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Abstract

Structural causal models (SCMs) are the default substrate for counterfactual explanation, responsibility, and
causal recourse in the Halpern-Pearl account of actual causation. In SCMs, interventions quantify over arbi-
trary assignments to endogenous variables. However, in socio-technical systems, agent actions (and hence
responsibility) are constrained by procedures, authority, permissions, and coordination requirements. Thus
counterfactual ‘alternatives’ may include states that the relevant agent could not have feasibly executed. We
characterize this intervention—feasibility gap and show how it can yield misplaced responsibility attributions
or infeasible recourse recommendations even when the underlying SCM is descriptively adequate. We propose
a principled restriction of intervention admissibility via Resource-Aware SCMs (R-SCMs). Without abandoning
SCM semantics, we equip models with agent-controlled endogenous variables, enablement predicates evaluated
against the acting agent’s observation, and consumable resources modelled by a partial commutative monoid.
We interpret agent-relative counterfactual feasibility via executable, resource-consuming intervention traces
and prove basic properties of R-SCMs (well-definedness, monotonicity, conservativity under trivial feasibility).
Finally, we prove NP-completeness of the bounded-horizon feasibility decision problem for R-SCMs.
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1. Introduction

Responsibility and recourse questions about modern Al- and software-mediated decision workflows
increasingly arise in socio-technical systems that are governance-oriented in a concrete sense: decision-
making is organized around explicit roles and interfaces, constrained by procedures and policies. These
settings are often audited after the fact, and the question whether an agent ‘could have done otherwise’
is not merely a question about logical possibility; it is a question about what the agent was enabled,
authorized, informed, and resourced to do. This perspective is familiar from bounded rationality [1, 2],
organizational routines [3], and accounts of meaningful human control in safety-critical automation [4].

Pearl-style structural causal models (SCMs), together with the Halpern-Pearl (HP) account of actual
causation and graded responsibility [5, 6, 7], provide the dominant formal bridge from a descriptive
model to counterfactual explanation, responsibility, and recourse. Their intervention operator do(-)
is intentionally liberal: for an endogenous variable X and value x € R(X), do(X=x) is a well-defined
semantic operation on the equations. HP contingencies inherit this freedom, since auxiliary variables
may be fixed to chosen settings to reveal counterfactual dependence. In socio-technical workflows,
however, this language ranges over both genuine control moves and assignments no relevant agent could
execute. We call the resulting mismatch the intervention—feasibility gap. It can support responsibility
claims or recourse recommendations that are formally valid but procedurally impossible, a concern also
visible in work on actionable and intervention-aware recourse [8, 9, 10].

One response is to move to an action-theoretic representation, where preconditions, permissions,
timing, and coordination requirements are part of the action signature. The KR literature offers many
such accounts and bridges to causal reasoning [11, 12, 13, 14, 15, 16]. Our aim is different: we keep the
SCM as the underlying causal substrate and make only the admissibility of counterfactual alternatives

24th International Workshop on Nonmonotonic Reasoning, July 17-19, 2026, Lisbon, Portugal
& pinaki.chakraborty.22@ucl.ac.uk (P. Chakraborty); david.pym@sas.ac.uk (D. Pym); t.caulfield@ucl.ac.uk (T. Caulfield)

© 2026 Copyright for this paper by its authors. Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0).
5


mailto:pinaki.chakraborty.22@ucl.ac.uk
mailto:david.pym@sas.ac.uk
mailto:t.caulfield@ucl.ac.uk
https://creativecommons.org/licenses/by/4.0/deed.en

agent-relative. An agent ‘could have done otherwise’ only when there exists an executable trace of
enabled primitive interventions under that agent’s observation and resources.

The present contribution is best read as a causality-and-action account of admissible counterfactuals
in the Halpern-Pearl paradigm. We introduce Resource-Aware SCMs (R-SCMs), a conservative layer
over SCM semantics for distinguishing formal interventions from alternatives that an agent could
actually realise under procedural and resource constraints. In responsibility attribution and explanation,
this matters because an explanation or recommendation should correspond to an executable procedure:
the means of intervention may be limited, exclusive, or consumed by the attempt itself. A counterfactual
is therefore available to an agent or coalition only when the corresponding controlled interventions
form an enabled, resource-paying trace whose accumulated effect makes the target formula true. A
partial composition operator, together with its induced preorder, is used to represent incompatibility
and minimality.

In Section 2, we situate the approach relative to action-theoretic causation, agency and responsi-
bility logics, resource-bounded ability, and causal recourse. Section 3 gives minimal examples of the
intervention—feasibility gap in responsibility and recourse. Section 4 defines R-SCMs, feasible traces,
coalitional feasibility, and responsibility witnesses. Section 5 proves well-definedness, monotonicity,
conservativity under trivial feasibility, and NP-completeness of bounded-horizon feasible achievement
and prevention. Section 6 concludes with limitations and proof-certificate directions for auditable
feasibility witnesses.

2. Related Work

Our starting point is Pearl’s structural-equations account of causality [5, 17] and the HP framework for
actual causation [6]. The agent-relative stakes are closest to work on responsibility and blame [7, 18],
but our target is not a refinement of HP causation itself. We ask which interventions should be
admissible for an agent when the model is used for responsibility or recourse. Constraint and normality
approaches also restrict counterfactual reasoning. Causal models with constraints rule out impossible
states globally [19], while normality orderings rank candidate contingencies by typicality [20]. R-SCMs
instead require an agent-relative, resource-feasible execution witness.

Action-theoretic accounts make feasibility explicit by construction. Work connecting SCMs to
action languages, independent choice logic, and situation-calculus-style accounts of causation shows
that structural and action-based representations can be related [11, 14, 12, 13]. Related approaches
formalize explanation and achievement causation in action languages and action theory, including
ASP-based implementations [21, 16, 22, 15] and many other recent works which we omit for the sake of
brevity. Bertossi’s ASP-based work on counterfactual explanations for classification similarly allows
domain knowledge to restrict the counterfactual space, including actionable refinements [23]. Unlike
our framework, however, it does not make feasibility a first-class SCM-semantic notion grounded in
agent-relative executable traces, observation, and consumable resources. These frameworks motivate
our treatment of executable alternatives, but they typically begin with an action description whose
preconditions already encode feasibility. We instead start with an SCM and add a restriction principle
for admissible counterfactual antecedents.

Logical theories of responsibility in multi-agent systems commonly take agency primitives such as
choices, strategies, game forms, or STIT-style abilities as basic [24, 25, 26]. Resource-bounded strategic
logics and imperfect-information variants likewise internalize limits on what agents or coalitions can
achieve [27, 28, 29]. R-SCMs provide a complementary SCM-based substrate: the witness for ‘could
have done otherwise’ is an enabled intervention trace with explicit resource consumption. This also
matches the motivation in causal recourse, where arbitrary feature-setting counterfactuals have been
criticized in favor of actionable, intervention-aware recommendations [8, 9, 10]. In our setting, recourse
is evaluated only over traces feasible under the subject’s operative constraints.



3. Failure Modes of Unconstrained Counterfactual Reasoning

In this section, we discuss a couple of concrete issues with SCM-based analyses of responsibility
and recourse. Because do(:) ranges over arbitrary endogenous variable assignments rather than an
agent’s executable options, these can certify those interventions which are infeasible in the actual
situation. Given an SCM M and context u, (M, u#) F ¢ denotes truth in the unique solution, and
(M, 1) ¥ [do(X=x)] ¢ denotes truth in the intervened model. Whether such an intervention corresponds
to something an agent could actually do in the given world is not represented in M by default. We
call an intervention do(X=x) outcome-flipping for an event B if (M, ©) £ B but (M, u) ¥ [do(X=x)] ~B.
The intervention-feasibility gap arises exactly when an outcome-flipping counterfactual is treated
as a legitimate alternative in a responsibility or recourse argument despite being infeasible for the
agent. As mentioned previously, our core theoretical development (Section 4) resolves this by restricting
agent-relative counterfactual reasoning to those witnessed by enabled, resource-consuming execution
traces.

Let A mean an alarm is shown, T that the response window is long enough, H that the human aborts,
and B that a bad outcome occurs: H := AA T and B := —H. Assume (M, ) £ A=1 and (M, u) F T=0,
hence H=0 and B=1 (with H=0 indicating falsity and B=1 indicating that the bad outcome occurs).
Unconstrained counterfactual reasoning permits (M, #) k [do(H=1)] —B, inviting the reading that the
human could have prevented the outcome. But when T=0, setting H=1 does not correspond to any
executable option for the human in that situation: the intervention bypasses the very constraint captured
by the model. A feasibility-aware analysis therefore shifts attention to what fixed T (automation speed,
interface latency, early-warning design) rather than attributing responsibility to a non-existent option.

In causal recourse, a denied subject is given changes that would flip a decision [10, 30, 31]. Let
D :=1[score(X) > 7] be a deterministic decision rule over features X. A standard objective searches
for a small feature move AX such that (M, u) k [do(X := X + AX)](D=1). An outcome-flipping do(-)
antecedent is not a feasible option for the relevant agent, yet is treated as a legitimate recommendation.
This is the intervention—feasibility gap in recourse form: the counterfactual is well-defined, indeed
outcome-flipping for D, yet it does not correspond to any executable plan for the relevant agent.
These examples motivate the conservative move of the next section. To reiterate, we keep the SCM’s
underlying structure intact, but restrict agent-relative counterfactual reasoning to those witnessed by
enabled procedures.

4. A Resource-Aware Semantics for Feasible Counterfactual Reasoning

We take a procedural view of counterfactual alternatives: an agent ‘could have done otherwise’ only if
there exists a concrete sequence of enabled actions that the agent could execute in the given situation,
echoing Simon’s emphasis on bounded rationality [1]. The underlying SCM semantics is unchanged:
only the admissible counterfactual alternatives for agent-relative queries are restricted.

4.1. SCMs and Interventions

We assume deterministic acyclic structural causal models (SCMs). An SCM is a tuple M = (U, V, R, F),
where U" are exogenous variables (contexts), V endogenous variables, R gives finite ranges, and
F = {fv}vep assigns each V € V a structural equation V := fy(Pa(V), [7) Here Pa(V) C Y\ {V}
denotes the (endogenous) parents of V, i.e., the set of variables on which fy depends. Equivalently,
Pa(V) are the incoming neighbours of V in the acyclic directed causal graph induced by F. A context is
an assignment i to U'. We write U for the exogenous-variable tuple and # for a particular valuation.
For each context u, acyclicity implies a unique endogenous valuation, written Sol v(#).

An intervention map is a finite partial function I : V — (Jyep R(X), with I(X) € R(X), when
defined. Let M be the intervened SCM obtained by replacing, for each X € dom([), the structural
equation for X by the constant equation X := I(X), leaving all other structural equations unchanged.
We write (M, i) F [do(I)] ¢ to denote that ¢ is satisfied under the valuation Soly, (). We fix a finite



set of agents A = {1,..., n}. The remaining definitions in this subsection add an operational layer to
this standard SCM notation. Resource frames describe what can be spent or combined, cumulative
intervention maps and states record what has already been done, primitive actions and traces describe
executable procedures, and the final modality connects such procedures back to ordinary truth in
intervened SCMs.

Definition 1 (Resource frame and residual). A resource frame is a partial commutative monoid R =
(T,®,e), where T is a set of resources, ® is a partial binary operation on T, and e € T is a unit. We write
t ® t’ | when the composition is defined and t ® ' 1 otherwise. We require the following partial-monoid
laws:

1. ForeveryteT,e®t ], t®el,ande®t=tQe=1.
2. Foralls,teT,s®t|ifft ® s, and, when defined, s®t =t Q s.
3. Forallr,s,t€eT,(r@s)®t | iffr®(s®t)]|, and when defined, (r® s) @t =r®(s®t).

Undefinedness represents a resource clash, and definedness represents compatibility. The induced
availability preorder is defined by ¢ < t iff there existsr € T suchthatc® r | andc® r = t. When ¢ < t,
any such r is called a residual of paying c from t. If ¢ X t, we also write t > c. O

Intuitively, an element t € 7 can be viewed as a set of tokens representing the resources currently
available, both consumables (e.g., time, budget, effort) that can be spent, and exclusives (e.g., locks,
quorum shares, mutex) that cannot be jointly held or used in conflicting ways. This is the standard
algebraic abstraction used to model consumable and exclusive resources: incompatibility is represented
by partiality. For each agent i € A, we fix a set of controlled variables C; C V, representing endogenous
variables that are, in principle, directly actuated by i. When I is an intervention map with dom(I) C C;,
we call it an i-control intervention.

A trace is interpreted as a sequence of persistent (set-once discipline) overwrites of controlled variables,
and after each trace prefix we evaluate the unique solution of the resulting intervened SCM. Feasibility
is determined by gates: state-dependent predicates that decide whether a primitive action is available
given the current context, resources, and constraints [32]. To avoid an omniscience assumption, gate
predicates may depend on what the acting agent can observe at the current valuation, rather than on
the full valuation itself. This reflects a standard epistemic concern in causal reasoning: causal and
responsibility judgments are often conditioned on the information available to the agent [33].

Concretely, each agent i is equipped with an observation map obs; : [[yep R(V) — O;, where
O; is the set of observations available to agent i; when the current cumulative intervention induces
valuation v, the enablement predicate (gate) for an i-action (Definition 4) is evaluated on observation
0; = obs;(v). In what follows, we omit the subscript (or superscript) whenever it is convenient to do so.
This ensures that feasibility claims used for responsibility attribution are judged against the information
available to the agent. Organizational rules, norms, and contracts are treated uniformly as additional
gate constraints.

The cumulative intervention map is the bookkeeping object for procedural counterfactuals. It records
the persistent assignments made so far, while the set-once condition keeps a trace from rewriting the
same controlled variable multiple times.

Definition 2 (Cumulative intervention map). Let us fix an initial intervention map I and define I := I.
Foreacht €{l,...,m}setl; := I;_; U{X; — x;}. Under the set-once discipline, we have X; ¢ dom(l;_;),
so the union is well-defined. We call I; the cumulative intervention map after t steps. O

A state packages exactly the information needed to decide the next step of a procedure: the fixed
exogenous context, the agents’ remaining resources, and the intervention map accumulated so far. The
associated valuation v} is recomputed from the SCM after the accumulated intervention, so feasibility
decisions can depend on the current causal consequences of earlier actions.



Definition 3 (State). A state is a triple s = (4, p,I) where u is the exogenous context, p : A —> T is
a resource store, and I : | e 4 Ci = Uy R(X) is a finite partial map recording the current cuamulative
intervention on controlled variables. Given I, let M be the intervened SCM obtained by replacing, for
each X € dom(I), the structural equation for X by the constant equation X := I(X), leaving all other
structural equations unchanged. We write vy := Solyy,(u) for the induced endogenous valuation (which is

well-defined for acyclic SCMs). O

Primitive actions are the atomic moves from which executable counterfactual alternatives are built.
They combine control authority (X € C;), a proposed assignment X :=x, a resource requirement, and a
gate predicate that captures context-specific feasibility.

Definition 4 (Primitive action). A primitive action is a pair a = (i,X:=x) withi € A, X € C;, and
x € R(X). In a given R-SCM, each action o' € Act has a resource-token requirement cost(a) € T and
a gate predicate G,i(u, 0, p,I) € {0, 1}, evaluated at context u, the acting agent’s observation o;, the full
resource store p : A — T, and the current cumulative intervention map I. Intuitively, G, = 1 entails both
resource availability and any additional feasibility constraints. We require that if G,i(u, 0;, p,I) = 1, then
cost(a) < p(i). A primitive action ' = (i, X :=x) is enabled at s = (i, p, ), written s k en(@), iff a' € Act
and, letting vy := Soly, (1) and o; := obs;(v;), we have Gi(u, 0;, p,1) = 1 and X ¢ dom(I). O]

The one-step relation gives the operational meaning of an enabled primitive action. Executing an
action both pays its resource cost and extends the cumulative intervention map with the new assignment.

Definition 5 (One-step execution). Let s = (i, p,I) and let a = (j, X :=x) for some j € A. Let us write
U = Solpy, (1) and o := obs;(v). We write s 5 ¢ iff s = (u, p’,1’) and:

1. a € Act and X ¢ dom(I);
2' GO{(&; O>p51) = 1)

3. there exists r € T such that cost(a) ® r | and cost(a) ® r = p(j), with p’(j) = r and p’(£) = p(¢)
forall ¢ # j;

4 I =Tu{X — x}. O

Traces lift one-step execution from single actions to finite procedures. They are the witnesses used
later for claims that an agent could feasibly have achieved or prevented an event.

Definition 6 (Trace). A trace is a finite sequence of actions from Act. Operationally, executing a trace
means applying the one-step transition relation (Definition 5) to its actions in order; after each prefix

ay; - 5 &, the accumulated assignments are recorded in the corresponding cumulative intervention map
(Definition 2). A trace 0 = a1; -+ ; &y, is executable from a state s if there exist states sy, ... , Sy With
(04 - .
so = s such that s,_; — s; foreacht =1, ... ,m. We write s N Sm» and if sm = (U, pm, Im) we write
I, :=1,. O

An R-SCM collects the underlying causal model and the feasibility layer into a single structure. The
structural equations still determine the consequences of interventions, while the action costs and gates
determine which interventions can actually be reached by an agent.

Definition 7 (Resource-Aware SCM). A resource-aware SCM (R-SCM) is a tuple
M = (Ma Aa m: (Ci)iEAa ACta (ObSi)ieA, cost, (GO()O{GACt)

where M is a deterministic acyclic SCM, A is a finite agent set, R = (T, ®, e) is a resource frame, and
C; C V is the set of endogenous variables controlled by agent i. The set Act consists of primitive actions
compatible with these control sets, so that Act C {(i, X :=x) |i € A, X € C;, x € R(X)}. For each agent
i, the observation map obs; : [[yep R(V) — O; specifies the information available to i at a valuation.



The function cost : Act — T assigns resource-token requirements to primitive actions. For each action
a = (i, X :=x) € Act, the gate predicate is G, : Ctx(U") x O; x (A — T) x Int — {0, 1} where Ctx(V") is
the set of exogenous contexts and Int is the set of finite cumulative intervention maps. Thus G,(u, o, p,I)
determines whether a is admissible at context u, acting-agent observation o € O;, resource storep : A — T,
and cumulative intervention map I. g

The feasible-counterfactual modality says that ¢ is feasible for agent i precisely when there is an
executable i-only trace whose accumulated intervention makes ¢ true in the ordinary intervened SCM.

Definition 8 (Feasible-counterfactual modality). Let s = (4, p,I) be a state and let ¢ be an event formula
over endogenous variables. We define (M, s) k (i) iff there exists an executable trace o from s, consisting
only of actions of agent i, such that for some final state s = (ii, p’, I,) we have (M, ii) k ¢. O]

Following Halpern [6], we adopt the standard convention that an event E can be described by
a propositional formula ¢g. We read (i)—¢p as a feasible prevention of event B by i, and (i)y¥/p as
feasible achievement of a desired outcome D by i. The responsibility notion used below refines feasible
prevention by adding actual occurrence and resource-minimality conditions. Trivial feasibility marks
the special case in which the resource-aware layer imposes no real restriction on an agent’s primitive
interventions. It is used below to show this semantics conservatively recovers ordinary interventions
when every controlled primitive action is freely executable.

Definition 9 (Trivial feasibility). We say that feasibility is trivial for agent i iff, for every X € C; and
every x € R(X), the primitive action (i, X :=x) belongs to Act, has cost e, and for every state s = (u, p, )
with X ¢ dom(I), letting U := Solrq, (1) and o := obs;(V), we have G(; x .=y (1, 0,p,I) = 1. d

4.2. Coalitional Feasibility

Many socio-technical alternatives are available only through coordination. Since our primitive notion
of feasibility is procedural (in the sense of witnessed by an executable trace), the minimal multi-agent
extension is to allow traces whose steps are taken by different agents.

Definition 10 (Coalitional feasibility). Let C C A be a coalition. A C-trace is a trace 0 = ay; - ; &y, such
that each action a; = (iy, X;:=x;) € Act hasi, € C. A C-trace o is executable from a state s = (i, p, )
iff there exist states sy, ..., Sy with sy = s such that s;_, iR sy for each t = 1,...,m (Definition 5). If
Sm = (U, pms L), we write I, := I,

For an event formula ¢ over endogenous variables, define the coalitional feasible-counterfactual modality
by (.X/l\, s) E(C)q iff there exists a C-trace o executable from s such that, for some final state s Z (4, p', 1),
we have (M, i) k ¢. We write (i)¢ as shorthand for ({i})¢. O

Here coalitional ability is obtained purely by allowing different agents to take steps in the same
executable procedure. Nothing else changes: resources remain per-agent components of p, feasibility
remains encoded in the gates G,, and gates are still evaluated on the acting agent’s observation
0 = obs;,(v) at each step.

4.3. Responsibility

Definition 11. Fix an R-SCM .X/l\ an initial state sy = (4, p,®), an agent i, and an event formula ¢p
describing event B. For an executable i-trace, define Cost(€) := e and, for t = ay;--; oy, Cost(r) :=
cost(ar1) ® -+ ® cost(ay,). For executable single-agent traces, this product is defined. This follows by
induction from the residual equations in the one-step rule and the partial-monoid associativity law. A trace
0 = ;- ; Oy is a responsibility witness for preventing B by i at sy iff:

1. (Potency) (M, ) k ¢p.

2. (Feasible prevention) o is executable from sy, each a; has the form (i, X; :=x;), and for some final

state sy — (i, Pos I5), we have (M, i) k —¢p.



3. (Token-minimality) There is no executable i-trace o’ from sy such that (Mp,,4) F —¢p and
Cost(c”) < Cost(c), where < is the strict part of the preorder induced by ®.

If no such o exists, then we say that B is not preventable by i at s. O

Responsibility witnesses are evaluated from initial states. Non-empty intervention maps arise only
while executing the counterfactual trace. The definition refines the Halpern-Pearl counterfactual-
dependence clause by restricting the admissible preventing interventions to those reachable by feasible
procedures. Concretely, the Feasible prevention clause in Definition 11 asks for a witness trace ¢
such that s, — (4, pos,1;) and (M, u) k —@p. Its minimality condition is resource-indexed: among
feasible preventing traces, we select those minimal with respect to the preorder induced by ®. A
secondary tie-breaker, such as trace length, may be added among incomparable traces. This matches
responsibility attribution settings in which the salient notion of a smallest change is resource cost rather
than variable-set cardinality.

4.4. Worked Example: k-of-n Pause Switch

We use a k-of-n approval (multisig) pause switch [34, 35] as a running example of a coordination-
dependent alternative. A system can be paused only after approvals from at least k of n designated
parties. No single signer can unilaterally prevent some outcome (called loss), but a sufficiently large
coalition can do so exactly when the procedural constraints remain open.

We fix n > 2 and a threshold k € {2,..., n}. Let E denote that an exploit attempt is underway, let W
denote that the pause proposal window is still open, let Ay, ..., A, denote approvals by signers, let QO
denote that quorum is reached, let P denote that the system is paused in time, and let B denote the loss
event.

Let Ug, Uw, Uy, ..., Ua, be Boolean exogenous variables. Consider the deterministic acyclic SCM
over endogenous variables E, W, Ay, ..., A,,, O, P, B with equations

E := U, W = Uy,

A; 1= Uy, foreachi€{1,...,n},

Q = fo(Ar,.... A folar,...,an) =1[X1, a; > k],
P := fp(E, Q) frle,@) =1le=1nqg=1],

B := f5(E, P) fele,p)=1[e=1Ap=0].

Equivalently, since all variables are Boolean, one may write P := EA Q and B := E A =P as shorthand
for the corresponding deterministic functions. Assume the actual context u satisfies Uz = 1, Uy = 1,
and Uy, = 0 for all i. Hence (M, u) k E=1, W=1, and A;=0 for all i, and therefore Q=0, P=0, and B=1.

For each signer i € {1, ..., n}, we introduce an agent i with C; = {A;}: signer i can submit, at most
once, an approval action &' := (i, A; :=1). Unconstrained counterfactual reasoning quantifies over all
endogenous variables, so one may intervene on variables such as P or Q. In our running context u we
have (M, #) F E=1 and hence (M, ) F B=1. Under an intervention that flips P, the loss is prevented
(M, u) k [do(P=1)] (B=0).

Moreover, under the same standing assumption (M, u) k E=1, flipping Q also prevents loss, since
P := fp(E, Q) yields P=1 when E=1 and Q=1 (M, &) k [do(Q=1)] (B=0). These interventions are
legitimate SCM interventions, but they do not represent executable options: neither P nor Q is controlled
by any signer.

For each signer i, assume the observation map reveals whether the pause window is open obs;(v) =
u(W). Thus the observation space is @; = {0, 1}, and 0; = 1 means that signer i observes the pause
proposal as still live. The approval action is enabled exactly when the signer observes the window to be
open and has sufficient resources: G,i(i, 0;, p,I) = 1iff 0; = 1 and cost(a’) < p(i). Here o; = obs;(v;)
and v; = Solyy, (). Let the initial state be s = (1, p, ®). Since Uy = 1 in the running context, the initial
valuation vy := Sol (1) satisfies vo(W) = 1.



We fix a signer i. Under the set-once discipline, an i-trace can write only A;, and it can do so at
most once. Thus in any intervened model reachable by an executable i-trace we have }.7_; A; < 1,

hence Q = 0, P = 0, and therefore B = 1 whenever k > 1. Consequently, for k > 1, (.K/l\, s) ¥ (i) -B.
This formalizes the intended no-unilateral-pause property: the loss outcome is not preventable by any
single signer. Now let C C {1, ..., n} be a coalition with |C| > k. Assume each signer in C has sufficient
resources for a single approval.

Since no action writes W, and since Uy = 1 in the running context, every gate check along the
relevant execution observes o; = 1. Let us pick distinct iy, ..., i € C and consider the set-once coalition
trace oc := (i1, Aj, :=1); - ; (ix, Aj, :=1). If o is executable from s, then in the resulting intervened
model we have Z?:l Aj >k, hence Q = 1, P = 1since E = 1, and therefore B = 0. Thus (.X/l\, s) E{C)-B.
If instead the context satisfies Uy, = 0, then every induced valuation has W = 0, every signer observes

0; = 0, and no approval action is enabled. Hence (M, s) ¥ (C) B for every coalition C.

5. Metatheory: Basic Properties

This section establishes the basic metatheory for the feasible-counterfactual semantics. Lemma 1
validates that trace evaluation is coherent (acyclic SCMs yield unique valuations under accumulated
interventions) and, crucially, that the set-once discipline induces an intrinsic horizon bound: an agent
or coalition cannot act more times than there are unwritten controlled variables available. Lemma 2
confirms that the coalitional modality behaves monotonically: enlarging a coalition cannot reduce
its feasible options. Lemma 3 and Corollary 1 establish a robustness principle: enlarging an agent’s
resource endowment cannot eliminate an option that was already feasible. Theorem 1 is a conservativity
result. Under the trivial-feasibility conditions for agent i, where every i-action is enabled whenever its
target variable is still unwritten and all such actions have neutral cost, feasible achievement corresponds
to existence of an ordinary SCM intervention over a subset of endogenous variables controlled by i.
Finally, we conclude with an NP-complete result for bounded-horizon feasibility (Theorem 2), which
reflects that witnesses are short and checkable. Throughout we fix a deterministic acyclic R-SCM M as
in Section 4.

Lemma 1. Let s = (u, p,I) be a state.

1. Soly, (4) exists and is unique.

2. Ifs Z sm for some final state sy, = (U, pm, L), then I, is uniquely determined by s and o.

3. If o is an executable i-trace from s (i.e., every action in o is of the form (i, X :=x)), then || <
|C; \ dom(I)|. More generally, if o is an executable C-trace from s then |o| < |Cc \ dom(I)| where

Proof sketch. By assumption, M is deterministic and acyclic, and so, M; preserves acyclicity and
determinism, and admits a unique solution in u. Let us write ¢ = ay; ;& with a; = (i, X; :=xy).

By the set-once discipline condition in Definition 5, each step satisfies X; ¢ dom(I;_;). Hence the
cumulative update I; := I;_; U {X; — x;} is well-defined and depends only on the previous map and
a;. It can be shown, by induction on ¢, that I; is uniquely determined by the initial I and the prefix
ai; - ; ap, and therefore I, = I is uniquely determined by s and o.

Let o be an executable i-trace from s = (4, p, I). Each action in ¢ sets some X € C;, and by set-once
condition we never write the same controlled variable twice and never write a variable already in
dom(I). Thus there exists an injection from the set of actions in o to the set C; \ dom(I), and so,
o] < |Ci \ dom(I)|. The coalitional case is identical, with Cc :=J;ec C;- O

Lemma 2 (Coalition monotonicity). Let C C C’ C A. For any state s and event formula ¢, if (M\, s) F
(C)o then (M, s) E(C")o.



Proof. Assume (.K/l\, s) E(C)@. Then there exists an executable trace o = a1 ; - ; &, from s such that
each a; = (ji, X; :=x;) has j; € C and, for some final state s — (ii, po, ), we have (My,, 4) k ¢. Since
C C C’, every acting agent j; also lies in C’, so the same o is a C’-trace and witnesses (M, s) F (C")p. [

To show that if an alternative was feasible for an agent, then granting them additional budget or
time or privilege should not invalidate it, we compare states that agree on context and accumulated
interventions, and differ only in the acting agent’s resource component.

Definition 12 (Monotone gates). Fix an agent i. For stores p,p’ : A — T, write p <; p’ iff p(j) = p’(j)
forall j # i and p(i) X p’(i), where <X is the availability preorder induced by ® (Definition 1). For states
s = (u,p,I) and s" = (u,p’,I) with the same (u,1), write s <; s iff p <; p’. We say the gates are

monotone in the acting agent’s resources if for every a = (i, X :=x) € Act and all states s <; §’, letting
v 1= Solpy, (1) and o := obs;(v), we have, if Go(u, 0, p,I) = 1 then Go(u, 0, p’, 1) = 1. O

Lemma 3. Assume gates are monotone in the acting agent’s resources (Definition 12). Fix an agent i
and states s = (u,p,I) and s’ = (u,p’,I) with s <; s’. Let 0 = ay; - ; &, be an i-trace (i.e., each
ar = (i, Xs :=x2)). If s = (i, , 1), then there exists a store i’ such that s’ — (ii, 1/, I).

Proof. We prove the claim by induction on the length m := |o|. The base case is when m = 0. Then
oc=cand s > s.So I, = I and we may take n/ = p/, giving ' — (i, p’, 1) = (i, 1/, I,).

The inductive step is as follows. Write 0 = a; r where @ = (i, X :=x) and 7 is an i-trace. Assume
s = s;and §; — (4, n,I,), where s; = (4, p1, I;). By Definition 5, we show that « is also executable from
s’. Since o is a trace, @ € Act, and since s <; 5", we have p(j) = p/(j) for all j # i and p(i) < p’(i). Hence
there exists d € T such that p(i) ® d | and p’(i) = p(i) ® d. Let ¢ := cost(a). Because « is executable
from s, there exists r € T such that c®r | and p(i) = c®r. Therefore p’(i) = p(i)®d = (c®r)®d. Since
(c®r)®d is defined, associativity with definedness produces r®d |, c®(r®d) |, (c®r)®d = c®(r®d).
Thus p’(i) = ¢ ® (r ® d). So ¢ X p’(i), with residual ' := r ® d. Hence a’s resource cost is payable
from p’(i).

Let v := Soly, (1) and o := obs;(¥). Since s 2, s, Definition 5 gives X ¢ dom(I) and G,(u, 0, p,I) =
1. Because s and s’ have the same intervention map I, the condition X ¢ dom(I) also holds for s’.
Moreover, by monotonicity of gates, G,(4, 0, p,I) = 1implies G,(u, 0, p’,I) = 1. Hence G,(u, 0, p’,I) =
1. Therefore, by Definition 5, there exists a successor state s| = (4, p{, I;) with I; = TU{X — x}, p1(i) = 7/,
and p{(j) = p’(j) for all j # i.

Moreover, the original execution of « from s leaves residual r for agent i, so p;(i) = r. The execution
of a from s” leaves residual ' := r® d, so pj(i) = r’. Since r® d | and r’ = r ® d, we have r < r’.
Hence p;(i) < p1(i). For every j # i, the one-step execution of « leaves agent j’s resource component
unchanged. Hence p;(j) = p(j) and p{(j) = p’(j). Since s X; s’, we have p(j) = p’(j) for all j # i.
Therefore p;(j) = pj(j) for all j # i. The successor states s; and s] also have the same context # and
the same intervention map I;. Therefore s; <; s/.

Now we apply the induction hypothesis to the suffix trace 7 from s; <; s]. Since s; N 1, 1), there

exists a store 1’ such that s/ S (4, 1’,1,). Finally, composing the step for a with the execution of 7

. a T . c .
gives s’ — s| = (4,71, 1,),i.e,s" — (4,1,1,) as required. O

Corollary 1. Assume gates are monotone in the acting agent’s resources (Definition 12). Let s <; s’. For

every event formula ¢, lf(./(/l\, s) E (i)q, then (M, s) k (D)o.

Proof. Assume (.K/l\, s) E (i)¢. Then there exists an i-trace o such that s 5 (4, n,I;) and (M, i) F ¢.
By Lemma 3, since s <; s’ there exists #’ with s' > (i, 1/, I,). It follows that (M , ) F ¢. Hence
(M, ") E(i)o. O

The following theorem shows that when feasibility is trivial for agent i, the feasible-counterfactual
modality collapses to ordinary SCM intervention over endogenous variables that are controlled by i.
Under trivial feasibility for i, the formula (i) holds exactly when ¢ is true under some intervention
map J with dom(J) C C;.



Theorem 1. Assume M satisfies trivial feasibility (Definition 9) for agent i. Then for every state s =
(4, p, @) and every event formula ¢, (M, s) k (i)¢ iff there exists ] withdom(J) C C; such that (M, u) k ¢.
Moreover, any such J can be witnessed by an executable trace that assigns each X € dom(J) exactly once.

Proof. Letus fix s = (i, p, @) and an event formula ¢. Assume (.X/l\, s) E (i)¢. By Definition 8, there exists
an executable trace o = ay; - ; ap, from s such that every a; has the form (i, X; :=x;) with X; € C;, and,
for some final state s — (4, PosI5), we have (M, u4) k ¢. Let J := I,. Therefore, every assignment
recorded in J targets a variable in C;, hence dom(J) C C;, and so, J is an i-control intervention. Moreover,
we have (M}, 1) k ¢. This proves the forward implication.

In the other direction, assume there exists an intervention map J with dom(J) € C; such that
(My, 1) k ¢. Let us enumerate dom(J) = {Xi, ..., X} (with no repetition) and define the trace o :=
(1, X1:=J(X1)); =5 (i, X :=J(X)). We show that o is executable from s and that its cumulative
intervention map is I, = J.

Define Iy := @ and I; := I;_; U{X; — J(X;)}for t = 1,...,m as in Definition 2. Since all X; are
distinct and Iy = @, we have X; ¢ dom(l;_;) at each step, so set-once discipline is respected. We now
prove by induction on t € {1, ..., m} that the ¢-th action is executable from the state reached after the
prefix of length t — 1. Let s;—; = (4, ps—1, I;—1) be the state reached after executing the first ¢ — 1 actions
(with sy = s). Consider a; = (i, X; :=J(X;)). By trivial feasibility, since X; € C; and J(X;) € R(X,),
we have a; € Act and cost(a;) = e. To apply the one-step rule (Definition 5) it suffices to check that
X; ¢ dom(l;_,) and that G, (4, 0,1, pi—1, I;—1) = 1. The first condition holds by construction.

Let 0,4 := Solu,, (u) and 0;_; := obs;(v;—1) as in Definition 5. By Definition 9 applied to i in M,
and since X; ¢ dom(J;_;), we have G, (4, 0t—1, pt—1, [;1—1) = 1. By Definition 1, e ® p;—1(i) is defined and
equals p;_1(i). Hence taking r; := p,_1(i) suffices, and the updated store satisfies p;(i) = r; = p;—1(i),
while p;(j) = p;—1(j) for j # i. Thus s;_; iR s; for some s; = (4, py, I;) with I; = I,_; U{X; — J(X)}.
Therefore o is executable from s, i.e., s — (t, pms> Im).

It remains to identify the final intervention map. By construction, I, assigns exactly the variables
in {Xi, ..., X;»} = dom(J), and for each such variable X; we have I,,(X;) = J(X;). Hence we can take
I, = I, = J. Finally, since (M, 4) F ¢, we have (M, u) F ¢. By the definition of the Feasible-
counterfactual modality (Definition 8), this witnesses (.X/t\, s) E(i)o. O

Definition 13 (Bounded-horizon feasibility). Let ¢ be an event formula, let C C A be a coalition, and
let k € IN be given in unary. The problem BOUNDEDFEASIBILITY asks whether, from the initial state
so = (1, p, @), there exists a C-trace 6 = a1 ; - ; &y, withm < k such that o is executable from s, and, for
some final state s, Zs (4, po, 1), we have My, u) k o. d

We specify k in unary in the bounded-horizon reachability problem: a YES certificate is a trace of
length at most k, so unary k makes the certificate size polynomial in the input. The interested reader
may consult Chapter 5 of [6] and [36, 37] for a discussion of computational complexity results for the
Halpern-Pearl framework. We follow [36] for proving Theorem 2.

Theorem 2 (Bounded-horizon feasibility is NP-complete). Assume that all endogenous variables have
finite domains and that M is acyclic. Assume that R-SCM instances are given by finite, polynomial-size
descriptions. In particular, variable domains, actions, resource objects, stores, contexts, observation values,
and event formulae have polynomial-size encodings. Membership in Act and in the control sets C; is
decidable in polynomial time, and the structural functions, observation maps, cost function, gate predicates,
resource-composition checks, and event-formula evaluation are all polynomial-time computable under
these encodings. Given c,r,t € T, one can decide whether ¢ ® r | and whether ¢ @ r = t. With k given in
unary, BOUNDEDFEASIBILITY is NP-complete. O

Proof. We first show that BOUNDEDFEASIBILITY € NP. A nondeterministic certificate consists of ¢ =
ai; - am, and po, p1, ..., pm Where m < k, py = p, and each p; is a resource store. Since k is given in
unary and all action names and resource objects have polynomial-size encodings, this certificate has



polynomial size. The verifier checks executability step by step. It first checks that every p; is a well-
formed encoded store assigning a resource object to each agent. Set Iy := @. Foreach t =0,...,m — 1,
write @1 = (ir+1, Xi+1 :=xp41). The verifier first checks that a4 € Act, that i,y € C, that X;4; € G,
that x;4; € R(X;41), and that X;,; ¢ dom(I;). It then computes the unique valuation v; = Solq,, (i) by
evaluating the acyclic structural equations in topological order. This is polynomial time because the
SCM is acyclic and each fy is polynomial-time evaluable. It computes o; := obs;,,, (v;) and checks the
gate condition Gg,,, (4, 04, p1,I;) = 1. It remains to verify that the resource update is legitimate. Let
cr+1 = cost(a41). The verifier checks that all non-acting agents’ stores are unchanged p;+1(j) = p:())
for all j # i;41. It then checks that the acting agent’s next store is a valid residual ¢;11 ® pr1(is+1) |
and ¢;+1 ® pr+1(it+1) = pe(iz+1). This is polynomial time by assumption. Also, non-uniqueness of
residuals is harmless because the residual store is part of the certificate. Finally, the verifier updates
Iiy1 := I; U{Xi1 = Xy11}. After all m steps, it computes U, = Soluy, () and checks whether v, F ¢,
equivalently whether (M, , #)  ¢. All checks are polynomial time, hence BOUNDEDFEASIBILITY € NP.

For NP-hardness, we reduce SAT to BOUNDEDFEASIBILITY. Let / be a CNF formula over propositional
variables xi, ..., x,. We construct, in polynomial time, an instance of BOUNDEDFEASIBILITY that is a
YES-instance iff i is satisfiable. Define a Boolean acyclic SCM with endogenous variables Xj, ..., X, Y
and ranges R(X;) = R(Y) = {0,1}. We use the unique empty context . For each j, set X; := 0,
and Y := ¢(Xy,..., X,), where ¢ is evaluated as the Boolean function obtained by interpreting each
propositional variable x; as the endogenous variable X;. The graph is acyclic, since each X; has no
endogenous parents and Y depends only on Xj, ..., X,,. Now add one agent i with C; = {Xi, ..., X,,}. For
every j € {1,...,n}and b € {0,1}, include the primitive action (i, X;:=b) in Act. Let the coalition be
C ={i}.

We use the trivial one-object resource frame 7 = {e}, and e ® e = e. Set cost(a) = e for every action
@, and take the initial store p(i) = e. Let O; = {00} and define the observation map by obs;(v) = oy for
all valuations v. Define every gate to be always open G, (i, 0y, p, I) = 1 for all contexts u, stores p, and
cumulative intervention maps I. The set-once condition is still enforced by the one-step execution rule.

The initial state is therefore the full state triple sy = (g, p, ®). Set the goal formula to ¢ = (Y = 1),
and set the horizon to k := n. Suppose first that ¢/ is satisfiable. Let ay, ..., a, € {0, 1} be a satisfying
assignment. Consider the trace o := (i, Xj:=ay);-; (i, X, :=a,). Every step is executable as each
target variable is controlled by i, each variable is written at most once, every gate is open, and every
cost is neutral. The final cumulative intervention map satisfies I,(X;) = a; for every j. Hence, in
the intervened model M;_, Y = ¥/(ay, ..., a,) = 1. Thus (M, ip) k ¢, so the constructed feasibility
instance is a YES-instance.

Conversely, suppose the constructed feasibility instance is a YES-instance. Then there is an executable
C-trace o of length at most n such that, for its final cumulative intervention map I, (M, ug) k (Y = 1).
Define a Boolean assignment ay, ..., a, by a; := I,(X;),if X; € dom(I,), and a; := 0. This is well-defined
because the set-once condition prevents any X; from being assigned twice along an executable trace.
For every j, the value of Xj in Solu,, (ip) is exactly a;. Here, intervened variables take their intervened
values, and unintervened variables retain their structural default value 0. Since Y := ¥/(Xj,..., X;;) and
the final valuation satisfies Y = 1, we obtain /(ay, ..., a,) = 1. Thus ¢ is satisfiable.

The construction is polynomial in [¢/|, and k = n is unary-encoded. Therefore SAT <,
BoUNDEDFEASIBILITY, SO0 BOUNDEDFEASIBILITY is NP-hard. Together with membership in NP, this
proves that BOUNDEDFEASIBILITY is NP-complete. O

6. Conclusion

We have characterized an intervention—feasibility gap in the Halpern-Pearl (HP) account of actual
causation. The proposed R-SCMs (Definition 7) address this by preserving standard SCM intervention
semantics while restricting agent-relative alternatives. The resulting semantics separates causal dynam-
ics from procedural feasibility. The dynamics layer remains ordinary Halpern-Pearl evaluation in the
intervened model M, while the feasibility layer is a labelled transition system over states (u, p, ). We



focus on deterministic acyclic SCMs and bounded traces to keep counterfactual evaluation unambiguous
and obtain crisp complexity bounds, in particular, NP-completeness of bounded-horizon feasibility.

The resource component is substructural in a minimal semantic sense: feasibility is tracked in a partial
commutative monoid (7, ®, e), so resources compose and exclusivity is enforced by the partiality of ®
which is closely aligned with the partial-commutative-monoid semantics used to model disjointness in
BI (the logic of bunched implications) and separation-logic semantics [38, 39, 40, 41].

In consequence, (M, s) (C)¢ is witnessed by an explicit executable trace o such that (M, @) k ¢.
We hypothesize that a Bl-inspired system [38, 40, 41] can internalize this as a two-context judgment
with a structural fact context and a substructural resource store. It also suggests a lightweight tooling
path in which feasibility and preventability claims are accompanied by machine-checkable certificates
that can be verified independently as auditable artifacts or synthesized via SAT/SMT back-ends. This
aligns with interface-level systems modelling where procedures and controls are viewed as explicit
design elements [42, 43]. Other possible extensions include richer resource algebras for shared or
global exclusives, non-commutative composition for ordered workflows, and epistemic or probabilistic
feasibility constraints.
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