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Abstract
Loops play a crucial role in Petri nets since important properties such as liveness depend on them and, in proper
nets, it requires loops for an unbounded number of tokens. This paper investigates loops as non-trivial strongly
connected components and introduces the concept of looms as a kind of home markings of loops. A loom describes
a marking of a loop that can re-occur independently of tokens possibly being outside of this loop. For cyclic nets
with a home marking, the home marking is a loom. However, in non-cyclic nets, loops may have exits so that
looms build a helpful concept of describing that the loop behaves “ordinary”. Furthermore, this paper shows seven
properties of loops in free-choice nets with a home cluster. They include that all exits and entries of loops are places
and that each smallest enabling marking of a cluster containing a loop exit describes a loom. Finally, this paper
sketches potential applications of looms through loop unrolling and identifying nested loop structures.
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1. Introduction

A home marking of a Petri net describes a marking that is reachable from all reachable markings of this
net [1, 2]. For example, cyclic Petri nets have an initial marking that is a home marking. This allows
cyclic nets to always reach their initial marking as a kind of “recovery point” regardless of what decisions
were or will be performed [3]. For automatons in practice (e. g., cash machines), the benefit of having
such a home marking is obvious. However, home markings have not to be recovery points allowing for
refreshing; they can also define “termination points”. For example, in sound workflow nets (with all
transitions and places being aligned between a single source and a single sink place), a marked sink place
is a home marking representing its final marking [4]. A special kind of a home marking is a home cluster.

A cluster of a Petri net describes a subgraph containing a minimal set of transitions and places for
which it holds that if all places have a token in a marking, then all the cluster’s transitions are enabled
[1, 2]. Note that, for example, in workflow nets, there is a cluster consisting only of the single sink place.
A home cluster of a net is a cluster whose enabling marking (i. e., the marking in which only all cluster
places have exactly one token) is a home marking of the net. For example, a cyclic Petri net with a home
cluster is perpetual [5] (see Figure 1 with home cluster C � t p7, p8, t7 u as an example). If a workflow
net’s sink place is a home cluster, then the net is sound [4] (cf. Figure 2 with the home cluster tou).

In this paper, we investigate “home markings” of loops in Petri nets. A loop is a non-trivial strongly-
connected component (SCC) [6], thus, each node within a loop has paths to all other nodes in the loop. A
loop has a kind of home marking if it has a re-occurring behavior being independent of the rest of the net.
We call such a kind of home marking a loom (short for loop home marking). In Petri nets, not every loop
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must have a loom. The primary research question addressed in this paper is how the behavior of loops can
be analyzed and represented without considering the rest of a net. More specifically, we will investigate
loops in free-choice nets (a well-studied class of nets [1, 7, 8, 9]) with a home cluster [4] and will show
that each loop in such nets has a loom being representable as a cluster. Obviously, if the investigated net
is perpetual (such as that in Figure 1), it is a loop by definition and has a home cluster as loom.
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Figure 1: A (free-choice) perpe-
tual net [1] with home cluster C.
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Figure 2: A marked free-choice workflow net with a loop (light gray
rounded rectangle).

In the (workflow) net in Figure 2, there is a loop highlighted in a light gray rounded rectangle. The
net’s reachable marking r p1, p3, p11 s has a token in the loop on p3, one token on a path to the loop
(p1), and one “independent” token on p11. Regarding the loop, the sub-marking r p3 s cannot re-occur
without other places of the loop (i. e., without p2). Thus, it is not a loom. However, a loom of this loop is
the sub-marking r p4 s that can be described by the cluster t p4, t5, t12 u. Concentrating on all reachable
markings from any marking covering r p4 s, the loop behaves “independently” from other subgraphs of
the net (e. g., from tokens on places p11 or p12). Consequently, knowing looms will simplify analysis as
starting from this loom, the related loop can be analyzed separately from the rest of the net.

The scope of this paper is to introduce looms and to identify them in free-choice nets with a home cluster.
Furthermore, this paper will sketch two potential applications of looms: (1) identifying loop structures
within loops (so-called nested loops) enabling a recursive investigation of loops and (2) unrolling loops.
Note that not every loop in any net must have a loom, just as not every net has a home marking.

The paper is structured as follows: Section 2 introduces basic notions for the paper followed by a
description of loops and the formalization of the concept of looms in general in Section 3. Subsequently,
Section 4 derives basic properties of loops for free-choice nets with a home cluster. These properties
result in the finding that each loop in a free-choice net with a home cluster has a loom in Section 5.
Eventually, the paper concludes with Section 6.

2. Preliminaries

This paper is based on standard notions of Petri nets, which are defined in the following. Readers who are
firm with typical Petri net notions can skip this section until Section 2.3 about rooted disentangled paths.

2.1. Multisets, Petri nets, and Paths

BpAq is the set of all multisets over some set A. For a multiset b PBpAq, bpaq denotes the number of
times element a P A appears in b. For example, b1 � r s, b2 � rx,x,y s, b3 � rx,y,z s, b4 � rx,x,y,x,y,z s,
and b5 � rx3,y2,z s are multisets over the set A � tx,y,zu. b1 is the empty multiset, b2 and b3 consist
of three elements, and b4 � b5, i. e., the ordering of elements is irrelevant and b5 uses a more compact
notation for repeating elements. The standard set operators can be extended to multisets, e. g., x P b2,
b2Zb3 � b4, b5zb2 � b3, etc. For intersections of multisets, we use a projective variant with aæb ..� rxy |
apxq � y ^ x P b s, e. g., b2 æb3 � rx2,y s.



Definition 1 (Petri nets). A Petri net (or simply a net) N is a triple pP,T,Fq where P and T are finite,
disjoint sets of places and transitions, and F � pP�T qYpT �Pq is the flow relation. {

PYT can be interpreted as nodes and F as flows between those nodes. For x P PYT , 
x ..� ty | py,xq P
F u is the preset of x (all directly preceding nodes) and x
 ..� ty | px,yq P F u is the postset of x (all directly
succeeding nodes). Each node in 
x is an input of x and each node in x
 is an output of x. The preset and
postset of a set of nodes X � PYT is defined as 
X ..�

�
xPX 
x and X
 ..�

�
xPX x
, respectively. N is

proper iff @t P T : 
t �� H ^ t
 �� H. N is free-choice iff @t1, t2 P T : 
t1X
t2 �� H ùñ 
t1 � 
t2.
A path ρ � pn1, . . . ,nmq is a sequence of nodes n1, . . . ,nm P PYT with m ¥ 1 and @i P t1, . . . ,m�

1u : ni P 
ni�1. Note that places and transitions alternate on paths. xpn1, . . . ,nmqy denotes the set of all
nodes on the path. The concatenation of two paths ρ � pa1, . . . ,alq, l ¥ 1, is possible if nm � a1 and results
in a new path ρ � pa1, . . . ,alq ..� pn1, . . . ,nm,a2, . . . ,alq. If all nodes of a path are pairwise different, the
path is acyclic; otherwise, it is cyclic. Pathspx,yq denotes the set of all paths between nodes x and y,
where x,y P PYT . N is acyclic if all its paths are acyclic.

A net N is connected if, in its “undirected” version N1 � pP,T,tpn1,n2q | pn1,n2q P F _ pn2,n1q P F uq,
each node has a path to all other nodes. A net Ns � pPs,Ts,Fsq is a subnet of N � pP,T,Fq iff Ps � P,
Ts � T , and Fs � F X

�
pPs�TsqY pTs�Psq

�
. Note that this means that the subnet does not require to

contain all related flows from the original net. Ns is a strongly connected component (SCC) of N if (1) Ns

is a subnet of N, (2) each node of Ns has paths to all other nodes in Ns, and (3) it is not possible to add
further nodes and flows while retaining the other two properties (1) and (2) [10].

Definition 2 (Workflow Nets). A workflow net WN � pP,T,F, i,oq is a net pP,T,Fq with i,o P P, 
i �
o
 �H. i is the source and o is the sink of WN. All nodes are on a path from i to o. {

2.2. Markings, Reachability, Properties, and Home Markings

The behavior of nets is defined via markings, which describe the number of tokens on places.

Definition 3 (Marking). A marking M of a net N � pP,T,Fq is a multiset of places, M PBpPq. pN,Mq
is a marked net. {

Transitions whose input places all have tokens are enabled in a marking and can be fired, leading to
the net’s semantics:

Definition 4 (Enabledness, Firing, and Reachability). Let pN,Mq be a marked net N � pP,T,Fq. A
transition t P T is enabled in M, denoted as pN,Mqrty, iff every place in 
t contains at least one token in
M, 
t � M. enpN,Mq ..� t t P T | pN,Mqrtyu is the set of enabled transitions in M.

If t is enabled in M, then t may fire, which removes one token from each of t’s input places and adds
one token to each of t’s output places. M1 � pMz
tqZ t
 is the marking resulting from firing t in pN,Mq.
pN,MqrtypN,M1q denotes that t is enabled in pN,Mq and firing t would result in pN,M1q.

A sequence σ � x t1, t2, . . . , tn y P T� is an occurrence sequence if there are markings M1,M2, . . . ,Mn�1
such that @1 ¤ i ¤ n : pN,MiqrtiypN,Mi�1q (this includes the empty sequence σ � x y with M1 � Mn�1).
Thus, σ leads from pN,M1q to pN,Mn�1q, denoted as pN,M1qrσypN,Mn�1q. We say that t1, t2, . . . , tn
occur in σ . A place p P P occurs in σ , denoted by p P σ , iff DMi P tM1, . . . ,Mn�1 u : p P Mi.

A marking M1 is reachable from M if there is an occurrence sequence σ such that pN,MqrσypN,M1q.
RpN,Mq ..� tM1 P BpPq | Dσ P T� : pN,MqrσypN,M1qu denotes the set of all reachable markings of
pN,Mq. {

Certain behavioral properties of nets are known to be important for analysis:

Definition 5 (Live, Bounded, Safe, and Dead). Let pN,Mq be a marked net N � pP,T,Fq. pN,Mq is
live iff for every reachable marking M1 P RpN,Mq and for every transition t P T , there is a reachable
marking M2 P RpN,M1q with t P enpN,M2q. pN,Mq is k-bounded for a k P N iff for every reachable
marking M1 P RpN,Mq and for every place p P P : M1ppq ¤ k. pN,Mq is bounded iff there is a k PN such
that pN,Mq is k-bounded. pN,Mq is safe iff pN,Mq is 1-bounded. A place p P P is dead in pN,Mq iff
@M1 P RpN,Mq : p R M1. A transition t P T is dead in pN,Mq iff @M1 P RpN,Mq : t R enpN,M1q. {



Workflow nets can be sound.

Definition 6 (Soundness [11]). A workflow net WN � pP,T,F, i,oq with its initial marking r i s and its
final marking ro s is sound iff

(1) from any reachable marking of r i s, ro s is reachable: @M P RpWN, r i sq : ro s P RpWN,Mq and
(2) there is no dead transition in WN: @t P T DM,M1 P RpWN, r i sq : pWN,MqrtypWN,M1q. {

The free-choice workflow net in Figure 2 is sound. This paper is about free-choice nets with a home
cluster. Home markings are the general concept of home clusters:

Definition 7 (Home Marking). Let pN,Mq be a marked net. A marking MH is a home marking iff
@M1 P RpN,Mq : MH P RpN,M1q. {

For a sound workflow net pP,T,F, i,oq with its initial marking r i s, ro s is a home marking.

2.3. Clusters and Rooted Disentangled Paths

Home clusters and rooted disentangled paths as well as their related properties were introduced in [4]. If
the reader demands for a more detailed introduction, we kindly refer to this work. At first, we need the
concept of clusters:

Definition 8 (Cluster). Let N � pP,T,Fq be a net and x P PYT one of its nodes. The cluster of x, denoted
rrxss, is the smallest set such that:

x P rrxss ^ p P prrxssXPq ùñ p
 � rrxss ^ t P prrxssXT q ùñ 
t � rrxss.

The set rrNss ..� trrxss | x P PYT u contains all clusters of N. {

rrt1ss � t p1, t1 u, rrp2ss � t p2, p3, t3, t4 u, and rrp7ss � t p7, t9, t14 u are examples of clusters in Figure 2.
Note, in a workflow net, there is only one cluster consisting only of a single place—the sink cluster. Since
a cluster contains all input places of its included transitions, it is possible to describe a minimal marking
enabling all transitions of the cluster.

Definition 9 (Smallest Enabling Marking). Let N � pP,T,Fq be a net and C P rrNss one of its clusters.
MrkpCq ..� r p P PXC s is the smallest marking enabling C. {

In Figure 2, r p2, p3 s is the smallest enabling marking Mrkprrp2ssq of cluster rrp2ss � t p2, p3, t3, t4 u. A
cluster whose smallest enabling marking is a home marking is called a home cluster:

Definition 10 (Home Cluster). Let pN,Mq be a marked net. C is a home cluster of pN,Mq iff C P rrNss
and MrkpCq is a home marking of pN,Mq. {

rross is the home cluster of a workflow net with its sink o. Home clusters are fix points for analysis,
for which it is known that they are reachable from all other markings. There cannot be any “deadlock”.
Actually, every free-choice net with a home cluster is safe [4]:

Lemma 1 (Safeness [4] (Cor. 5.12)). Let pN,Mq be a marked proper free-choice net with a home cluster.
pN,Mq is safe. �

Later on, we will use paths in proofs to explain how tokens “travel” through the nets. It is of benefit if
these paths are rooted disentangled paths, where each place belongs to a different cluster:

Definition 11 (Rooted Disentangled Paths). Let N � pP,T,Fq be a net. A path ρ � pa1,a2, . . . ,an�1,anq P
Pathspa1,anq is a disentangled path of N iff rra1ss �� rranss

1 and @1¤ i  j¤ n : tai,a j u � P ùñ rraiss ��
rra jss; thus ρ starts and ends in different clusters and all places of ρ are in different clusters. A disentangled
path is C-rooted iff an PC and C P rrNss. PR

Npa1,anq denotes the set of all rranss-rooted disentangled paths
from a1 to an in N. Similarly, PX

N pa1q denotes the set of all X-rooted disentangled paths from a1 to any
node of cluster X in N. {

1This ensures that, even if a1 and an are transitions, a1 and an are in different clusters.



In Figure 2, pp3, t4, p4, t5, p5q is a rrp5ss-rooted disentangled path, whereas pp3, t4, p4, t5, p5, t8, p7, t9, p8,
t10, p9, t11, p2q is not such a path as rrp3ss � rrp2ss. Van der Aalst [4] has shown that, if there is a path
between two places, then there is at least one disentangled path between them:

Lemma 2 (Existence of Rooted Disentangled Paths [4] (Lemma 5.9)). Let N � pP,T,Fq be a free-choice
net, C a cluster of N, p P P, and q PCXP. It holds that: Pathspp,qq �� H ùñ PRpp,qq �� H. �

Furthermore, each rooted disentangled path in a free-choice net with home cluster is safe (i. e., the sum
of all tokens on such path is at most 1 in each reachable marking):

Lemma 3 (Rooted Disentangled Paths are Safe [4] (Lemma 5.11)). Let pN,Mq be a marked proper free-
choice net having a home cluster C. For any reachable marking M1 P RpN,Mq and C-rooted disentangled
path ρ: |M1 æ xρy| ¤ 1. �

Following Van der Aalst [4], each marked proper free-choice net pN,Mq with a home cluster can be
reduced to a net without dead nodes (called cleaned net of pN,Mq) while this cleaned net represents the
same reachable markings as pN,Mq.

Definition 12 (Cleaned Nets). Let pN,Mq be a marked proper free-choice net N � pP,T,Fq with a home
cluster. The cleaned net cleanpN,Mq ..� pPC,TC,FCq of N regarding M is a subnet of N defined as follows:

PC
..� t p P P | Di P M : Pathspi, pq �� Hu,

TC
..� t t P T | Di P M : Pathspi, tq �� Hu, FC

..� F X
�
pPC �TCqYpTC �PCq

�
. {

3. Loops and Looms

In the focus of this work are loops being a concept of graphs representing control flows:

Definition 13 (Loops, Nested Loops, Loop Entries, Loop Exits, and Loop Exit Areas [12]). A loop
L � pPL,TL,FLq of a net N is a non-trivial SCC of N (i. e., an SCC not only consisting of one node).
LoopspNq denotes the set of all loops of N. A loop Ln is called nested loop of L regarding a set of flows
Fn � FL if Ln is a loop of pPL,TL,FLzFnq.

en P PL Y TL is a loop entry of L iff 
enzpPL Y TLq �� H and ex P PL Y TL is a loop exit of L iff
ex
zpPLYTLq �� H. EntriesNpLq denotes the set of all loop entries and ExitsNpLq denotes the set of all
loop exits of L related to N.

ExitAreaNpL,Cq � tea P PYT | Do P
�
ExitsNpLq
zpPLYTLq

�
DρoÑC PPC

N poq : ea P xρoÑCyu denotes
the exit area of L related to net N and a cluster C. The exit area contains all nodes outside of L lying on a
C-rooted disentangled path starting in a node of L. {

The entire net in Figure 1 constitutes a loop. This loop has no entry and no exit. Figure 2 highlights
a loop with a light-gray rounded rectangle. This loop has p2 and p3 as loop entries and p4, p7, and p8
as loop exits. Regarding the cluster rross, the exit area of this loop consists of nodes t t12, p10, t13, t14, t15,
p13, t17,ou. If we remove the flow pt8, p7q, the set t p4, t5, p5, t6, p6, t7 u describes a “nested” loop of the
outer loop regarding the removed flows.

Instead of loops, one can also just talk about SCCs. We intentionally decided to use the term “loop” as
(1) we already used this term in previous work (e. g., [12]), (2) the term builds a bridge to compiler theory,
software engineering, programming languages, and related fields, and (3) although they are related, we
want to distinguish this term from cyclic Petri nets, which are nets constituting a single SCC.

Loops play an important role in the behavior of Petri nets. They are able to describe repeating actions
as well as recovery points. For example, liveness is a useful property of Petri nets. It ensures that any
transition can eventually fire from any reachable marking and requires that the entire Petri net is in a loop.
For example, the net in Figure 1 is live. Home markings and clusters in cyclic or perpetual Petri nets
enable a recovery. However, not all Petri nets are cyclic; some have loops with entries and exits. For
those, it would be beneficial if the behavior of the loops can be investigated separately. An important step
in this direction are looms, a short form of loop home markings. A loom is a marking of a loop that is
“loop-sub-marking reachable” from any marking with a token on a place of the loop:



Definition 14 (Loom). A loom of a loop L � pPL,TL,FLq of a marked net pN,Mq is a marking Mloom �
BpPLq of L, for which it holds that:

@M1 P RpN,Mq : M1 æPL �� r s ùñ DM2 P RpN,M1q : M2 æPL � Mloom.

A loom of L can be described by a cluster C of L if MrkpCq is a loom of L. {

Note that each marking containing a loom requires to be reachable from itself. For example, the home
cluster C � t p7, p8, t7 u of the perpetual net in Figure 1 with MrkpCq � r p7, p8 s represents a loom of the
loop covering the net. Figure 2 has a reachable marking r p1, p3, p11 s, where place p3 as part of the loop
L (light gray rounded rectangle) already contains a token. One loom of L is r p4 s. As the reader can verify,
r p4 s is “loop-sub-marking reachable” from r p1, p3, p11 s, from r p4, p11 s, and from any other marking, in
which some place of L contains a token. We can see that the concurrent token to this loop on p11 or p12
does not influence the behavior of the loop described by the loom r p4 s. Note that rrp4ss is a loom of L
described by a cluster and that L has other looms such as rrp7ss � t p7, t9, t14 u, rrp8ss � t p8, t10, t15 u, and
rrp2ss � t p2, p3, t3, t4 u. Thus, similarly to a home marking, a loom does not need to be unique for each
loop. But, unlike a home marking, once a token leaves a loop, the loom is not reachable anymore.

4. Loop Properties in Free-Choice Nets with a Home Cluster

The identification of looms is not trivial. Fortunately, loops within free-choice nets with a home cluster
have some beneficial properties that will help us in Section 5 to identify looms in this class of nets.

4.1. Kinds of Loops

In the following, we will consider general kinds of loops. This helps to restrict the set of loops being of
interest for the identification of looms. These general kinds of loops are presented in Figure 3. Assume a
net pN,Mq with a loop L. It may happen that there is no path from a place selected in M to any node of L
(cf. Figure 3 (a)). Naturally, all nodes of this loop are dead in M as no token can reach them by any path.

C

(a) A net with a dead loop.

C

(b) A net with a live loop.

C

(c) A net with a loop that is not dead.

Figure 3: Three marked free-choice nets with (a) a dead loop, (b) a non-dead loop without loop exit (and entry),
and (c) a non-dead loop with loop exit.

Definition 15 (Dead Loop). A loop L of a marked proper free-choice net pN,Mq with a home cluster is
dead if at least one of its transitions is dead in pN,Mq. {

Of course, the behavior of dead loops is not of interest. We will remove dead loops by applying
Definition 12. This definition introduced the notion of cleaned nets, cleanpN,Mq. By cleaning a net
pN,Mq, all nodes and flows are removed for which there is no path starting from any initially marked
place in M. As a consequence, cleaning a net removes dead loops so that all the net’s loops are not dead:

Lemma 4 (Loops are Not Dead in Cleaned Nets). Let pN,Mq be a cleaned marked proper free-choice net
with a home cluster C. Each loop of pN,Mq is not dead. {

Proof. Following Definition 6.4 of Van der Aalst [4], a cleaned marked proper free-choice net pN,Mq with
N � pP,T,Fq and a home cluster C can be short-circuited at C by adding a fresh transition tc R T with 
tc �CXP
and tc
 � tx P M u. Thus, once the home cluster C is marked, the net is back in its initial marking. This short-
circuited net is live and bounded and, thus, safe (see Theorem 6.6 in [4]). As a consequence, each node is live
in such a net and, therefore, also each loop. Since inserting this transition does not change the set of reachable
markings, all nodes and loops in the original net are not dead. ✓



Since dead loops are not of interest, we assume in the following that each considered net is “clean” or
was cleaned before. Considering cleaned nets, there are two remaining, general kinds of loops:

(i) loops without loop exits (Figure 3 (b)) and
(ii) loops with at least one loop exit (Figure 3 (c)).
A loop without loop exit must contain the home cluster since once a token is within such a loop, the

token is trapped (the loop is a trap [1, 2, 13]). On the other hand, if a loop has at least one loop exit, then
this loop cannot contain a home cluster:

Lemma 5 (Loops with Loop Exits do not Contain a Home Cluster). Let pN,Mq be a cleaned marked
proper free-choice net.

pN,Mq has a home cluster C ùñ

@L � pPL,TL,FLq P LoopspNq :
�
ExitspLq �� H ùñ pPLYTLqXC �H

�
{

Proof. Let pN,Mq be a cleaned marked proper free-choice net. The proof is done by contradiction:

pN,Mq has a home cluster C ^ DL � pPL,TL,FLq P LoopspNq :
�
ExitspLq �� H ^ pPLYTLqXC �� H

�
(1)

Following this assumption (1), let pN,Mq have a home cluster C, and
let L � pPL,TL,FLq P LoopspNq be a loop of pN,Mq with ExitspLq �� H
and pPL YTLqXC �� H. By Definition 13 of loop exits, it holds: @ex P
ExitspLq Ds P ex
 : s R PL YTL. Let ex P ExitspLq be a loop exit with s P
ex
zpPLYTLq. Furthermore, by Definition 13 of loops as SCC, s does not
have a path to any node of L. Thus, s does not have a path to pPLYTLqXC.
Since L is not dead, it holds:

DM1 P RpN,Mq : s P M1 ps P Pq _ s
 � M1 ps P T q.

Let M1 be such a reachable marking. There are exactly two cases:

sL ex
C

L

C
ex s

s ∈ P

s ∈ T

M'

M'

s P P: I. e., the loop exit ex is a transition (ex P T ). Since L is an SCC, the token on s in M1 cannot turn back to L.
Furthermore, by Definition 8 of clusters, s is not part of any cluster intersecting with L. Thus, s R MrkpCq
and, consequently: MrkpCq R RpN,M1q.  

s P T : I. e., ex P P and s was fired with s
 � M1. Since L is an SCC, s
X pPL YTLq � H. Furthermore, if any
transition of ps
q
 had an input place in L, then there would be a transition of ps
q
 being in L, too, because
of N’s free-choiceness. However, this would imply that s would have a path back to L contradicting that L is
an SCC or that ex is a loop exit with s R PLYTL. Therefore, no cluster containing any place of s
 intersects
L (i. e., even not the home cluster). Consequently: MrkpCq R RpN,M1q.  

By Definition 10, C is not a home cluster of pN,Mq. Thus, (1) is a contradiction. and Lemma 5 holds. ✓

If a loop has a loop exit, the loop has a non-empty exit area (regarding a cluster C by Definition 13).
Remember, such an exit area contains all places and transitions being on a C-rooted disentangled path
starting “behind” the loop. Now, assume a marking with tokens in the loop and in the loop’s exit area.
Since there are paths, we can imagine that the tokens within the loop could get to the tokens in the exit
area—the net is unsafe. Thus, the exit area should be free of tokens as long as there is a token in the loop.
This holds for the net in Figure 2. For the net in Figure 4, the area after the loop is not empty if t4 fires.

p4
t1

t2

t3 t4

t5
p1 p2

p3

Figure 4: A loop with two exits p2 and p3. If t4 fires, p2 inside and p4 outside the loop are marked. Furthermore,
the loop exit clusters containing p2 and p3 are not mutually exclusive.

Theorem 1 (Token-Free Exit Area). Let pN,Mq be a cleaned marked proper free-choice net N � pP,T,Fq
and C is a cluster.

pN,Mq has C as a home cluster ùñ

@L � pPL,TL,FLq P LoopspNq @ML P RpN,Mq : ML æPL �� r s ùñ ML æExitAreaNpL,Cq � r s {



Proof. Let pN,Mq be a cleaned marked proper free-choice net N � pP,T,Fq and C is a cluster. This proof is done
by contradiction: pN,Mq has C as a home cluster ^ (2)

DL � pPL,TL,FLq P LoopspNq DML P RpN,Mq : ML æPL �� r s ^ ML æExitAreaNpL,Cq �� r s

By this assumption, let L � pPL,TL,FLq P LoopspNq with ML P RpN,Mq so
that ML æPL � r l s �� r s and ML æExitAreaNpL,Cq � rea s �� r s. It directly
follows from ExitAreaNpL,Cq � teau by Definition 13 that there is an
output o of a loop exit ex being in the exit area of L (regarding C):

Do P
�
ExitsNpLq
zpPLYTLq

�
DρoÑC PPC

N poq : ea P xρoÑCy.

L

C

ρl→ex 

ML

l ea
ex o

ρo→C 

Let ex P ExitsNpLq and o P ex
zpPLYTLq be such nodes and ρoÑC PPC
N poq be such a C-rooted disentangled path

for which it holds that ea P xρoÑCy. By Definition 13 of loops, ρoÑC is outside of L: xρoÑCyX pPL YTLq � H.
By Definition 13 of loops and Lemma 2, there is a rrexss-rooted disentangled path ρlÑex from l to ex in L. Since
xρoÑCyXpPLYTLq �H, it follows that: xρlÑexyXxρoÑCy �H. Therefore, their concatenation is also a C-rooted
disentangled path: ρ � ρlÑex �

�
pexq �ρoÑC

�
^ ρ PPC

N plq. By assumption (2), it follows: |ML æxρy| ¥ |r l,ea s| ¥ 2.
This contradicts Lemma 3 that each C-rooted disentangled path is safe in pN,Mq. Therefore, pN,Mq cannot have C
as a home cluster.  (2) is a contradiction. For this reason, Theorem 1 must hold. ✓

This leads us to the first finding in simplified terms:

Finding 1. As long as there is a token in a loop in a cleaned marked proper free-choice net with
a home cluster, then all places in the loop’s exit area are unmarked.

4.2. Properties of Loop Exits

Arguing about the markings related to an exit-less loop is more easily, as it intersects the home cluster by
Lemma 5. Thus, we have the home cluster as pre-defined “recovery point” that is reachable from all other
reachable markings. A loop with loop exits cannot contain a home cluster by Lemma 5. The behavior
of such loops in terms of markings is more sophisticated. For this reason, the remainder of this section
focuses on loops with loop exits.

If a loop has a loop exit, then this exit has at least two outputs by Definition 13 of loops: One within
and one outside the loop. Furthermore, a loop exit can be within a cluster consisting of multiple places
and transitions. Figure 5 compares three available kinds of loop exits (where loop entries are illustrated as
diamonds as they are not yet considered): (a) a place being in a cluster containing only this place and its
output transitions, (b) some places in a cluster with their output transitions, and (c) a transition. Case (c)
may lead to an unbounded number of tokens after the loop whereas cases (a) and (b) should work as
expected for “classic” loops. This seems intuitive since the concurrency after firing a loop exit transition
cannot be joined within the loop, therefore, probably causing unsafeness outside the loop.

C
out

in

ex

(a) A single place with its output
transitions as loop exit.

C
out

in

ex

(b) A cluster of multiple places and
transitions as loop exit.

Cout

in

ex

(c) A transition with its output
places as loop exit.

Figure 5: Three abstract loops (a), (b), and (c) with different kinds of loop exits. The entries are visualized as
diamonds as their type (place or transition) is not yet considered.

The following theorem formally shows that loop exits have to be places:

Theorem 2 (Loop Exits are Places). Let pN,Mq be a cleaned marked proper free-choice net N � pP,T,Fq.
If pN,Mq has a home cluster, then all loop exits are places:

pN,Mq has a home cluster C ùñ @L P LoopspNq @ex P ExitspLq : ex P P {



Proof. Let pN,Mq be a cleaned marked proper free-choice net N � pP,T,Fq. We consider the contradiction:

pN,Mq has a home cluster C ^ DL P LoopspNq Dex P ExitspLq : ex P T (3)

By this assumption, we start with pN,Mq has a home cluster C. Furthermore, let L be
one of N’s loops with L � pTL,PL,FLq P LoopspNq that has a loop exit ex P ExitspLq
with ex P T . By Definition 13 of loops, it follows that one output place in of ex is
within L and one output place out of ex is outside of L:

Dt in,out u � ex
 : in P PL ^ out R PL.

L C

Mfired

out
ex

in

Since L has at least one loop exit, it follows by Lemma 5 that the home cluster C is not part of L, and, there-
fore, it holds by Definition 13 of exit areas of loops: out P ExitAreaNpL,Cq. As pN,Mq has C as a home
cluster and L is not dead by Lemma 4, there is a reachable marking M1 from M, in which rrexss is enabled:
DMex P RpN,Mq : Mrkprrexssq � Mex. Let Mex be such a marking. Since rrexss is enabled in Mex, it can be
fired such that in and out have tokens: DM f ired P RpN,Mexq : r in,out s � M f ired . Thus, it follows directly:
DM f ired P RpN,Mexq : M f ired æPL � r in s ^ M f ired æExitAreaNpL,Cq � rout s. This contradicts Theorem 1. Thus,
pN,Mq cannot have C as a home cluster.  (3) is a contradiction. For this reason, Theorem 2 must hold. ✓

This theorem leads to the second finding in simplified terms:

Finding 2. Each loop exit of a loop in a cleaned marked proper free-choice net with a home
cluster is a place.

For simplicity, we call each cluster that contains a loop exit a loop exit cluster in the following. If a
loop exit cluster fires while there remain tokens within the loop, then this immediately violates Theorem 1
that the loop’s exit area must be empty. As a consequence, once all places of a loop exit cluster are
marked, then no other place of the same loop can have a token in the same marking. Note that in loops
without exits, the home cluster fulfills the same property: if the home cluster is marked, then the loops
are free of tokens except the tokens in this cluster.

The net in Figure 4 contains a loop highlighted with a light gray rounded rectangle. The loop exits p2
and p3 with their respective clusters are highlighted with dark gray rounded rectangles. Both exit clusters
are enabled at the same time. If t4 fires, p4 gets a token while the token on p3 remains. Consequently, the
net cannot have a home cluster. This is formulated and shown by the following theorem:

Corollary 3 (Token-Free Loops). Let pN,Mq be a cleaned marked proper free-choice net N � pP,T,Fq.
If pN,Mq has a home cluster, then in each reachable marking, in which a loop exit cluster is marked, the
corresponding loop is free of tokens except the tokens in this cluster:

pN,Mq has a home cluster C ùñ

@L � pPL,TL,FLq P LoopspNq @ex P ExitspLq @Mex P RpN,Mq :
�
Mrkprrexssq � Mex ùñ Mex æPL � Mrkprrexssq

�
{

Proof. Let pN,Mq be a cleaned marked proper free-choice net N � pP,T,Fq. We consider the contradiction:

pN,Mq has a home cluster C ^ (4)

DL � pPL,TL,FLq P LoopspNq Dex P ExitspLq DMex P RpN,Mq :
�
Mrkprrexssq � Mex ^ Mex æPL �� Mrkprrexssq

�

By this assumption, let L � pPL,TL,FLq P LoopspNq with ex P ExitspLq
and Mex P RpN,Mq so that Mrkprrexssq � Mex and thus Mex æPL � r l s Z
Mrkprrexssq. Since pN,Mq is cleaned proper free-choice and has home
cluster C, pN,Mq is safe by Lemma 1 and, thus, l R rrexss and ex P P
(by assumption (4) and Theorem 2). In Mex, rrexss is enabled. Thus, a
transition t P prrexssXT qzTL (outside of L) can be fired in Mex: DM f ired P
RpN,Mq : r l sZ t
 � M f ired .

L

C

Mfired

out

ex
t

l

Let M f ired � r l sZ t
 be such a marking with out P t
zPL. Since L has at least one loop exit, it follows by
Lemma 5 that the home cluster C is not part of L, and, therefore, it holds by Definition 13 of exit areas of loops:
out P ExitAreaNpL,Cq. Thus it follows directly: DM1 P RpN,Mq : M1 æPL � r l s ^ M1 æExitAreaNpL,Cq � rout s.
This contradicts Theorem 1. Therefore, pN,Mq cannot have C as a home cluster.  (4) is a contradiction. For this
reason, Corollary 3 must hold. ✓



This leads us to the third finding in simplified terms:

Finding 3. If a loop exit cluster in a cleaned marked proper free-choice net with a home cluster
is fully marked, the rest of the corresponding loop is unmarked.

Following from this finding, if the tokens enabling a loop exit cluster of a loop are the only remaining
tokens in this loop, then all loop exit clusters of the same loop must be mutually exclusive. A loop L as a
black box eventually fires a single transition of ExitspLq
: L behaves similarly to a single place.

The net in Figure 2 has three loop exit clusters rrp4ss, rrp7ss, and rrp8ss, which are mutually exclusive.
As the reader can confirm, only one transition of those clusters finally fires. Thus, they are mutually
exclusive as well. Contrarily, in Figure 4, the loop exit clusters rrp2ss and rrp3ss are not mutually exclusive.
As a result, this net cannot have a home cluster. This is shown by the following theorem:

Theorem 4 (Loop Exit Clusters are Mutually Exclusive). Let pN,Mq be a cleaned marked proper free-
choice net N � pP,T,Fq. If pN,Mq has a home cluster, then all loop exit clusters of a loop are mutually
exclusive: pN,Mq has a home cluster C ùñ

@L P LoopspNq @ML P RpN,Mq @tex1,ex2 u � ExitspLq, rrex1ss �� rrex2ss : ex1 P ML ùñ ex2 R ML {

Proof. Let pN,Mq be a cleaned marked proper free-choice net N � pP,T,Fq. We prove by contradiction:

pN,Mq has a home cluster C ^

DL P LoopspNq DML P RpN,Mq Dtex1,ex2 u � ExitspLq, rrex1ss �� rrex2ss : ex1 P ML ^ ex2 P ML (5)

Following this assumption, let L P LoopspNq and ML PRpN,Mqwith tex1,ex2 u�
ExitspLq, rrex1ss �� rrex2ss, so that rex1,ex2 s � ML. Since pN,Mq has C as a
home cluster by assumption (5), it follows by Theorem 2 and Definition 8 of
clusters: tex1,ex2 u � P ^ ex1
 � rrex1ss ^ ex2
 � rrex2ss. By assumption (5),
rrex1ss �� rrex2ss, and by Definition 13 of loops and Lemma 2, there is a rrex2ss-
rooted disentangled path ρex1Ñex2 from ex1 to ex2: Furthermore, since L has loop
exits ex1 and ex2, C cannot be part of L by Lemma 5. Thus, by Lemma 2, there
is a C-rooted disentangled path from ex2 outside of L (except ex2):

L

C

MLex1

ex2

ρ 

PC
N pex2q �� H ^ ρex2ÑC PPC

N pex2q ^ xρex2ÑCyXpPLYTLq � tex2 u.

Since L is an SCC by Definition 13 of loops, L is maximal and, therefore, ρex1Ñex2 does not overlap with ρex2ÑC
(except ex2): xρex1Ñex2yX xρex2ÑCy � tex2 u. Their concatenation is, therefore, also a C-rooted disentangled
path: ρ � ρex1Ñex2 �ρex2ÑC ^ ρ P PC

N pex1q. By assumption (5), it follows: |ML æ xρy| ¥ |rex1,ex2 s| ¥ 2. This
contradicts Lemma 3 that each C-rooted disentangled path of pN,Mq is safe. Therefore, there is no reachable
marking, in which both ex1 and ex2 have tokens.  (5) is a contradiction. Thus, Theorem 4 must hold. ✓

This leads us to the fourth finding in simplified terms:

Finding 4. All loop exit clusters of a loop in a cleaned marked proper free-choice net with a
home cluster are mutually exclusive.

The findings presented previously have implications for all markings regarding a loop when a loop
exit cluster is fully marked. Furthermore, we know by Theorem 1 that the exit area of a loop is free
of tokens as long as there is a token within the loop. Now, we investigate the area in front of loops.
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p4
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p1

t1 t4

t6t3

t5t2

When a loop has an enabled loop exit cluster, then it should be
impossible that additional tokens can enter the loop. Otherwise,
this would violate Corollary 3 that the loop is unmarked except
the exit cluster. Consequently, the area in front of the loops
must be unmarked in such situations. In the net of Figure 2,
transitions t3 and t4 (with their common cluster) collect all
tokens coming from outside the loop and synchronize them
before reaching any loop exit. Contrarily, the free-choice work-
flow net on the right has a reachable marking from r i s, in which the loop (highlighted in light gray) has a
token on the loop exit cluster of p4. However, the “entrance area” is not empty because of the token on
p1 that can enter the loop at p2. This net cannot have a home cluster as the following corollary states:



Corollary 5 (Token-Free Entrance Area). Let pN,Mq be a cleaned marked proper free-choice net
N � pP,T,Fq. If pN,Mq has a home cluster, then, once a loop exit of a loop is marked, all paths from
places with tokens in the initial marking to this loop exit are free of tokens:

pN,Mq has a home cluster C ùñ

@L P LoopspNq @ex P ExitspLq @Mex P RpN,Mq, ex P Mex

@i P M @ρiÑex PPR
Npi,exq : Mex æ xρiÑexy � rex s {

Proof. The proof is done by contradiction for a cleaned marked proper free-choice net pN,Mq with N � pP,T,Fq,
i. e., there is a C-rooted disentangled path ρiÑex from an initially marked place i to a marked loop exit ex with more
tokens than that on ex:

pN,Mq has a home cluster C ^ (6)

DL P LoopspNq Dex P ExitspLq DMex P RpN,Mq, ex P Mex Di P M DρiÑex PPR
Npi,exq : Mex æ xρiÑexy �� rex s.

Following from assumption (6), let L � pPL,TL,FLq P LoopspNq with ex P
ExitspLq, Mex P RpN,Mq with ex P Mex, i P M, and ρiÑex PPR

Npi,exq with
Mex æ xρiÑexy �� rex s. Since ex P Mex and Mex æ xρiÑexy �� rex s, it must
hold: |Mex| ¥ 2 ^ rex s � pMex æxρiÑexyq. For this reason, there has to be a
further place a on ρiÑex with a token in Mex: Da P ρiÑex : a �� ex ^ a PMex.

L
C

Mex

exi a

ρa→ex ρex→C 

Let a be such a place. Since a P ρiÑex, there is a subpath ρaÑex of ρiÑex from a to ex (which is also a rrexss-rooted
disentangled path). Since L has a loop exit, C cannot be part of L by Lemma 5. Thus, by Lemma 2, there is a C-rooted
disentangled path ρexÑC from ex outside of L (except ex): PC

N pexq �� H ^ ρexÑC PPC
N pexq ^ xρexÑCyXPL �

texu. Since L is an SCC by Definition 13 of loops and, therefore, maximal, ρaÑex does not overlap with ρexÑC
(except ex): xρaÑexy X xρexÑCy � texu. Their concatenation is therefore also a C-rooted disentangled path:
ρ � ρaÑex �ρexÑC ^ ρ P PC

N pexq. By assumption (6), it follows: |Mex æ xρy| ¥ |ra,ex s| ¥ 2. This contradicts
Lemma 3 that the C-rooted disentangled path ρ is safe in pN,Mq with home cluster C. Therefore, pN,Mq cannot
have C as a home cluster.  (6) is a contradiction. For this reason, Corollary 5 must hold. ✓

This leads us to the fifth finding in simplified terms:

Finding 5. When a loop exit in a cleaned marked proper free-choice net with a home cluster is
marked, the area in front of this loop is free of tokens.

Summarized, all previous findings allow us to precisely describe markings in which a loop’s exit cluster
is enabled: The loop, the area in front of the loop, and the exit area of a loop are unmarked except the
marked exit cluster. Thus, a loop as a black box behaves similar to a single place for the subnet being
connected with the loop’s exits.

4.3. Property of Loop Entries

Loop entries serve as ways into loops but once a token is within a loop, the loop entries are like any
other place or transition within the loop. Corollary 5 states that once a loop exit cluster is enabled, no
additional token may enter the loop through a loop entry. However, the difficulty is that as long as no
loop exit cluster is enabled, additional tokens might still enter the loop. Furthermore, a non-dead loop
must not even have any loop exit since, by Lemma 5, the home cluster is then at least partially within this
loop. However, in such a situation, the home cluster replaces the missing loop exit clusters.

Similarly to loop exits, loop entries can either be places or transitions as illustrated in Figure 6. The
figure visualizes abstractly three available kinds of loop entries: (a) a single place as loop entry seeming
valid, (b) a free-choice cluster (sometimes called a “bridge”) as loop entry with multiple places seeming
also valid, and (c) a transition as loop entry, which may be dead. The latter case should not be possible in
a well behaved model: if an entry is a transition, it has at least an input place outside of and at least an
input place within the loop. Thus, it either could not get tokens from inside the loop when the loop is
entered. Or, it could not get tokens from outside the loop when the loop iterates. Both cases lead to a
dead entry transition.

Figure 7 (a) shows a free-choice workflow net with a loop that has two loop entries with one of them
being a transition, t2. If the loop is entered, t2 can fire using the tokens created by t1. However, once
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Figure 6: Three abstract loops (a), (b), and (c) with different kinds of loop entries.

i op3

p2

p1
t1 t2

t3

t4
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(b) . . . and its attempt to repair it.

Figure 7: A loop (a) with a transition t2 as loop entry and (b) its attempt to “repair” it with an additional flow
pt3, p1q. However, this repair moves p1 into the loop such that p1 and p2 are loop entries.

transition t3 fires, t2 is dead. One can try to repair the situation by introducing a new flow from t3 to p1 to
give both input places of t3 tokens (cf. Figure 7 (b), a “bridge”). However, the introduction of this bridge
changes the loop entries: since the loop was extended by the new flow pt3, p1q, p1 and p2 are loop entries
now—all loop entries are places and the repaired net has a home cluster ro s.

Theorem 6 (Loop Entries). Let pN,Mq be a cleaned marked proper free-choice net N � pP,T,Fq. If
pN,Mq has a home cluster, then all loop entries are places:

pN,Mq has a home cluster C ùñ @L P LoopspNq @en P EntriespLq : en P P {

Proof. Let pN,Mq be a cleaned marked proper free-choice net N � pP,T,Fq. We prove by contradiction:

N has a home cluster C ^ DL P LoopspNq Den P EntriespLq : en P T. (7)

By this assumption (7), let L � pPL,TL,FLq P LoopspNq be a loop with en P EntriespLq and en P T . It follows from
Definition 13 of loops: |
en| ¥ 2. Let out P 
enzPL be an input place of en from outside of L, and in P 
enXPL
be an input place of en from inside of L (by Definition 13). Furthermore, let ex P ExitspLq be a loop exit of L.
If ExitspLq � H, then let ex P pCXPq. Following from pN,Mq has a home cluster C by assumption (7) and by
Theorem 2: ex P P. Following also from pN,Mq has a home cluster C by assumption (7) and that L is not dead by
Lemma 4: DMex P RpN,Mq : Mrkprrexssq � Mex. Let Mex be such a marking. In Mex, all places of L except that
of rrexss do not have tokens by Corollary 3 or by assumption (7) that C is a home cluster: Mex æ pPLzrrexssq � r s.
Furthermore, following from Corollary 5 and C is a home cluster, the area before the loop is also free of tokens:

@i P M @ρiÑex PPR
Npi,exq : Mex æ xρiÑexy � rex s.

Therefore, out does not get a token in any reachable marking M1 from Mex:

@M1 P RpN,Mexq : out R M1. (8)

Since L is an SCC by Definition 13 of loops, it is maximal. By Lemma 2,
there is a disentangled path from ex to in (if in P rrexss, then in � ex).
As pN,Mq has C as home cluster by assumption (7), C is not in L since
ExitspLq �� H by Lemma 5, and L is not dead by Lemma 4:

DM1 P RpN,Mexq : in P M1. (9)
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It follows from (8) and (9): DM1 P RpN,Mexq @M2 P RpN,M1q : in P M1 ^ out R M2. By Definition 5, en is dead in
M1 but not a home cluster. Following from Definition 10, C is not a home cluster of pN,Mq.  (7) is a contradiction.
Theorem 6 must hold.

The last theorem leads to our sixth finding in simplified terms:



Finding 6. Each loop entry of a loop in a cleaned marked proper free-choice net with a home
cluster is a place.

This section proved that loop entries and loop exits are places in marked free-choice nets with a home
cluster. Furthermore, it unveiled crucial properties about markings in which loop exit clusters have tokens.
Based on these properties, loops must have a kind of “loop-related home marking”—a loom.

5. Looms in Free-Choice Nets with a Home Cluster

In the previous section, we derived several properties of loops in cleaned marked proper free-choice nets
with a home cluster. These properties eventually help to specify and, thus, identify looms in such nets. It
turns out that each loop exit cluster of a loop describes a loom or, if such a loop does not have any exit,
the home cluster describes a loom of the loop:

Theorem 7 (Loop Exit Clusters are Looms). Let pN,Mq be a cleaned marked proper free-choice net
N � pP,T,Fq. If pN,Mq has a home cluster C, then each loop L has C or all its loop exit clusters as looms:

pN,Mq has a home cluster C ùñ

@L P LoopspNq : C is a loom cluster of L _ @ex P ExitspLq : rrexss is a loom (cluster) of L {

Proof. Let pN,Mq be a cleaned marked proper free-choice net N � pP,T,Fq with a home cluster C and a loop
L � pPL,TL,FLq P LoopspNq. There are exactly two cases for L:

Case 1: ExitspLq � H. Since pN,Mq has a home cluster C and is cleaned, L is not dead by Lemma 4. As
ExitspLq � H (L cannot be left) and L is not dead, there must exist a reachable marking M1 such that in
every marking M2 being reachable from M1 a token is on a place of L:

DM1 P RpN,Mq @M2 P RpN,M1q : M1 æPL �� r s ^ M2 æPL �� r s.

Since MrkpCq as home cluster must be reachable from each such M1, it must follow that:

ExitspLq �H ùñ PLXC �� H.

We will show that C is entirely in L: We know by Theorem 6 that all loop entries of L are places. For this
reason, it follows: @t P TL : 
t � PL. From this and ExitspLq �H, it follows that: @Cl P rrLss : Cl � PLYTL.
Thus, all places of the home cluster C are within PL: PLXC � MrkpCq. Furthermore, by Definition 10 of a
home cluster, MrkpCq is reachable from any marking being reachable from M. Thus, it holds that:

@M1 P RpN,Mq : M1 æPL �� r s ùñ MrkpCq P RpN,M1q ^ MrkpCq æPL � MrkpCq.

By Definition 14, C is a loom of L. ✓

Case 2: ExitspLq �� H. Let ex P ExitspLq be any loop exit (being a place by Theorem 2). Since pN,Mq has a
home cluster and L has a loop exit, it follows by Lemma 5: pPLYTLqXC �H. For this reason, it follows:
@ML P RpN,Mq : ML æPL �� r s ùñ MrkpCq P RpN,MLq. As a consequence, L “must be left by any loop
exit” such as ex and it holds:

@ML P RpN,Mq : ML æPL �� r s ùñ
�
@ex P ExitspLqDMex P RpN,MLq : prrexssXPLq � Mex

�
.

Let Mex be such a marking for a loop exit ex. By Corollary 3, it follows for any such Mex in the free-choice
net pN,Mq with a home cluster C: @ex P ExitspLq : Mex æPL � rrexssXPL; and, therefore:

@ML P RpN,Mq : ML æPL �� r s ùñ
�
@ex P ExitspLq DMex P RpN,MLq : pMex æPL � rrexss

�
.

By Definition 14, for all ex P ExitspLq, rrexss is a loom. ✓

Both cases for L hold. Thus, either the home cluster C or each loop exit cluster of L describes a loom. ✓

This leads us to our last finding in simplified terms:

Finding 7. The home cluster or each loop exit cluster of a loop in a cleaned marked proper
free-choice net with a home cluster is a loom.



The above finding implies that detecting a loom of cleaned free-choice nets with a home cluster is
possible by considering the loop exits of each loop. Thus, the algorithm of Tarjan for detecting SCCs [14]
and investigating each place of a loop, whether it is a loop exit, enable a linear time detection of looms.

Knowing the looms of a net is beneficial for understanding the behavior of its loops. Consider a loop L
with a loom λ : Once a marking is reached that contains λ , the behavior of L can be substituted in the
state space, thus, leading to the state space’s reduction. Such a loop L with a loom λ can also be separated
and investigated independently as marked proper free-choice net pL,λ q (as illustrated in Figure 8 (a) for
the loop in Figure 2). In doing this, this so-called marked loop net consists of the loop L with the loom λ

as initial marking. The net is free-choice since L contains all places of each cluster following the proof of
Theorem 7. Moreover, since the loom in the original net describes its re-occurring behavior (starting and
ending in the loom), such marked loop net is live and safe with λ as a home cluster.
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(a) The separated loop of Figure 2 as a live and safe
marked loop net. It contains a nested loop regarding
flow pt8, p7q following Definition 13 of nested loops.
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(b) Separating the loom cluster rrp7ss into a sink p17
and a marked source p7. This allows for investigating
a loop like a workflow net.

Figure 8: Figure (a) presents the marked loop net of the loop in Figure 2 regarding the loom cluster rrp7ss as
initial marking. This allows for investigating the loop separated from the original net. By taking the incoming
flow pt8, p7q of the selected place of the loom r p7 s in (b) unveils the nested loop t p4, t5, p5, t6, p6, t7 u with entry
p4 and exit p5.

A loom can unveil “nested loops” such as in the loop of Figure 2 being highlighted in Figure 8 (a)
and (b) with a dark gray rounded rectangle. Detecting a nested loop is not trivial since a loop is an SCC
(and therefore maximal) while the nested loop is hidden within an SCC. Consequently, there cannot be a
definition of nested loops without focusing on any kind of subgraph of the loop. However, since we know
that a loom defines the home marking of a marked loop net, we can imagine to split up the loop net at the
loom. This can be achieved by separating the marked places of the loom into source and sink places (e. g.,
p7 in Figure 8 (b) is separated into p17 and p7). Naturally, the loop net starts at the source places within an
initial marking and ends in the sink places as the final marking where both markings represent the loom.
This splitting up of the loop “destroys” the previous SCC and searching SCCs in this net reveals any new
loops if they are present. Regarding Definition 13 of loops, this is equal to having a nested loop regarding
the set of incoming flows of all places marked in the loom (cf. Figure 8 (a)).

An important property of nested loops is that they again have own looms since the surrounding loop
net is a cleaned marked proper free-choice net with the loom cluster as a home cluster. This means that
we can investigate looms recursively for all nested loops.

Note that nested loops may not be unique: If a loop has multiple looms, then taking different looms
may result in slightly different or even no nested loops. For example, taking loom r p4 s in Figure 2
would not unveil the nested loop. Since the algorithm for identifying SCCs by Tarjan [14] is linear in its
computational complexity, it is feasible in quadratic time complexity to investigate all looms (as loop exit
clusters) and their nested loops. Depending on the purpose of the analysis, we can either take a cluster
with the lowest number of nested loops (to quickly achieve an acyclic loop net) or the cluster with the
highest number of nested loops (to describe the behavior of the net in as much detail as possible). In
compiler theory, it is common to have different approaches to identify nested loops; this is not a drawback
of any particular method, but rather a matter of choice depending on the specific application [15].

Another benefit of looms is that they enable to unroll loops. Unrolling loops inserts duplicates of a loop
to make its iterations explicit, but it requires that a loop has some kind of “recovery point”. Without such
a point, inserting duplicates may change the behavior of the net. Fortunately, looms are such recovery



points. Consequently, we can safely unroll a loop at a loom while retaining the overall behavior. Assume
we unroll a loop once and cut the loop to hinder further iterations. For the resulting net, the state space
would consist of those markings from the original net being reachable from the initial marking. However,
the reachability from any reachable marking (i. e., between the first and further iterations of the loop)
would not be represented. Consequently, we unroll a loop twice. This enables the state space to also
represent the reachability between markings of the first and the second iteration. Because of the properties
of looms, these reachable markings represent all iterations. Thus, if we unroll all loops exactly twice
until there is no remaining loop, the resulting net is eventually acyclic while it retains the same reachable
markings as the original net, including the reachability relation between these markings. This helps to
investigate and construct the state space for problems related to reachability more efficiently. In addition
to checking reachability, potential applications include the computation of the 4C Spectrum [16, 17] as a
set of behavioral relations. Figure 9 illustrates the unrolled net of the example in Figure 2. It contains
two duplicates of the loop inserted at its loom cluster rrp7ss. Note that the nested loop consisting of
t p4, t5, p5, t6, p6, t7u is not yet unrolled as the example just sketches the idea of loop unrolling.
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Figure 9: The unrolled version of the net in Figure 2. τ-transitions were inserted to merge flows before t12, t14,
and t15. Note that the nested loop consisting of t p4, t5, p5, t6, p6, t7u was not unrolled for reasons of readability.

Summarizing the findings of this section, looms are a powerful concept for studying and understanding
the behavior of loops and their nets. In free-choice nets with a home cluster, looms(1) can be identified as
loop exit clusters, (2) help to detect nested loops with own looms, and (3) allow for unrolling loops.Of
course, future work must provide a formal proof of the free-choiceness, liveness, and safeness of nested
loops, as well as the fact that reachability is preserved when loops are unrolled.

6. Conclusion

The behavior of loops in Petri nets is sometimes difficult to capture, although important properties (such as
liveness and boundedness) depend on it. This paper introduced looms as a kind of home markings of loops.
Looms describe sub-markings that can re-occur independently of tokens outside of the corresponding
loop. For cyclic nets with a home marking, the home marking itself is a loom. However, if a loop has
exits, it cannot contain a home marking but might have a loom. This paper showed seven properties of
loops in free-choice nets with a home cluster such as that all loop entries and exits are places and that
each cluster containing an exit of a loop describes a loom.

The Petri net, business process management, and software engineering communities benefit from
the concept of looms as it can help to understand complex nets with loops, or process models with
re-occurring behavior. Thus, looms should simplify their analysis. Furthermore, the concept of looms is
general so that it can be investigated for more general classes of nets. The seven properties about loops in
free-choice nets with home clusters can further help to explain and analyze nets and process models.

In the future, the properties defined here, together with looms, can be used to formalize the constant
unrolling of loops in free-choice nets with a home cluster such that the resulting free-choice net describes
the same reachable markings as the original net. In addition, we plan to investigate looms in extended
classes of nets to underline their usefulness.
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