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Abstract

We study realizability in terms of stable labellings for classical Dung frameworks. Although there is a close
relationship between extension-based and labelling-based semantics, realizability with respect to labellings is
significantly more challenging. This is due to the explicit treatment of non-accepted arguments (i.e., undecided
and rejected ones), which fixes the argument set of any witnessing framework and rules out auxiliary arguments
commonly used in constructions for extension-based semantics. Consequently, existing characterizations for
extension-based semantics can only be reused to a limited extent. Towards a characterization we introduce so-
called candidate sets, capturing sets of arguments that would become stable but should not. These sets constitute
a central obstacle in our approach. In the absence of such sets, we provide a characterization theorem. For the
general case, we identify a canonical over-approximating framework such that every stably realizable labelling
set admits a witnessing argumentation framework obtainable as a subgraph of it. However, we observed an
inherent non-determinism for our proposed method. Finally, we identified a connection between labelling-based
realizability and the long-standing open problem of compact stable extension realizability.
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1. Introduction

Realizability is a central question for any knowledge representation formalism [1, 2, 3]. In Dung’s
abstract argumentation theory [4, 5, 6], the question is whether, given a set L of desired extensions
or labellings, there exists an argumentation framework F' whose semantics exactly matches L. A
first systematic treatment of this question for extension-based semantics was given by Dunne et al.
[7, 3], who provided a series of non-trivial characterization results. For labelling-based semantics, only
conflict-free and naive labellings have been characterized so far [8, 9]. In this paper, we initiate the
study of stable labelling realizability.

At first glance, one might expect realizability results for the extension-based setting to carry over to
labelling-based semantics, given their close relationship [10, 11]. However, labellings encode strictly
more information than their induced sets of extensions: they specify not only which arguments are
accepted, but also which are not accepted, namely rejected or undecided [12]. As a consequence, the
argument set of any witnessing framework is fixed a priori, leaving no freedom to introduce auxiliary
self-looping dummy arguments to block unwanted extensions - a common technique in the extension-
based setting [13, 7]. Therefore, existing characterizations for extension-based semantics can only be
transferred in a very limited way. The following running example illustrates this difference in a concise
manner.

Example 1. Consider the following AF F' and its associated set of stable labellings IL. (Intuitively, a stable
labelling assigns each argument either in or out, with no argument left undecided, such that all rejected
arguments are attacked by accepted ones)
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L |TI (0]
Ll {a’7ba C} {a‘/7bl7clax}

Ly | {a,b,d} | {d,V,c,x}

e Ls | {a,V,c} | {d,b,c,x}

e e Ly | {d,b,c} | {a, b, x}

e e Ls | {a,V,c} | {d',b,c, 2z}

Lg | {d,b,} | {a,V,c, 2}

L7 | {d,V,c} | {a,b,c,x}

Table 1: L = {Ly,..., L7}

We observe that the argument x is rejected in any single labelling. Consider now the labelling-set M

which results from IL by removing x from any out-set. Obviously, the in-sets remain unchanged and thus

are still extension-based realizable. In contrast, M is no longer labelling-based realizable. The reason is that

the set {a’, b, ¢} would be maximal conflict-free in any witnessing AF. In the original framework F, the

argument x: prevents {a’,b',c'} from being stable as it is not attacked by any of the arguments. Now, since

x disappears, this structural witness is no longer possible and thus, no AF over the remaining arguments
can block {a’,b', '} from becoming stable. For a precise proof we refer the reader to [13, 7].

F: G
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Sets like {a’, b, ¢} are what we call candidate sets. They constitute a central object of study in this
paper. We divide the analysis of stable realizability into two parts, namely the presence and the absence
of such candidate sets.

In the absence of candidate sets, extension-based conditions (i.e., incomparability and tightness) are

the essential ingredients for stable labelling realizability. We provide a general construction method for
a witnessing framework such that stable and naive labellings coincide.
In the presence of candidate sets, however, a more detailed analysis is required. Each candidate set
must be rendered non-stable by ensuring that it fails to attack at least one argument. We establish a
construction of an over-approximating AF. A witnessing framework can then be obtained by removing
a suitable set of attacks. Moreover, any witnessing AF can be transformed into a subgraph of this frame-
work by performing semantically neutral modifications [14]. In other words, the generic framework
captures the space of all witnessing AFs up to semantic redundancies. The question of which attacks
need to be removed is non-trivial and, moreover, not uniquely determined. We refer to this as the
inherent non-determinism of stable labelling realizability.

As a further contribution, we show that stable labelling realizability is directly connected to the open
problem of compact stable extension realizability [13, 7]. Hence, any progress in its characterization
yields corresponding results for this long-standing open problem.

2. Formal Preliminaries

2.1. Argumentation Frameworks and Semantics

We start with the necessary background on abstract argumentation. An argumentation framework (AF)
is a pair F' = (A, R) where A, the set of arguments, is a finite subset of a fixed infinite background set
U,and R C A x A. The set of all finite AFs is denoted by F. We say a attacks b, or b is defeated by a
in F whenever (a,b) € R.If F = (A, R), we use A(F') as well as R(F) to refer to the first or second
component of F, ie. A or R, respectively.

An extension-based semantics €, : F — 2" is a function which assigns to any AF F' = (A, R) a set
of sets of arguments denoted by &, (F) C 24. Each one of them, a so-called o-extension, is considered
to be acceptable with respect to F'. The most basic criterion is conflict-freeness (¢f), which guarantees
no internal conflicts. Moreover, we consider further important refinements, namely naive and stable
(abbr. as na, stb).

Definition 1. Let F = (A,R) be an AFand E C A. 1. E € E(F) iff there are no a,b € E,
st. (a,b) € R, 2. FE € Euo(F) iff E is C-maximal in E;(F), 3. £ € Eq(F) iff E € E(F) and
Et:={b] (a,b) € R,a € E} = A\ E, i.e. E attacks all arguments not contained in E itself.



ou

A labelling-based semantics L, : F — o ) is a function which assigns to any AF F' = (A, R) a set
of triples of sets of arguments denoted by L, (F) C (2A)3. Each one of them, a so-called o-labelling of
F,isatriple L = (I, O, U) indicating that arguments in I, O or U are considered to be accepted (in),
rejected (out) or undecided with respect to F'. We further assume pairwise disjointness and covering, i.e.
INO=INU=0NU=0and ITUOUU = A. We use L' for the first component of the labelling L.
Analogously for L° and LY. We proceed with the central notions of conflict-free labellings [15].

Definition 2. A labelling L of F = (A, R) is called conflict-free: 1. If a,b € L', then (a,b) ¢ R (no
internal conflicts) and 2. if a € L°, then there isab € L' with (b,a) € R (reason for rejecting).

We now introduce the labelling-based counterparts to the extension-based semantics.

Definition 3. Let F = (A, R) be an AF and L € (24)° a labelling of F. 1. L € Lof(F) iff L is a
conflict-free labelling of F, 2. L € Ly (F) iff L € Lo (F) and L' is C-maximal in {M"| M € L (F)},
3.Le Ly(F)iff L€ ch(F) and LV = .

In the following we list some well-known properties and relations between semantics which will be
frequently used throughout the whole paper (confer [11]).

Proposition 1. Given an AFF = (A, R), a set E C A and a semantics 0 € {cf,na, stb}. In the
following we use EX as shorthand for (E,ET,A\ (E U EY)). 1L Eu(F) C En(F) C Ey(F),
2 Lsp(F) C Lpg(F) C Loy(F), 3. IfE € E,(F), then EX € L,(F), 4 If L € Ly(F), then
L' € &(F), and 5. (EX)! = E. In case of stable semantics we even have the following additional
relations: 6. For any L, M € Ly (F), L' = M"iff L = M, 7. Given L € Ly (F), then (L')* = L, and
8N Lsun (F)| = [Estn ().

In the course of the paper we will make use of some known results about equivalence. We will give
the definitions of the two main notions of equivalence: the ordinary equivalence and strong equivalence
[16, 10].

Definition 4. Given a semantics X € {E,, Ly} and two AFs F and G. F and G are called ordinarily
equivalent if X (F) = X(G). We use F =~ G to indicate this relation.

We mention one decisive difference between the two versions of semantics. In contrast to extension-
based semantics, being ordinarily equivalent in the realm of labellings requires them to share the same
arguments. This is due to the fact that each labelling assigns a label to any argument of the considered
AF implying that labellings are necessarily different if the frameworks in question possess different
arguments.

Definition 5. Given a semantics X € {&,, Ly} and two AFs F' and G. F and G are called strongly
equivalent if for each AFH, X(F U H) = X(G U H). Weuse F =X G to indicate this relation.

It was shown that in order to decide strong equivalence for extension-based semantics as well as
labelling semantics one may use a syntactical concept called kernels [16]. A kernel is again a directed
graph obtained from the initial AF via adding or deleting attacks. In the following we introduce the
stable kernel.

Definition 6. Let F' = (A, R) be an AF. The stable kernel of F is defined as: F** = (A% R%%) =
(4, R\ {(a,b) € R | a £b,(a,0) € R}).

Proposition 2. Given two AFs F and G and a semantics X € {Eqy, Loy} we have: F =X G &
Fsk — GSk,



2.2. Realizability in Abstract Argumentation

Let us start with the two central concepts, namely realizability as well as signature. In a nutshell, we
say that a certain set S of sets, or labellings, respectively, is realizable under the semantics o, if there is
an AF F such that its set of o-extensions/c-labellings coincides with S. Collecting all realizable sets
defines the concept of a signature. Note that only n = 1 (extension-case) and n = 3 (labelling-case)
will be relevant for this paper.

Definition 7. Given a semantics o : F — 2(2')" A set S - (2“)” is o-realizable if there is an AF

F € F,st.o(F) =S. Moreover, the o-signature is defined as ¥, = {o(F) | F € F}.

We proceed with further notation as well as the central notions of downward-closedness and tightness
[7] used to formulate the characterization of realizability of extension-based semantics.

Definition 8. A finite S C 2 is called an extension-set. We use Argsg to denote |Jg.s S and |S| for
| Argss|. Furthermore, Pairss denotes {(a,b) | 35S € S : {a,b} C S} and

dcl(S) denotes the so-called downward-closure {S" C S| S € S}.

Definition 9. Given an extension-setS C 2¥. We callS 1. downward-closed if S = dcl(S), 2. incomparable
if S is a C-antichain, and 3. tight if for all S € S and a € Argsg it holds that if S U {a} ¢ S then there
exists an s € S such that (a, s) ¢ Pairss.

Now, we present the central characterization theorems in case of extension-based semantics. Confer
(7, 3].

Theorem 3. Given a finite extension-set S C U then 1.S € chf & S is a non-empty, downward-closed,
and tight extension-set, 2. S € Yg, < S is a non-empty, incomparable extension-set and dcl(S) is tight,
3.S € X¢,,, & S is an incomparable and tight extension-set.

Now let us turn to labelling-based semantics. Again, we start with some relevant notations and
shorthands. For a detailed introduction see [8].

Definition 10. Given a finite set L C (2“)3. We use !, LY and LU to denote {L' | L € L},
{LO | L € L} or {LY | L € L}, respectively. Moreover, we say that L is a labelling-set if

1. LuLQull =Liu LY ULy forany Ly, Ly € L (same arguments) and
2 LInLY =LInLY = LY N LY =0 for each L € L (disjointness).

Finally, for a fixed set of arguments E C U we use Li—p = {L | L € L, L' = E} (corresponding
labellings) and LY_, = {L° | L € L, L! = E} (corresponding out-labels). If [LY_| = 1 for every
E € LY then LY_,, denotes the sole out-set belonging to the in-set E.

Let us illustrate the introduced concepts with the following example.

Example 2. Consider L = {({a,d}, {b},{c}), ({b,d},{a,c},D), ({b,d},{a},{c})}. First of all, we
observe that 1L is indeed a labelling-set as all triples refer to the same arguments, namely a, b, c,d and
moreover, for any triple we have that each argument occurs in one of the three sets only. We obtain
the following sets: LI = {{a,d},{b,d}}, L = {{b},{a,c},{a}} and LY = {{c},0} as well as
LIO:{a,d} = {{b}} and LIO:{b@} = {{a,c},{a}}. Furthermore, L;_{,qy = {({a,d},{b},{c})} and
I[‘I:{b,al} = {({bv d}v {av C}’ (Z))’ ({ba d}v {a}’ {C})}

We now recall the properties relevant for characterizing conflict-free labellings and naive labellings.
We will restrict ourselves to the concepts used in the course of this paper. For a detailed introduction
to naive and conflict-free labelling-realizability see [8]. First we will recount two central definition
extending the concept of tightness and downward-closure to the realm of labellings. While we will not
repeat the characterization theorem of naive and conflict-free labellings here, we nevertheless want to
mention that L-tightness is a key property required for both semantics.



Definition 11. A labelling-set L is called L-tight, if for each E € L' we have: IL?:E possesses a C-
greatest element. (Notation: We use E?: ; for the C-greatest element and L;— g for the associated labelling.)
Moreover, for all E1, E5 € ! it holds that E; U E; € L! < (EIO:El NEy) U (E?:EQ NE;) = 0.

Definition 12. For a given labelling-set I we define a new labelling-set YL, the so-called downward-closure
of L, as follows: L := {(E, O, Args, \ (EUO))|E C L', LT € L', 0 C Og} where Og = J,cp Oa
with Oa = Nprert (ayce U LY_,. Please note that | JLY_,, can be replaced with EIO:E, in case of
L-tight labelling-sets.

We will give a short example for the construction of a labelling downward-closure. Please take special
note of the sets O, which will be a recurring tool later on.

Example 3. Consider L := {({c}, {a},{b,d}), ({c},0,{a,b,d}), ({a, d}, {b,c},0),

({a,d}, {c}.{b}), ({a, d}, {b}. {c}), ({a, d}, 0,{b, c}), {b, d}, {c}, {a}), ({b, d}, 0, {a, c})}. Wedeterm-
ine the associated downward-closure L. In order to obtain the resulting labellings we first have to compute
the set Oy, for each single a € Argsy 1. Note that the considered labelling-set I is L-tight. Consequently, we

. . =0
may compute O, with the more convenient ﬂ Li_p.

I'elt {a}CI
As an example we determine Oy in detail :

—O0 —0 —0
Oi= () Ly =Liguag NLi_pa =LY N LY = {b,c} n{c} = {c}.
I'ell {d}Cr

In the same way we obtain: O, = {b,c}, Oy = {c} and O, = {a}. The next step is to build O, for
each set E C I € L. This set is built via the union of any O, with a € E. As an example we show
this for the in-set {a,d} € L. We have to consider the four subsets E, = {a,d}, E> = {a}, E3 = {d}
and Ey = (. We obtain: Op, = U,cp, Oz = Oa U Oq = {b,c} U {c} = {b,c}, O, = O, = {b,c},
Opy = O4 = {c} and O, = (. In this way we determine the out-set for each subset of an in-set resulting
in the new labelling-set *1L.

As a last introductory step we will give a short overview on the standard construction for witnessing
frameworks used for conflict-free and naive labelling-realizability. These will be central in certain cases
of the characterization of stable labellings. The construction for a witnessing AF in case L is naive
realizable is simply applying the conflict-free construction (Definition 13) to the downward-closure of
the labelling-set in question.

Definition 13. Given a labelling-set .. We define Fﬂff = (AL, Ry) with A, = Argsy, and 1.Va € Ayr:

(a,a) € Ry ifand only if {a} ¢ L', and 2.Va,b € AL: Ifa # b, then (a,b) € Ry, iff {a} € L and
o

be UL,

Definition 14. Given an L-tight labelling-set L. We define Ff]{ = (A, Riy) with Ay, = Argsy, and

1.Va € Ayy: (a,a) € Ry ifand only if {a} ¢ YIL!, and 2.Ya,b € A, : Ifa # b, then (a,b) € Ry, iff

{a} € VLT and b € |JYLY

I1={a}"

Theorem 4. For any labelling-set L, it holds: L € X, , < L = L (F]ff> andL € ., & L =
Loa (FLL).

3. Realizability of Stable Labellings

3.1. First Reflections on Realizability

Finally, let us consider stable labellings. The following proposition strengthens a former result regarding
realizability [3, Theorem 3.70]. If a set of labellings is stable realizable, then the set of in-labels is
incomparable and tight. Moreover, no argument is labelled undecided.



Proposition 5. Let L C (2“)3 be a labelling-set. If L. € ¥
and tight.

then | JILU = 0 and ! is incomparable

stb?

Proof. Let L € % _,. Hence, there is an AF F with Ly, (F) = L. We further deduce L' = £y (F)
(Items 3,4 of Proposition 1). According to Theorem 3 we obtain L./ is incomparable and tight. Moreover,
ULY = ( is fulfilled since Definition 3 requires LV = () for each L € L (F). O

We would like to mention that we initially thought that the given necessary condition is even
sufficient for realizing stable labellings. However as the introductory Example 1 has shown, this was a
misconception. A labelling-set may induce sets that must be actively prevented from becoming stable
in any witnessing AF. We call these candidate sets. These sets are maximal conflict-free within the
confines of the labelling set but are not supposed to be stable themselves. Therefore, in a witnessing AF
for L for each of the candidate sets there has to be some argument that is not attacked by this set thus
preventing stability. We will build our characterization of stable labelling realizability on this idea. The
first step is to find and formalize these possible problematic argument-sets from a given labelling-set.

Definition 15. Let L be a set of labellings. We define the following sets: C; := maxc ({E | Va,b € E :
(a,b) € Pairspi}) and Cy, := (maxc ({E | Va,b € E : (a,b) € Pairs;1})) \ LI. Cy, are called the
candidate sets of L.

Intuitively the sets in (CI are naive in-sets (wrt. a possible witnessing AF for L) and Cp, naive in-sets
that are not stable, subsequently we call the sets in Cy, candidate sets.
We will divide this chapter by the case Cp, = () and Cr, # 0.

Example 4. We continue Example 1. As can be easily verified using the definition above we actually
identify the problematic set correctly with Cr, = {{da/, V', ¢’} }. If we examine the graph of the AF given in
the example, we can see that {a’, V', ¢} is indeed a naive extension albeit not a stable one since x is not
attacked.

3.2. Towards a Characterization

In this section we aim to deepen the general discussion from the last section towards a characterization.
As mentioned before we will divide our observation into two parts: First, there are no candidate sets, i.e
Cr = 0 and secondly, there are candidate sets, i.e. Cr, # (). We start with the former case.

3.2.1. No additional candidate sets

The analysis of the first case C, = () is based on the naive labelling realizability. The underlying idea is:
the set Cy, illustrates possible sets that are naive but not stable. However when that set is empty we
can construct a witnessing AF F' where the examined labelling-set matches the stables as well as the
naive labellings. We will construct this AF by making use of the naive AF-construction (Definition 14).
In that case we applied the AF-construction of the cf-realizability (Definition 12) and applied it to the
labellings-downward-closure (Definition 13). In fact, we will show that under our circumstances the
construction simplifies s.t. it will no longer be necessary to construct the labelling-downward-closure.

Furthermore, we will make use of a result about extensions-based realizability. In [13] a connection
between the extension-based realizability and the set Cy, was already shown. We adopt this results
to the realm of labellings. An alternative characterization of naive and stable extension-realizability
is presented: a set of extensions or in our case a set of in-sets . is naive extension-realizable iff L.
matches (CHJJr and for stable realizability we at least can assume a subset relation (Proposition 6). However
it is important to keep in mind that these statements only concern the extension-realizability of the
in-set and the relation to the given out-sets has to be examined separately.

Proposition 6 ( [13, Proposition 13] ). It holds ¥¢,, = {LI | L is a labelling-set, I # 0, L' = (CE}
andX¢_,, = {L! | L is a labelling-set, L' C C{}

stb



As mentioned before, we will make use of the AF-construction already used in naive realizability. To
use this construction, however, a key property of naive as well as conflict-free realizability is required,
namely the L-tightness [8, Proposition 10]. In the naive case we always deal with multiple out-sets
per in-set. L-tightness ensures the existence of a maximal out-set for each inset as well as fulfills a
similar notion as tightness in the extensions case, i.e. there is always a reason for an argument to be
out (see Definition 11). Therefore we note that, even while not explicitly mentioned, L-tightness will
still be implicitly required regarding stable realizability of labellings. We will see that it suffices to
assume the properties of extension realizability, namely I’ is incomparable and tight and the emptiness
of all undec-sets. The following lemma shows that just by assuming this minimal set of properties,
L-tightness is implied.

Lemma 7. Let L be a labelling set where ! is incomparable and | JLV = (. If ! is tight, then L is
L-tight.

Proof. Assume L/ is tight. For L-tightness we have to prove two properties: the existence of a maximal
out-set for each in-set and for all £y, By € L./ we have: EjUFE> e L/ & (EIO: B, NE2) U (EIO: B, N
E1) = (). The first property is trivial for our case, since through the requirement of | JILY = () there is
only one out-set per in-set, i.e. ]E?: g| = 1for every E € L (as a reminder: we denote this singular
out-set with L?: p see Definition 10).

Now for the second property. Let £y, Fy € L! and E; U E, ¢ L!. Thus, F; # F» and there exists
(WLOG) an a € Fy st. a ¢ Ej and due to the incomparability F; U {a} ¢ IL!. Since we assumed
tightness of I/ there exists an b € Fj s.t. (a,b) ¢ Pairs. ;. Hence b ¢ Fy and so b € L[O:E2 since
LSJ:EQ = (). Consequently, b € E1 N LIO:E2 # (). Consider now (E; N LIO:EQ) U(E2N L?:El) # 0.
Let WLOG E; N LIO:E2 # (). This means, there existsa b € E1 N L?:EQ' Then b ¢ F5 and since the
undecided sets are empty b € LY_ £, Then the incomparability allows us to conclude E» U {b} ¢ L.
and thus due to the tightness there exists a € Es s.t. (a,b) ¢ Pairsy:. Hence Ey U Ey ¢ ! since
otherwise (a,b) ¢ Pairsyr would be contradicted. O

The assumption that all undecided sets are empty yields a simpler version of the naive AF-construction
(Definition 14) as described below. In particular, we do not have to consider the labelling-downward-
closure.

Proposition 8. Let L be a labelling-set where ! is incomparable and tight as well as| JILU = () then
Ff]{ =: I = (A"“, R"a) with A" = Argsy, can be written as

1. Va € A™: (a,a) € R™ ifand only ifa € Argsjo \ Argsyr, and

2. Va,b € A":Ifa # b, then (a,b) € R™ iffb € Ou = Npert gep LE-p-

Proof. The AF FfHJiE (Definition 14) is defined through F' f]{ = (Ayp, Ryp) with Ay, = Argsy, and
1.Va € Ay (a,a) € Ry ifand only if {a} ¢ VL7, and 2. Va,b € Ay : If a # b, then (a,b) € R,y iff
{a} € "L and b € (VLG {a}- We will show the transformation of each rule separately:

(1.) = (1) Assume {a} ¢ *IL!. From the definition of the downward-closure (Definition 12) we know
{a} ¢ Eforall E € L. Thus a ¢ Argsy: and since [ JLY = () we get a ¢ Argsio \ Argsp..

For the reverse we start by assuming a ¢ Args;o \ Argsy ;. This means a ¢ E for all E € ! and thus
again from Definition 12: {a} ¢ V'

(2.) = (2'.) Assume {a} € ‘LY and b € (J*LY_ {a}- Through the definition of the downward-closure

we can transform this to {a} € *.! and
belJ (L) = | JU(E, 0, Args, \ (EUO)|E C L, LT € LT, 0 C Op}1—(a))°
= J{({a},0, Argsp \ ({a} U0))|0 € 0,1)? = J{O | 0 € Orqy}
=J{oloc N UrLrt=U{oloc () L&}

el {a}CI’ I'eLael’



= m L?:I' = Oq

I'ell qcr’

The reasoning for the last two steps is the following: In this circumstance we can simplify the
definition of O, since L is L-tight (Lemma 7) and thus the existence of a maximal out-set in L is
assured, we can continue this thought, since through [ JILY = ) we also know that there is only one
out-set per in-set in .. Hence we end atb € O = (\pcp1 gep LY_,, as claimed in (2'.) Now to the
only-if direction. Assume b € O, = [ Eell acE L?: p- Immediately: O, only exists if there is an

E € L' st. {a} C E, which is exactly {a} € *L’. b € UL {a} follows from b € O, through the

transformation shown above. O

As mentioned before we will use the naive (and consequently the conflict-free) labelling realizability
as a foundation or rather a point of reference for the characterization of stable realizability. In naive
realizable labelling-set there exists a maximal out-set for each in-set and the set of all out-set for an
in-set is downward-closed. To improve the clarity of the notation and proof and we use a special
notation for the naive labellings of an AF, where we only observe the maximal out-set for each in-set.

Definition 16. For an AF F = (A, R) we define L7z(F) = {(E,EIO:E,U) | E € LI} where
L = Lpo(F).

Now we can present the first characterization theorem regarding stable realizability restricted to the
case Cp, = 0.

Theorem 9. Given a labelling-set I. where C, = () we have: L € ¥, < 1. 1L is incomparable and

tight and 2. | JLLY = ()

stb

Proof. We will split the proof into if- and only-if-direction. The if-direction follows immediately from
Proposition 5. It remains to show the only-if direction: From 1. and Theorem 3 we know immediately
that L’ € X¢_,, and thus from Proposition 6 that L’ C C;'. Together with Cy, = () this provides the
information that § = Cr, = C; \ L! and thus C” = L.

Now we use the AF-Construction from Proposition 8 on IL.. Our goal is to show that F}** is a witnessing
framework for IL, i.e. Ly, (F1'*):

« L C Lyp(F): ULY = 0 is provided by Item 2. Thus we only have to show that L is a
conflict-free labelling-set of F7'*:
1. No internal conflicts, i.e. if a, b € L, then (a,b) ¢ R. We use that L’ = C; as shown above,
note that for this direction even LI C (‘Ci|r is sufficient. This means for all L € L and for all
a,b € L with a # b it holds that a,b € Pairsy:. So there exists an L € L s.t. {a,b} C L! and
thus b ¢ O = Ngert ver LY_ and a ¢ Oy. Hence (a,b), (b,a) ¢ R". The case a = b can be
ignored since (a,a) € R™ only iffa ¢ Argsy:.
2. Reason for rejecting, i.e a € L iff there is some b € I} with (b,a) € R™ forall L € L.
Let L € Landb € LY. Thenb ¢ L! € C{. Thusitexists a € L! st. (a,b) ¢ Pairsyrs
Consequently, by definition of Pairs; 1 we deduce for any L' € L: ifa € L'/ thenb ¢ L'
meaning b € Argsp, \ L'' = L'© because of L'V = (). However this is exactly the definition for
b€ O =geLl aer LY, and thus (a,b) € R,

o Lap(F*) C L: Let L = (L1, L9, 0) € Lgp(F*). We show first that L! € L% LI ¢
(Estb(Ff“))I and thus has no internal conflicts i.e. if a,b € L', then (a,b) ¢ R". Thus
Va,b € L' : (a,b),(b,a) ¢ R™. From the construction of R"® we know then that b ¢ O, =
N EeLl acE LY 1 and a ¢ Oy. Intuitively, the definition of O, (or Oy, respectively) means that if
a is in then b is out and vice versa, meaning they never co-occur in an in-set. In reverse if a ¢ Oy,
we know there has to be some in-set where a and b co-occur, since we assumed | JLYV = §.
Formally this means for all a,b € L’ we know (a,b) € Pairsy:. Additionally we know that
for any ¢ € A"\ L' = Argsy \ L' that ¢ € L (again because LU = (}). Thus there exists an



a' € LT st (d',c) € R (since L € Lgp(F)). Thus ¢ € O, , through the definition of R"?,
meaning for all E € ! if a’ € E then ¢ € LY_, and with this (a’, ¢) ¢ Pairsy . Together with
the fact from before (a,b) € Pairsy: for all a,b € L’ we see that L’ € C;". We combine this
with our conclusion from the beginning of the proof ./ = C]}f and L' € ! finishing the first

part of the proof.

Furthermore, by definition of FJ'* we obtain Argspne = Argsy. Moreover, for any L €
L (F'*) the associated out-set can be given as LY = Argsgpa \ L! since LY = (). Hence
L el. O

Corollary 10. LetL € X ,,, then L C Ly (F7*).

stb?

Proof. L is stable realizable, thus Proposition 6 provides L./ C CE . With this L C L, (F[**) was
already shown in the only-if direction in the proof of Theorem 9. Note that while Theorem 9 was under
the assumption Cr, = (), in that particular part of the proof it is not used. O

Example 5. We use this opportunity to examine a slight modification of our running example set. We
modify it exactly in the way we reflected in Example 1. We "delete” x and add the candidate set {a’,V/, ¢}
(Example 4). We already know that the in-sets are incomparable and tight, the undecided sets empty and
by the inclusion of the candidate set: C1, = (). We construct the witnessing AF: For each e € L. we build
the set O.: We show this in detail for the argument a.

_ o _ ;0 o o 0
On = ﬂ Li—p = Li—{apey NV Li—fap,ey NV Li—gap ey N Li—ap ey
Eell! acE

={d, 0, yn{d,V,c}n{d,b,d}n{d,bc} ={d}

In the same way we get the set O, = {b'}, O, = {c'}, Oy = {a}, Oy = {b} and O = {c}. Here we
can easily see the attack (e, e’) € F{'* iff ¢’ € O, and construct the AF.

L |I (0] U

Ly | {a,b,c} {a, ¥, | {}

Lo {{a,b,c'i {{a',b’,ci g

L a,b,c a,b,c na .

Li {d',b,c} |{a,b,c} | {} A @H@
Ls | {a,V,d} | {d,b,c} | {}

Lg | {d,b,d} | {a,¥,c} | {}

L | {d,V,c} | {a,b,c} | {}

Lg | {d,V,c} | {a,b,c} {}

Besides a characterization for stable realizability in the case Cp, = () the proof of Theorem 9 also
defines a construction for a witnessing AF and gives us a strong connection to the naive semantics. We
summarize these results in the following corollary:

Proposition 11. LetL € X _,. IfCy, = 0, then Loy, (F**) = Laa(F**) = L.

Proof. From . € Y., and Item 4 of Proposition 1 we know immediately that LI ¢ e, and
thus from Proposition 6 that LI C C; . Together with Cp, = { this provides the information that
) =CL = (Cf: \ L’ and thus (CE = L!. Under these circumstances we have seen in the proof of
Theorem 9 that L = L, (F"®). Additionally with Proposition 6 we can conclude L’ = C;” = &,,,(F*)
and thus since | JLY = () also L = Lz (F*). O

The following example shows that Proposition 11 cannot be generalized to arbitrary witnessing
AFs. More precisely, there are AFs stable realizing a set I with different naive labellings, although no
additional candidate sets exist.



Example 6. Let L = {({a,b},{z},{})}. We deduce that Cy, = (). The following AF F realizes the
labelling-set I, under stable semantics.

90 E9-0

However, computing the naive labellings L75(F) of F reveals a further naive labelling, namely
({z},0,{a,b}). This means, for the witnessing AF F we have: L7z(F) # Lg(F). According to Pro-
position 11 such additional labellings are impossible in case of the witnessing F{**. Indeed, Ly, (F{'*) =
Lra(F) = L.

3.2.2. The Existence of Candidate Sets

Now let us turn to the case where additional naive sets exist which should not turn stable. For this case
we introduce the notion of a critical argument. Intuitively, for each C' € Cp, there has to be at least one
argument that is not attacked by C, since otherwise C' would be stable. This is exactly the job of a
critical argument. However, identifying a critical argument is sometimes challenging, as we will see
in the remainder of this section. In the following we introduce C-critical candidates which serve as
preselected arguments that might play the role of a critical argument.

Definition 17. Let L be a labelling-set and C € Cy,. We call x € Argsy, a C-critical candidate if
z € Argsi\C, and foreach E' € L withx ¢ E': E'NSS # 0, where S¢ = {s € Argsy\ (CU{z}) |
(s,xz) ¢ Pairsyr } We denote the set of all critical candidates for C' as Kritf.

Intuitively, for each candidate set C' € Cy, we identify critical candidate arguments. From these we
choose a critical argument that in a witnessing AF is the witness for the non-stability of C, i.e. it is
not included in C itself but also not attacked by C'. Furthermore, if all arguments in C' are not allowed
to attack a C-critical candidate z, each in-set in I where the critical candidate z is not included still
has to be able to reject said x to retain its stability. This means: we need at least one argument in each
such in-set, that is not included in C and that does not co-occur with x in any in-set, i.e. an attack
is theoretically possible without violation of conflict-freeness. In terms of the second condition of
Definition 17: The set S collects all possible attackers of 2 outside of C' and then we check if the
intersection with each in-set where x is not included is non-empty, thus ensuring an attack on z is still
possible.

Example 7. We continue our running Example 1 and consider labelling-set 1L as depicted in Table 1. We
already observed that Cy, = {{d/,V/, '} }. Now, we determine K ritia Yt we therefore have to generate
the sets Si? Yy for each single 2’ € Argsy, \ {d’,V, '} = {a,b,c,x}. Consider the first case: 2’ = a.

Si“/’b/’c/} = {S € Argsp \ ({d,b, Y U{a}) | (s,a) ¢ Pairs]LI}
= {S e {b,c,z} | (s,a) ¢ Pairslz} = {z}

By symmetry, we obtain Séa/’b/’c/} = {z} and glatbhe} - {z}. For these first three sets it is easy to see
that S N E = () for all E € 1! since x is not included in any in-set. Thus neither a, b nor c are critical
candidates. However, in case of ' = = we get S’ia/’bl’d} = {a,b,c}. We observe that the second item
of Definition 17 is fulfilled by Sia/’b/’cl} only. More precisely, in every in-set E' € 1! at least one of the

. . L {a’ b
arguments a, b or c is contained. In summary, we have Kmt;[‘;a bt {z}.

In order to realize labelling sets with additional candidate sets, we take our standard construction
F['* as a starting point. By Corollary 10 we already know that . C L, (F**). Thus, we might have to
get rid of additional stable labellings. In Theorem 13 we will formally show that this procedure is valid.
Consider the following example.



Example 8 (Example 1 cont.). Given the labelling-set IL from our running example (Table 1). We already
know Cr, = {{d’, V', '} }. We use the standard construction F{'* from Proposition 8.

e O
OZoMgNCEC

We observe (Lo (F?))! = LI U CL. The attacks (d,z), (V/,z) and (¢, x) turn {a’,V/, '} into an
unwanted stable set. In fact, already one of them would have this effect. It is easy to verify that by removing
these attacks we render {a’,b', '} unstable while not violating the stability of the other desired stable
in-sets.

The example shows we cannot just use the construction of the case without candidate-sets as is.
Although the construction does not yield an exact AF for the labellings set, we nevertheless obtain an
AF where . C Ly, (F**) (with the addition of the candidate sets) and the witnessing AF for L is a
subgraph of F**. We will show later on, that there always exists a witnessing AF that is a subgraph of
F**: More precisely every witnessing AF can be transformed into a subgraph of F{** via semantically
neutral modifications. Thus validating our method in general. This leads us to the question, which
attacks can be removed from F}'* without violating the stability of the desired stable labellings?

The solution of just removing all attacks from the candidate set towards its critical candidates does
not work in general. The following example shows some of the difficulties that can occur and indeed
why these arguments are only called critical candidates.

Example 9. Given the following labelling-set L.

L |1 0 u
Ly | {a,b,c} | {d,V,c,z,y} | {} e

Ly | {a,V,c} | {db,c o0} | GOS0 (=)
L4 {al7b7c} {a,b’,c’,x,y} {} @ @

L5 {aab/7cl} {a’laba C,.T),y} {}
L6 {a/7b7 Cl} {avb/acvxvy} {}
L7 | {d,V,c} | {a,b,c,z,y} | {} @

We will leave it to the reader to check that Cy, = {C1,Cs} = {{d',V,'},{a,b,c}} and Km't]fl =
Krit]g2 = {z,y}. We again construct the AF F{*® (as seen above). Cy as well as Cy have the critical
candidates x and y. As we have already seen in the example before, just taking the construction as is, i.e.
not removing any attacks does not work, since then both, C1 and Co would also be stable. However, if we
disallow all attacks on critical candidates from their respective C' (we remove the orange and blue attacks),
then neither x nory get attacked at all, thus rendering all desired labellings unstable. Consequently, we
have to make a decision: we remove the attacks from C towards x and from Cy towards y (remove all blue
attacks) or vice versa (remove all orange attacks), but one of these attack-patterns is necessary to achieve
the desired stable labellings.

The above example shows two decisive points on the way of finding witnessing frameworks.
1. We must balance removing attacks because: On the one hand, we have to remove enough attacks,
s.t. candidate sets are rendered non-stable. On the other hand, we cannot remove too many attacks as
critical candidates have to be rejected (see Lemma 12).
2. We encounter non-deterministic situations: There are cases where a decision becomes necessary
which argument is actually critical for a candidate set. Not only that but these decisions can also be
dependent on each other.

The following lemma shows indeed the necessity of rejecting critical candidates.



Lemma 12. Let L be a labelling-set with | JILY = () and let C € Cy. For any x € K?“itf there exists an
O€elfstzeO.

Proof. Let C € Cp, and = € Krit{. We assume toward a contradiction: = ¢ O for all O € L°. Since
ULY = (), then = € E forall E € L!. Then (z,e) € Pairsy: for all e € Argsy:. Per Definition 15
follows z € C' forall C' € Cp, = (C]Lir \ L7, because of the C-maximality condition of (C]L|r . Hence, in
particular z € C. Thus contradicting x € Krit" since Definition 17 demands z € Argsy, \ C. O

We want to establish that our proposed method of removing attacks from the AF F{** can always be
successful, if the labelling-set L is stable realizable:

Theorem 13. LetL € X _,,. There exists an AF F, s.t. F C F** and Lg,(F) = L.

Proof. Since L is stable realizable there exists F' = (A, R), s.t. L (F) = L. We will show that either
directly F C F- or that there is a modification F' = (A, R') of F, s.t. F' C F and Ly (F) = L.
We immediately know that A = Argsp, = A™. Let (a,b) € R. To show the subgraph relationship
with regards to the attack relation we distinguish the following cases:

(i) a € Argsyr, a # b. From the stability of L we know then that (a,b) ¢ Pairsy:. Furthermore
since U]LU = () it follows: Forall L € L, ifa € L!, then b € LY. Thus b € O, and the
construction of R"*: (a,b) € R".

(i) a =b. Thena ¢ Argsyr since L is stable and thus conflict-free. Moreover a € Argsjo \ Argsy:
given the fact that | JLY = (). Hence (a,a) € R

(iii) @ ¢ Argsp s, a # b. Then a € Argsjo \ Argsps, since LU = (. Hence (a,a) € R™. We now
distinguish two subcases:
(a) (a,a) € R. Then the AF F’ = (A, R') where R' = R\ {(a,b)} has the same stable labellings
as Flie. Lyp(F) = Lop(F') = L since F*¥ = (F')** which even guarantees strong equivalence.
(Proposition 2)
(b) (a,a) ¢ R. Now we have to show that adding this self-loop is a neutral modification regarding
the stable labellings L. Intuitively neither the conflict-freeness of I, since a ¢ I’ nor the attacks
on all outlying arguments are influenced. We will show this formally. Let F'* = (A, R*) where
R* = RU{(a,a)}. We show both inclusion:
Therefore let L € L. We know a € Argsjo \ Argsyr, or, to be more explicit, for each L' € L it
holds that a € (L')© since [ JILY = §. Especially a € L. Thus the inner conflict-freeness is not
violated by adding (a, a), meaning for all b, € L (b,1') ¢ R®. Additionally we know through
the stability that LO = A\ L/, again because of the emptiness of the undecided sets, and for
each ¢ € LO exists b € L’ s.t. (b, c) € R, since we only add a self-loop and do not delete attacks
also (b,c) € R® Thus L € Lyp(F®).
The reverse inclusion is quite similar: Let L € Ly (F®). Then for all b,b" € L' we know
(b,b') ¢ R because of the inner conflict-freeness. Additionally (a,a) € R® and thus a ¢ L7,
with the same reasoning as before a € A\ L! = L©. Hence for all b’ € L! also (b,V') ¢ R.
Furthermore, again because of the stability of L, for all ¢ € LO exists b € L’ st. (b,c) € R®
Then (b,¢) € R and thus L € L.

In summary we have shown the following: We can add a self-loop to all purely out-arguments without
changing the stable labellings as well as delete all outgoing attacks from purely out-arguments (here
we even have strong equivalence). Meaning for the modified AF F°% = (A, R™°?) with R™°¢ =
(RU{(a,a) | a € Argsio \ Argsii})\ {(a,b) | a € Argspo \ Argsp:} it holds that £y, (EF™0%) =
Lsp(F) = L and that F™od C e, O

Example 10. LetL = {({a, b}, {x},{})}. This set is realizable through the AF F'. However, it is easy to
see that I is not a subgraph of F{'®. In the proof of Theorem 13 we have shown that there are two neutral
(in the sense that they do not change the stable labellings) syntactic actions I can take: (a) I can delete



outgoing attacks from purely out-arguments, i.e. © € Argspo \ Argsy: and (b) I can add a self-loop to a
purely out-arguments. We modify F' by applying these operations as often as possible: in our case we can
apply (b) once - adding a self-loop to x and (a) once - deleting the outgoing attack from x towards b. The
resulting AF is indeed a subgraph of F]**:

(@) (@
O »

3.3. Relation to Compact Realizability

A noteworthy consequence concerns compact stable extension realizability, which has remained open
since [13, 7]. In this context, compact means that the argument set of the witnessing AF coincides
exactly with the union of all extensions, admitting no auxiliary arguments; equivalently, in the labelling
setting, every argument appears in the in-set of at least one labelling. Hence each result on stable
labelling realizability would simultaneously resolve compact stable extension realizability. The following
proposition makes the connection precise.

Proposition 14. LetS be an extension-set. S € X¢_ if and only if the labelling-set L = {(E, Argsg \
E,0)| E €S} € T¢,,.

Proof. Let S € ¥ . Then there exists a compact witnessing AF I = (A4, R) with £ (F) = S and
A = Argsg. It follows that L, (F) = L since L = S and ;o LY = 0. For the reverse direction,
assume G = (A’ R') with L (G) = L. By Proposition 1 we get £, (G) = L/ = S. Compactness
follows since A’ = E'U (Argsg \ E) = Argsg for any L € L, so G realizes S compactly. O

4. Conclusion and Related Work

Expressibility is one central issue for knowledge representation formalisms [2]. Dung AFs are well-
studied under extension-based semantics [7, 3]. A characterization for labelling-based semantics has
recently been developed for conflict-free and naive labellings [8]. In this paper we took the next step
and studied realizability for stable labellings.

The central observation is that although stable labellings and stable extensions are closely related
(Proposition 1), the labelling level imposes strictly more structure. The argument set of any witnessing
AF is determined by the labelling-set itself, which, on the one hand, constrains the search space for
witnessing frameworks compared to the extension-based setting. On the other hand, however, it
introduces an inherent non-determinism as in general there is no canonical choice of which attacks to
include and which not. The latter problem is strongly related to so-called candidate sets, i.e. maximal
conflict-free sets which should not turn stable.

In the absence of candidate sets we showed that the classical extension-based conditions incomparability
and tightness of L/ together with | JILY = () turn out to be sufficient as well as necessary. Furthermore
the construction F}** provides a witness. As a further result, Cy, = () characterizes exactly those
labelling-sets admitting a witnessing AF whose stable and naive labellings coincide.

In the presence of candidate sets we introduced so-called critical candidates. These are arguments
associated with a certain candidate set which might serve as a witness for non-stability. As Example 9
shows it is not possible to simply leave all of them unattacked. In some situations a decision must be
made, which is the source of the non-determinism. We established F{'* as an over-approximation for
a witnessing AF. Any witnessing AF can be transformed, via two semantically neutral operations -
adding self-loops to purely out-arguments and deleting their outgoing attacks - into a subgraph of F}**
with identical stable labellings. The general realizability problem thus reduces to the question of which
attacks from each candidate towards their critical candidates in /7' must be removed to obtain a valid
witnessing AF. We leave the exact characterization of this for future work. It will further be interesting
to examine to which extent the results carry over to other semantics such as stage semantics [11].
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