomial time by a
deterministic Turing Machine. If the Turing machine needs nondeterminism to solve the problem in
polynomial time, we say that the problem is in the class NP.

If we wish to ignore how much time we need to solve a decision problem, we can instead restrict
the space requirements. Problems that can be solved with polynomial space by a deterministic or
non-deterministic Turing machine form the class Pspace. According to Esparza [18], most interesting
decision problems concerning Petri nets are at least in the class Pspack. Beyond the classes P, NP, and
PspAcE, we can allow the Turing machine to use an exponential amount of time or storage space to
solve a decision problem, leading to classes EXP, EXPsPACE, and so on. If the time or space requirements
grow as fast as the Ackermann function with respect to the input size, we enter the class ACKERMANN.

Fig. 3 shows the hierarchy of the complexity classes described above. There are many more complexity
classes that we do not investigate. To analyze which complexity class the four versions of the alignment
problem belong to, we first assume that the input P/T net is bounded. Recall that boundedness means
that in all reachable markings of the P/T net, places contain at most b tokens for some b € Nj.

3. The Alighment Problem on Bounded P/T Nets

In this section, we analyze accepting systems that are bounded by some b € Ny. We first assume that
the input accepting system is unlabeled. We address the case where it is labeled later in this section.
Thus, we investigate the following decision problem for unlabeled, bounded accepting systems.

(ALIGN;") Alignment Decision Problem for Unlabeled, Bounded P/T Nets

Input: An alphabet ¥, a sequence o € ¥, an accepting system (N, My, M), where
N is an unlabeled, b-bounded P/T net, and a natural number k € N.
To decide: Is there an alignment vy between the sequence o and a firing sequence of

(N, My, My) that leads to the marking My and has costsq(y) < k?

To solve this decision problem, we first need to answer whether M is reachable in the accepting
system (N, My, My). If the system is bounded, its set of reachable markings [N, M) is finite. Thus, a
possible approach lists all reachable markings and checks whether M is one of them. However, this
procedure is not runtime efficient. Consider for example the net NVy;,, shown in Fig. 4. This net simulates



Figure 4: A 1-bounded P/T net with 3m nodes and 2™ reachable markings.

a binary counter. To enable some transition b; with ¢ € {1,..., m}, we first have to fire all transitions
b; with 1 < j < . Only then do all places p, ...,p;_; € *b; contain a token. If we fire b;, it consumes
all of these tokens and produces a token in p. The places p], . .., p,, then represent the current state of

the counter in binary form. Thus, the number of reachable markings in Ny;, is the same as the number
of values that a binary number can represent when using m bits, that is, |[IV, My)| = 2. Ny;, contains
3m nodes, so this number of reachable markings is exponential in the size of the net. Since we will use
this property later on, Lemma 1 shows that this is a general rule: The number of reachable markings in
any bounded P/T net is at most exponential in the size of the net and the bound .

Lemma 1. Letb € Ny and (N, My) be a b-bounded system with N = (P, T, F'). Then (N, My) has at
most (b4 1)!| reachable markings, i.e., |[N, Mo)| < (b + 1),

Proof. We prove by induction. Suppose |P| = 1. Then N contains only one place p. Since (N, My) is
b-bounded, M(p) € {0,1,...,b} for any reachable marking M € [N, My). Thus, in this case, there
are at most b + 1 reachable markings. Now, consider the case | P| > 1. By induction, the subnet with
|P| — 1 places has at most (b + 1)/~ reachable markings. With one more place p, we keep all these
possible markings, but add all possibilities for the number of tokens in p. Since p can be marked in b+ 1
different ways, the total number of reachable markings is (b + 1)71=1 . (b + 1) = (b + D)I”. O

In turn, an algorithm that inspects all reachable markings to find if M is reachable uses exponential
time with respect to the input size in the worst case. This raises the question whether this problem can
be solved more efficiently. The literature calls this problem the reachability problem and shows that it is
unlikely that an efficient solution for it exists.

(REACH;A) Reachability Problem for Unlabeled, 1-Bounded P/T Nets

Input: A 1-bounded, unlabeled system (N, M), with N a P/T net, and a marking M.
To decide: Is there a firing sequence o with (N, My)[o) M?

Cheng et al. [20] found that the decision problem REACH;" is PspacE-complete. Completeness
means that a more efficient algorithm for this problem implies that all PspACE-complete problems can
be solved more efficiently. This would make the classes NP and Pspace merge into one, which the
literature considers unlikely to be true [19].

Next, we show that the decision problem ALIGN;’\ is at least as difficult to solve as the problem
REACH;*. We then say that ALIGN;™ is Pspace-hard. As is standard, we reduce the problem REACH
to ALIGN;A: We assume that there is an efficient algorithm for ALIGN;A. Then, we show how to use
this algorithm to construct one that solves REACH* efficiently. Since the literature considers the
existence of such an algorithm to be unlikely, we then conclude that our assumption was false and
there is no efficient algorithm for ALIGN;A. Consequently, the decision problem ALIGN;A then is at
least as difficult to solve as the problem REACH .



Thus, we need to transform a problem instance of REACH;A into an instance of ALIGN;/\. Such a
transformation should take at most linear or pseudolinear time and space. Otherwise, if the transforma-
tion takes more time, using the efficient algorithm for ALIGN;A would require one to first execute the
inefficient transformation. This would lead to the overall algorithm for REACH” also being inefficient.

Consider an instance of REACH;* where (N, M) is a 1-bounded, unlabeled system and M is a
marking. The idea is to transform the system (V, Mp) into an accepting system (N, My, M) by setting
M as the final marking. We then set 0 = ¢ to the empty sequence. In this way, an alignment between o
and a firing sequence of (N, My, M) contains only model moves and exists iff M is reachable from M.
Since the system is unlabeled, each model move has cost 1. Now, we need to find an upper bound for
the total cost k of an alignment. This bound must be high enough to allow an algorithm for ALIGN,*
to find a firing sequence that leads to M if reachable. Lemma 2 shows that such a bound exists.

Lemma 2. Let b € Ny, (N, My) be a b-bounded system with N = (P,T,F), and M € [N, M) be a
reachable marking of (N, My). Then, the length of a shortest firing sequence o from M to M is bounded
bylo| < (b+1)IPI—1.

Proof. By contradiction. Since (N, My) is b-bounded, we know by Lemma 1 that |[N, M)| < (b4 1)1,

Let o =t1 ...1, be a shortest firing sequence from My to M. Then, by definition, there are markings

My, ..., M, such that M, AT M, oy t"%l M, _1 ny M,, and M,, = M. Suppose that

lo| = n > (b+ 1)l Since there are only (b + 1)I”| different reachable markings, there must be
indices 7, j € {0,...,n} withi < j and i # j, such that M; = M;. But then ¢, is enabled in M;, i.e.,
M;[tj+1), and we can shorten o to ¢1 ... t;tj41 .. .t,. Thus, o could not have been the shortest firing
sequence from M to M, a contradiction. Thus, our assumption was incorrect, and n < (b + 1)‘P O

By Lemma 2, we need to fire no more than (1)l transitions in a b-bounded system (( P, T, F'), Mj)
to reach some arbitrary but fixed marking M. Thus, to reduce REACH]” to ALIGN;*, we set the
maximum alignment costs % to 2/”’l, as the input system for REACH;" is 1-bounded. Thus, we can now
prove our first result for the alignment problem.

Theorem 1. ALIGN;)‘ is PSPACE-hard.

Proof. By reduction from REACH " to ALIGNZ?’\. Suppose that we receive a 1-bounded, unlabeled
system (N, My) with N = (P, T, F) a P/T net and M a marking as input. We want to return whether
M is reachable in (N, My). To transform this problem into a problem of ALIGN;A, we firstset ¥ =T
as the alphabet, since N is unlabeled. It takes O(|P| - |T'|) time to find the value |T'| and O(logs(|T))
bits to store it: We simply count the number of transitions and store this number in binary. Furthermore,
we set 0 = ¢, which takes a constant amount of time and space. We also set M = M, which does
not need any extra time or space, since M is already part of the input. Finally, we store the number
k = 2Pl We require O(|P| - |T'|) time to find the value | P| and O(|P|) bits to store k. Thus, we have
transformed the problem for REACH;* into a problem for ALIGN;)‘ using linear time and space.

We now solve REACH;” by finding a solution for this new instance of ALIGN;A. If an algorithm for
the decision problem ALIGN;A returns “yes” as an answer, then there is an alignment -y between 0 = ¢
and a firing sequence of (N, My, M) with costgq(7) < k = 2/71. Now:

There is an alignment ~ for £ and a firing sequence of (N, My, M) with cost ;q() < 27’
& There is a firing sequence t; . . . t,, with n < 2171 and (N, Mo)[t; ... t,) M (N is unlabeled)
< There is a firing sequence t; . .. t, with (N, My)[t1 ...t,) M (because of Lemma 2)
< The marking M is reachable in the system (N, M) (according to Definition 6)

Thus, the algorithm for ALIGN,™ returns “yes” if M is reachable in (N, M) and “no” otherwise.
We have thus shown how to solve an instance of REACH; by using an algorithm for ALIGN;A. In
turn, the decision problem ALIGN;A is at least as difficult as the decision problem REACH?A. Thus, it
is PspacE-hard. O

By Theorem 1, an algorithm that solves ALIGN;A needs at least polynomial space. We will now
investigate whether polynomial space is enough to solve ALIGN ;A. We use a well-known theorem that
allows us to describe a nondeterministic algorithm to show this.



Lemma 3. (Savitch’s theorem [21]) Fix a decision problem with input size n and let f € Q(log(n))
be a space-constructable function. If a nondeterministic Turing machine can solve the problem using f(n)
space, then there is a deterministic Turing machine that can solve the same problem using f(n?) space.

Due to Lemma 3, every nondeterministic algorithm that uses polynomial space can be transformed
into a deterministic algorithm that also uses polynomial space. This theorem is the reason why we
never mentioned a class NPspACE of decision problems that can be solved by a nondeterministic Turing
machine with polynomial space: As it turns out, NPSPACE = PSPACE.

We will use Lemma 3 to prove that ALIGNb”\ is part of the class Pspack by describing a nondeter-
ministic algorithm for it. Recall that the input of ALIGN;A consists of an alphabet 3, a sequence o, a
system (N, My) with N = (P, T, F') and a cost-bound k. The algorithm first constructs a new P/T net
that can only fire the sequence o. We call this net a sequence net.

Definition 10. (Sequence Net). Let Y. be an alphabet and 0 = a; .. .a, be a sequence of symbols
ai,...,an € X. The sequence net for o is a labeled system (N, My) with N = (P, T, F, %, \) where
P=Aq, ...qni1}, T ={t1,...,tn}, F = {(qi, ti), (tisqi+1) | i € {1,...,n}}, A(t;) = a; for all
ie{l,...,n}, and My = [q1].

© @O O -E O

gn+1

Figure 5: The sequence net (also known as trace net) of a sequence o0 = a; ... a, that can only fire o.

Fig. 5 shows the sequence net of some sequence ¢ = aj ... a,. This net has only one maximal firing
sequence, [q1] — [q2] 2 ... = [gny1]. Storing it takes O(|o|?) bits, which is a polynomial in the
input size. An algorithm to find whether there is an alignment with cost at most k can play the token
game on the input system and the sequence net simultaneously. When it fires a transition from one of
these nets, it increments a counter for the cost. However, if it fires two transitions with the same label
from both nets at the same time, it simulates a synchronous move and we do not increment this counter.

Since we want to know whether an alignment with standard cost at most & exists, we can terminate
early if the counter reaches a value greater than k. Thus, we need to reserve [logy (k)] + 1 bits to store
the counter, which is polynomial in the input size. Furthermore, we need to store the current marking
for each net to deduce which transitions can fire next. As discussed earlier, storing a marking for a
b-bounded net N takes |P| - [logy(b + 1)] bits. Since the sequence net is 1-bounded and consists of
|o| 4+ 1 places by construction, we need |o| + 1 bits to store a marking for it. Thus, we can store all
additional information in a space whose size is polynomial to the input size.

Theorem 2. ALIGN;)‘ is in the class PSPACE.

Proof. First, we transform the input accepting system into a labeled accepting system. This can be
done by choosing the labeling function \ as the identity function, that is, A\(¢) = ¢ for all transitions
t € T. Storing this function takes O(|T'| - logy(|T|)) bits. We then solve the decision problem as shown
in Algorithm 1. Since this algorithm is nondeterministic, it returns True if any possible computation
returns True. As discussed earlier and in the comments of Algorithm 1, we need an amount of additional
bits that is polynomial in the input size. Therefore, ALIGN;)‘ can be solved with polynomial space and
is thus in the class PSpACE. O]

Since ALIGN;)‘ is Pspace-hard and is in the class Pspack, we know that it is PspAce-complete. This
means if there was a more efficient algorithm to solve a problem instance of ALIGN;A, all decision
problems in the class Pspack could be solved more efficiently.

Corollary 1. ALIGN;)‘ is PspACE-complete.
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Algorithm 1: An algorithm to solve an instance of ALIGN;A or ALIGN l>>\ with polynomial space.

Data: An alphabet ¥, a b-bounded labeled accepting system (I, My, My), atrace o = ay ... an
of length n € Ny, a bound % for the maximum standard cost of an alignment.
Result: True if there is an alignment with costgq(y) < k, False otherwise.
1 N, < (P, T,, Fy;, %, \) the sequence net for o with P, = {q1, ..., qnt1};

2 M < Moy; /* reserve |P|-[logy(b+1)] bits for M =*/
3 My <+ [q1; /* reserve |o| bits for M, */
4 c+ 0 /* reserve [logy(k)] +1 bits for ¢ */

5 while True do
6 if ¢ > k then

7 ‘ return False; /* the costs grew higher than k */
8 end

9 if M = My and M, = [gn+1] then

10 ‘ return True; /* both nets reached their final markings */
11 end

12 T  {teT | (N,M)[t)}; /* takes |T|-[logs(|T|)] bits */
s | TV {teT, | (N, M,)[t)}: /* takes [logy(|S])] bits */

14 | nondeterministically choose a pair (t1,%2) € (T U {L}) x (TCL> U{Ll});
15 if t; = 1L andty = 1 then

16 ‘ return False; /* there are no enabled transitions */
17 end

18 if t1 = 1L then

19 My < My — *t +13;

20 c+c+1; /* simulated a log move */
21 end

22 if to = 1 then

23 M <~ M — *ty + t3;

24 c+—c+1; /* simulated a model move =*/
25 end

26 if \(t1) = A(t2) then

27 M+ M —*t1 +t3;

28 My «— M, — *ty + t3;

29 end

30 end

So far, we assumed that the input accepting system is unlabeled. However, the proofs of Theorem 1
and Theorem 2 work in a similar way if we assume labeled accepting systems as input. Thus, we will
now quickly investigate the complexity class of the following alignment decision problem.

(ALIGN l’)\) Alignment Decision Problem for Labeled, Bounded P/T Nets

Input: An alphabet ¥, a sequence 0 € ¥*, an accepting system (N, My, M), where
N is a labeled, bounded P/T net, and a natural number k£ € Nj.

To decide: Is there an alignment v between the sequence o and a firing sequence of
(N, Mo, My) that leads to the marking M and has costgq(y) < k?

Theorem 3. ALIGN, is PspacE-hard.

Proof. By reduction from ALIGN;’\ to ALIGN?. Both decision problems have the same input, but
ALIGNb’\ expects a labeled accepting system. Thus, we use the identity function \(¢) = t for every



transition ¢. Storing this function takes O(|P| - |T|) time to find the value |T'| and O(|T| - log,(|7]))
bits to store it. This is pseudolinear in the input size. Then, for the input we received, the result of an
algorithm for ALIGNI))‘ is obviously a solution for ALIGN;)‘. Thus, ALIGNi‘ is Pspace-hard. O

To prove that we can solve the problem with polynomial space, we can reuse Algorithm 1. In the
proof of Theorem 2, we first had to transform the accepting system into a labeled accepting system, so
we could compare the labels of the two nets. Obviously, we can skip this part if the input net is already
labeled and can instead directly apply Algorithm 1 to solve the decision problem.

Theorem 4. ALIGNI’)\ is in the class PSPACE.

Proof. Use Algorithm 1 to solve the problem nondeterministically. If there is a run through this program
that returns True, the nondeterministic algorithm will return True. Otherwise, it will return False.
Therefore, since we did not use any additional space, and ALIGNI’)\ is in the class PSPACE. O

With this, we have proved that the decision problem ALIGNg‘ is also PspAcE-complete.

Corollary 2. ALIGNI’)\ is PsPACE-complete.

4. The Alignment Problem on Unbounded P/T Nets

In this section, we investigate the alignment problem for unbounded P/T nets. If a P/T net is unbounded,
a place can hold arbitrarily many tokens. In turn, the reachability graph of the net becomes infinite.
For the previous proofs, this means that we cannot store a marking in | P| - [logy(b + 1)] bits anymore
because we do not have an upper bound b for the maximum number of tokens per place. We thus need
to find another way to restrict the number of tokens in a marking. As in the previous section, we will
first assume that the input net is unlabeled.

(ALIGN:{}) Alignment Decision Problem for Unlabeled, Unbounded P/T Nets

Input: An alphabet ¥, a sequence o € ¥*, an accepting system (N, My, M), where
N is an unlabeled, unbounded P/T net, and a natural number k& € Nj.

To decide: Is there an alignment  between the sequence o and a firing sequence of
(N, Mo, My) that leads to the marking M and has costqq(y) < k?

First, let us investigate whether ALIGN:;‘ is Pspace-hard. We can use the same reduction as in
Theorem 1. However, we have to turn the input accepting system into an unbounded one in case an
algorithm for ALIGN:? relies on this property. This can be done by introducing a new transition and a
new place that are disconnected from the rest of the net, and where the new transition can produce
arbitrarily many tokens into the new place.

Theorem 5. ALIGN:b)‘ is PSPACE-hard.

Proof. By reduction from REACH;" to ALIGN_;. Suppose that we receive a 1-bounded, unlabeled
system (IV, My) with N = (P, T, F) a P/T net and M a marking as input. We transform this system
into an unbounded accepting system by adding a new transition ¢ and a new place p to the net, where
we add only (¢, p) to the new flow relation. Thus, the new transition ¢ can fire indefinitely and store
any amount of tokens in the new place p. For this addition to the input net, we need 2(|7| 4+ |P| + 1)
additional bits of space, which is linear in the input size. To perform this change in the input net, we
need O(|P|-|T'|) time, which is also linear to the input size. Furthermore, we expand the initial marking
My by My(p) = 0 and the marking M by M (p) = 0, which takes 2 additional bits. The rest of the
reduction is the same as in the proof of Theorem 1. Thus, ALIGN :g‘ is PspAcE-hard. O

To show that the problem is in the class PspPACE, we reuse the ideas of Algorithm 1. However, we
cannot reserve the amount of bits indicated in this algorithm for the marking. Instead, we use a property
of P/T nets to find a different bound on a marking’s space requirements.
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Lemma 4. Let (N, My) be a system with N = (P, T, F) a P/T net, o a firing sequence of (N, My), and
M a marking with (N, Mo)[o) M. Then, for any p € P, M (p) < My(p) + |o]|.

Proof. Suppose 0 =t .. .1, for some transitions ¢1, ..., %, € T. Fix a place p € P. Initially, p contains
My (p) tokens. For any firing of a transition ¢;, 1 < ¢ < n, this amount can increase by at most 1, since
a place can occur at most once in the postset of a transition. Thus, after firing ¢; .. . ¢,,, the place p can
contain at most My(p) + n tokens. In turn, M (p) < My(p) + |o| for any place p € P. O

We use Lemma 4 to define an upper bound for a marking’s entries during the execution of Algorithm 1.
Since we terminate as soon as the counter runs beyond k, we will never simulate more than k£ + 1 model
moves. Thus, by model moves alone, a place p can never get more than My(p) + k + 1 tokens during the
execution of Algorithm 1. However, if we simulate a synchronous move, we do not increase the counter.
Since there can be at most |o| synchronous moves, a place p cannot hold more than My (p) + |o| + k+1
tokens during the execution of Algorithm 1. With by, = max{My(p) | p € P}, we thus need
|P| - [logy(bar, + || + Kk + 2)] bits to store such a marking. Since logy(n + m) < logy(n) + logy(m)
for any n,m € {2,3,...}, we need at most O(|P| - (logy(bas,) + logs(|o|) + logy(k))) bits to store
the current marking, which is a polynomial in the input size.

Theorem 6. ALIGN_ g‘ is in the class PSPACE.

Proof. Turn the input accepting system into a labeled accepting system by defining A as the identity
function for transitions, i.e., \(t) = ¢ for any t € T Use Algorithm 1 to solve the decision problem, but
reserve |P| - [logy(bar, + |o| + k + 2)] bits to store the marking M. Since we need additional space
that is polynomial in the input size, we get that ALIGN ) is in the class PspAcE. O

As before, since ALIGN:? is in the class PsPACE and it is PspAcE-hard, it is PSPACE-complete.
Corollary 3. ALIGN:bA is PsPACE-complete.

Finally, we investigate labeled and unbounded accepting systems. As it turns out, the resulting
alignment decision problem is much more difficult to solve than the previous ones.

(ALIGN?,) Alignment Decision Problem for Labeled, Unbounded P/T Nets

Input: An alphabet ¥, a sequence 0 € ¥, an accepting system (N, My, My), where
N is a labeled, unbounded P/T net, and a natural number k € Nj.

To decide: Is there an alignment v between the sequence o and a firing sequence of
(N, Mo, My) that leads to the marking M and has costqq(y) < k?

The main difficulty is that we now allow silent moves, which infer a cost of 0. By setting all transition
labels to 7, ALIGN?, becomes the problem of whether the final marking M is reachable in the system.

(REACH) Reachability Problem for Unbounded P/T Nets

Input: A system (N, M) with N = (P, T, F') an unbounded P/T net, a marking M.
To decide: Is there a firing sequence o € T™ with (N, My)[o) M?

Leroux et al. [22] found that REACH is ACKERMANN-hard. Later, Leroux [23] found that it is even
AckErMANN-complete. This means that the runtime complexity of an algorithm solving this decision
problem grows as fast as the Ackermann function with respect to the input size. In turn, even for very
small instances, solving the decision problem REACH is infeasible. As we find in the next theorem, this
property translates to the decision problem ALIGN?,.

Theorem 7. ALIGN® , is ACKERMANN-hard.
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Proof. By reduction from REACH to ALIGN?,. Suppose that we get a system (N, My) with an un-
bounded P/Tnet N = (P, T, F'), as well as a marking M as input. We want to find whether the marking
M is reachable in (N, My). First, we set ¥ = T, which takes O(|P| - |T'|) time and O(logsy(|T))
space. Furthermore, we set 0 = ¢, My = M, and k = 0, which takes constant amount of time and
space. Finally, we set A(t) = 7 for every ¢t € T, which takes O(|T’|) time and space. Then, we use
an algorithm for ALIGN? , to find whether there is an alignment v between o = € and the accepting
system (N, My, My) with costgq(vy) < k = 0. Then:
There is an alignment 7 between ¢ and a firing sequence in (N, M) with costsq(y) < 0
& There is a firing sequence ¢1 ... t,, € T with (N, My)[t; ...t,) My and
AMt1)=-=Xtn) =7
< There is a firing sequence ¢; ... t, € T* with (N, Mo)[t1...tn) M
< The marking M is reachable in the system (N, Mj).
Thus, the result of an algorithm that solves ALIGN® , is the same as the result we expect for REACH.
In turn, we can use an algorithm for ALIGN?, to solve REACH, so ALIGN?, is at least as difficult to
solve as REACH, and thus ACKERMANN-hard. O

We have thus shown that the problem ALIGN? » 1s at least as difficult to solve as the problem REACH.
By reducing the problem ALIGN* , to REACH, we can show the converse: Solving a problem instance of
REACH is at least as difficult as solving a problem instance of ALIGN* »- In this way, we can show that
ALIGN? » and REACH are equally difficult to solve. Since we know REACH to be ACKERMANN-complete,
we can thus show that the decision problem ALIGN* , is also ACKERMANN-complete.

Theorem 8. ALIGN?, is ACKERMANN-complete.

Proof. Suppose that we get an accepting system (N, My, M) with a labeled, unbounded P/T net
N = (P,T,F,%,\), asequence 0 € ¥* and a natural number k € Ny as input. The goal is to describe
an efficient algorithm that decides ALIGN? , for this input. Suppose there is an efficient algorithm A
that decides the reachability problem REACH. Then, we can use A to solve ALIGN?, efficiently as well.

We transform the input for ALIGN? » into an input for REACH by building the extended synchronous
product net [24] of the accepting system and the sequence net for 0. Let (N, M) be the sequence net
for the word o, where N, = (P, 15, F;, ¥, As). Furthermore, let g5 be the unique place in N, with
a3 = (). Without loss of generality, let PN P, = () and T'N T, = () (otherwise we rename the places and
transitions in one of the nets). Additionally, let p. € P U P, be a fresh place and t. ¢ T U T, be a fresh
transition. For the synchronous product net, we first define Ty = {(t,t,) € T'x Ty | A(t) = Ao (ts)} as
all transition pairs from N and N, that share the same label. Then, the extended synchronous product
net of (N, Mp) and (N,, M) is the system (N', M) where N’ = (P',T', F', 3, X') and

« PP=PUP,U{p.},
e T'=TUT,U{t:} UTg,
« ' =FUF,U{(te,pc)}
U{(p, (t,ts)) € (PUP,) xTg) | peEtVpeE®y}
O{((t,t0),p) € (T x (PUP,)) [pet*vpe o}
(T,  {pe) UL(t,pe) € (T X {pe}) | A(t) # 71, and
. M(/) = My + Mg
Fig. 6 shows this construction on the example net of Fig. 1 and the sequence acb. The idea is that each
firing sequence in the synchronous product net that leads to a marking covering My + [¢f] corresponds
to an alignment and vice versa [24]. The place p. counts how often a transition representing an
asynchronous move fired. Thus, it tracks the standard cost of the simulated alignment.

With this construction, we introduced O(|o|) new places and O(|o|) new transitions. To store them,
we need O(|P| - |o| + |T| - |o| + |o|?) additional storage space, which is a polynomial of the input size.
Similarly, we need O(|o|) additional bits for the new initial marking Mg + M{. Furthermore, we store a
new marking M = M +[qs]+ [p¥], which needs O((| P|+|o|) - max({M;(p) | p € P}U{1,logy(k)}))
bits. Since M and k are part of the input, this is also a polynomial in the input size.



Figure 6: The synchronous net construction for the model of Fig. 1 and the sequence net for acb, together with
a counter place p. for asynchronous moves [24].

Now we can answer whether there is an alignment for ¢ with standard cost at most %k by using the
algorithm A to find whether the marking M = M + [q;] + [p¥] is reachable.
The marking M is reachable in (N', M)

There is a firing sequence ¢ ...t, € T"* with (N', M{)[t1 ... tn) M’
There is a firing sequence ¢} ...t} € (TUT, UTg)* withm <n
and a number k' € N, &' < k with (N, M{)[ty ... t0,)(My + [qf] + [pF'])
& There is an alignment  between o and a firing sequence in (N, M, M)
with costgq(y) = k' < k.

Thus, an efficient algorithm A for the problem REACH can be used to solve the problem ALIGN?,
efficiently as well. Consequently, the problem ALIGN? , is at most as difficult to solve as the problem
REACH, placing it in the complexity class ACKERMANN [23]. Together with the result from Theorem 7,
we conclude that ALIGN? » is ACKERMANN-complete. O

=
=

5. Conclusion

This paper investigated the decision problem asking whether there is an alignment with standard
costs at most k between an activity sequence and a Petri net. Regardless of the labeling, it found that
this problem is Pspace-complete for bounded Petri nets. For unbounded Petri nets, the problem is
Pspace-complete if the net is unlabeled and ACKERMANN-complete if it is labeled. These results show
that the computation of alignments for labeled, unbounded Petri nets should be avoided in practice.

The main reason why the problem is ACKERMANN-complete for labeled, unbounded Petri nets is
the existence of asynchronous moves that infer zero-costs to an alignment. In the case where other
non-negative cost functions than the standard costs are of interest, the proofs of this paper can easily be
adapted to receive similar results. As such, for unbounded nets, the alignment problem is ACKERMANN-
complete if the cost function assigns zero-costs to any asynchronous moves and PspPACE-complete
otherwise. For bounded nets, the problem is Pspack-complete for all non-negative cost functions.

Future work concerns analyzing the computational complexity of the alignment problem for other
Petri net classes. This deepens the understanding of the problem and helps practitioners estimate the
runtime complexity of their algorithms. If the complexity of the problem they want to solve is too high,
they can use techniques such as approximate alignments to get approximate results.
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