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Abstract
Input/Output (I/O) logic provides a flexible framework for representing conditional norms without reducing them
to truth-functional implications. Among its variants, constrained Input/Output logic refines the applicability
of norms by introducing constraints that limit when obligations may be detached, enabling a fine-grained account
of defeasible normative reasoning. In this paper, we present a formal embedding of I/O logic in Higher-Order
Logic (HOL), building on the algebraic approach based on subordination structures and slanted algebras. The
embedding is based on the algebraic characterization of input/output operations with intermediate translations
into slanted modal algebras. We formalize constrained input/output operations within the algebraic framework
and embed them in HOL. We then implement the translation in the Isabelle/HOL proof assistant, enabling
automated reasoning within the system. Our approach generalizes previous embeddings of I/O logics and provides
a foundation for the analysis and verification of defeasible normative systems.
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1. Introduction

Normative reasoning plays a central role in the formal analysis of rule-based systems, including legal
frameworks, multi-agent systems, and AI-based decision-making [41, 13]. Input/Output (I/O) logic,
introduced byMakinson and van der Torre, provides awell-established framework for representing norms
as conditional rules that associate inputs with outputs [29, 33]. In contrast to classical implication, norms
in I/O logic are not treated as truth-functional statements, but rather as devices for generating obligations,
permissions, or recommendations from given factual situations [29, 28]. This non-truth-functional
perspective enables a more faithful representation of normative reasoning, particularly in contexts
involving defeasibility and context sensitivity.
To address limitations of the basic framework, several variants of Input/Output logic have been

proposed that refine the applicability of norms [33, 40, 23]. In particular, constrained Input/Output
logic, introduced by Makinson and van der Torre [30], extends the standard setting by incorporating
constraints that restrict the conditions under which norms may be applied. These constraints restrict
the detachment of normative conclusions, thereby preventing inappropriate or unintended outputs. As
a result, constrained I/O logic supports a more fine-grained account of normative reasoning, capturing
context-sensitive behavior, exceptions, and controlled forms of defeasibility [30, 34].

Despite its conceptual importance, constrained Input/Output logic has largely remained at an abstract
and meta-theoretical level. In particular, there is a lack of formal embeddings that support mechanized
reasoning and the verification of its properties. This gap limits its applicability in areas such as formal
verification, explainable AI, and the design of normative multi-agent systems [10, 13]. Moreover, while
existing infrastructures such as the LogiKEy framework provide powerful tool support for formalizing
and automating normative reasoning in Higher-Order Logic (HOL) [5, 10], constrained variants of I/O
logic have not yet been fully integrated into this setting.

In this paper, we address this gap by providing a formal embedding of I/O logic inHOL, based on its alge-
braic semantics, and subsequently extending this embedding to constrained Input/Output logic. Building

24th International Workshop on Nonmonotonic Reasoning, July 17–19, 2026, Lisbon, Portugal
Envelope-Open farjami110@gmail.com (A. Farjami); luca.pasetto@uni.lu (L. Pasetto)

© 2026 Copyright for this paper by its authors. Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0).

CEUR
Workshop
Proceedings

ceur-ws.org
ISSN 1613-0073

published 2026-08-16

mailto:farjami110@gmail.com
mailto:luca.pasetto@uni.lu
https://creativecommons.org/licenses/by/4.0/deed.en


on prior work on the algebraic characterization of I/O logic [18, 16] (see Proposition 2.2) and existing em-
beddings of standard I/O logic in HOL [6], we first develop a faithful HOL representation of input/output
operations. We then extend this formalization to capture constrained output operations, thereby accom-
modating restrictions on the detachment of normative conclusions. Our approach is developedwithin the
LogiKEymethodology, enabling a uniformand expressive environment for combining logical systems and
supporting normative reasoning tasks. The resulting embedding provides a precise, machine-checkable
semantics and facilitates automated reasoning in proof assistants such as Isabelle/HOL [31].
A key aspect of our approach is the use of algebraic semantics as an intermediate layer in the

embedding. Algebraic structures, such as subordination algebras and related frameworks, provide a
uniform and compositional account of input/output operations [18, 16, 15]. This algebraic perspective
is crucial in our setting: it allows us to first obtain a modular and structurally transparent embedding of
standard I/O logic, and then systematically extend it to the constrained case. In particular, constraints on
the applicability of norms can be naturally represented at the algebraic level and subsequently transferred
to their HOL counterparts. This layered approach serves as a bridge between the abstract theory of I/O
logic and its formal realization in HOL within the LogiKEy framework, ensuring both faithfulness to
the underlying semantics and suitability for mechanization and automated reasoning.
The main contributions of this paper are threefold. First, we provide a formal embedding of

Input/Output logic in Higher-Order Logic based on its algebraic modal semantics, yielding a faithful
and compositional representation of input/output operations. Second, we systematically extend this
embedding to constrained Input/Output logic [30], formalizingmaxfamilies, outfamilies, and constrained
output operators within the same algebraic framework. This extension constitutes the main novelty of
the present work, as previous HOL embeddings focused exclusively on unconstrained output operations.
Third, we implement the resulting formalization within the LogiKEy methodology [10, 5], thereby
enabling mechanized reasoning and verification of constrained normative systems in Isabelle/HOL [31].
Together, these results establish a uniform pipeline from algebraic semantics to machine-checked

reasoning. In contrast to previous HOL embeddings [6], which relied on separate modal encodings for dif-
ferent output operations, the present approach exploits the algebraic characterization of output operators
(Proposition 2.2) as a common semantic layer. This yields a modular architecture in which both uncon-
strained and constrained I/O systems can be represented and reasoned about within a single framework.

The remainder of the paper is structured as follows. Section 2 reviews unconstrained and constrained
I/O logic and recalls the algebraic perspective underlying our approach. Section 3 describes the LogiKEy
methodology and classical Higher-Order Logic (HOL). Section 4 presents the shallow semantical embed-
ding inHOL. Sections 5 and 6 describe the Isabelle/HOL implementation of unconstrained and constrained
I/O logics, including the Chisholm example. Section 7 discusses related work, and Section 8 concludes.

2. Background

2.1. Input/Output Logic

We recall the standard definition of Input/Output logic, following [29, 33] and our previous work [16]. Let
ℒ =(Fm,⊢), s.t. Fm is the language of classical propositional logic over a given (denumerable) set Prop
of proposition variables, and ⊢⊆𝒫 (Fm)×Fm is the entailment relation of classical propositional logic.
Throughout this paper, formulas, i.e. elements in Fmwill be denoted by lowercase Greek letters, and sets
of formulas by uppercase Greek letters. For any Γ⊆Fm, let 𝐶𝑛(Γ)∶={𝜑∈Fm ∣ Γ⊢𝜑}. A normative system
onℒ is a relation𝑁 ⊆Fm×Fm, the elements (𝛼,𝜑) of which are called conditional norms (or obligations).
For any Γ ⊆ Fm, let 𝑁(Γ) ∶= {𝜓 ∣ ∃𝛼(𝛼 ∈ Γ & (𝛼,𝜓 ) ∈ 𝑁)}. An Input/Output logic is a tuple 𝕃= (ℒ,𝑁 )

s.t.ℒ is a classical propositional logic, and𝑁 is a normative system onℒ.
For any Input/Output logic 𝕃=(ℒ,𝑁 ), and each 1≤ 𝑖≤4, the output operation 𝑜𝑢𝑡𝑖(𝑁 ) is defined as

follows: for any Γ⊆Fm,

𝑜𝑢𝑡𝑖(𝑁 ,Γ)∶=𝑁𝑖(Γ)={𝜓 ∈Fm ∣ ∃𝛼(𝛼 ∈Γ & (𝛼,𝜓 )∈𝑁𝑖)}



where𝑁𝑖⊆Fm×Fm is the closure of𝑁 under (i.e. the smallest extension of𝑁 satisfying) the inference rules
below, as specified in Table 1.

(⊤,⊤) (⊤) (⊥,⊥) (⊥)
(𝛼,𝜑) 𝛽 ⊢𝛼

(𝛽,𝜑) (SI)
(𝛼,𝜑) 𝜑⊢𝜓

(𝛼,𝜓 ) (WO)

(𝛼,𝜑) (𝛼,𝜓 )
(𝛼,𝜑∧𝜓) (AND)

(𝛼,𝜑) (𝛽,𝜑)
(𝛼∨𝛽,𝜑) (OR)

(𝛼,𝜑) (𝛼∧𝜑,𝜓 )
(𝛼,𝜓 ) (CT)

𝑁𝑖 Rules
𝑁1 (⊤),(SI),(WO),(AND)
𝑁2 (⊤),(SI),(WO),(AND),(OR)
𝑁3 (⊤),(SI),(WO),(AND),(CT)
𝑁4 (⊤),(SI),(WO),(AND),(OR),(CT)

Table 1: Closures of normative systems

2.2. Constrained Input/Output Logic

In the original approach proposed byMakinson and van der Torre [30], the contrary-to-duty problem
is resolved according to the maxfamily of norms in which the output is consistent with some constraint.
A set of formulas𝐴 is consistent with 𝐶 iff 𝐶𝑛(𝐴∪𝐶)≠Fm.

Definition 2.1 (Constrained I/O logic). Fix an output operation 𝑜𝑢𝑡𝑖. For a normative system 𝑁, input
family𝐴, and constraint family 𝐶, define

𝑚𝑎𝑥𝑓 𝑎𝑚𝑖𝑙𝑦𝑖(𝑁 ,𝐴,𝐶) = {𝑁 ′⊆𝑁 ∣𝑜𝑢𝑡𝑖(𝑁 ′,𝐴) is consistent with 𝐶
and for every𝑁″ with𝑁 ′⊂𝑁″⊆𝑁 , 𝑜𝑢𝑡𝑖(𝑁″,𝐴) is not consistent with 𝐶},

𝑜𝑢𝑡𝑓 𝑎𝑚𝑖𝑙𝑦𝑖(𝑁 ,𝐴,𝐶) = {𝑜𝑢𝑡𝑖(𝑁 ′,𝐴) ∣𝑁 ′∈𝑚𝑎𝑥𝑓 𝑎𝑚𝑖𝑙𝑦𝑖(𝑁 ,𝐴,𝐶)}.

The skeptical and credulous constrained outputs are respectively

𝑜𝑢𝑡∩𝑖,𝑐(𝑁 ,𝐴,𝐶)=⋂𝑜𝑢𝑡𝑓 𝑎𝑚𝑖𝑙𝑦𝑖(𝑁 ,𝐴,𝐶), 𝑜𝑢𝑡∪𝑖,𝑐(𝑁 ,𝐴,𝐶)=⋃𝑜𝑢𝑡𝑓 𝑎𝑚𝑖𝑙𝑦𝑖(𝑁 ,𝐴,𝐶).

When the constraints are taken to be the factual input itself, we write 𝑜𝑢𝑡∩𝑖,𝑐(𝑁 ,𝐴) and 𝑜𝑢𝑡∪𝑖,𝑐(𝑁 ,𝐴) for the
special case 𝐶 =𝐴.

A standard example of contrary-to-duty reasoning is Chisholm’s scenario:

(1) It ought to be that Jones helps his neighbours.
(2) If Jones helps them, he ought to tell them he is coming.
(3) If Jones does not help them, he ought not tell them he is coming.
(4) Jones does not help them.

Using atoms ℎ and 𝑡, this can be represented by

𝑁Ch={(⊤,ℎ),(ℎ,𝑡),(¬ℎ,¬𝑡)}, 𝐴={¬ℎ}.

For the unconstrained operation 𝑜𝑢𝑡3(𝑁Ch), both 𝑡 and ¬𝑡 become derivable in the violation context.
In the constrained setting with 𝐶 =𝐴, the primary norm (⊤,ℎ) is blocked by the constraint ¬ℎ, and the
intended contrary-to-duty conclusion ¬𝑡 is recovered from the maximal consistent subfamily.
The 𝑜𝑢𝑡𝑓 𝑎𝑚𝑖𝑙𝑦 operations in the constrained version of I/O logic [30] can be used for reasoning

about contrary-to-duties. There are syntactical ([30], Section 6) and proof-theoretical ([40], Section 3)
characterizations for constrained I/O logic.



2.3. Algebras of Input/Output Logic

Before introducing the algebraic construction underlying our framework, we briefly recall the semantical
structures onwhich it is based. In recent work, slanted algebras have been proposed as a generalization of
modal algebras, where modal operations are interpreted as maps from an algebra into its canonical exten-
sion [17]. These operations are not necessarily endomaps on the base algebra, but instead target the lattice
ofopenor closedelementsof thecanonical extension, therebyenablinga refined treatmentofmodality that
captures asymmetries such as obligation, permission, or temporal orientation [18]. The origin of slanted
algebras lies in relational structures known as (proto-)subordination algebras, which consist of an ordered
algebra equippedwith a binary relation encoding a notion of normative or informational dependency [15].
These structures provide a natural semantical environment for modelling normative systems, where the
relation captures how certain states or conditions give rise to others [16]. Importantly, under suitable
conditions, subordination relations give rise to slanted modal operators via algebraic constructions on
the canonical extension, thus bridging relational and algebraic perspectives [15]. This correspondence
allows us to interpret normative transformations—such as the generation of outputs from inputs—in
purely algebraic terms, paving the way for their integration into higher-order logical frameworks.
A normative system𝑁 ⊆Fm×Fm can be naturally viewed as inducing a binary relation on formulas,

where each conditional norm (𝛼,𝛽) is interpreted as a dependency 𝛼 ≺ 𝛽. This relational perspective
provides the bridge between Input/Output logic and the algebraic structures introduced below, where
such dependencies give rise to operators capturing output generation.
A proto-subordination algebra is a structure 𝕊 = (𝐴,≺), where 𝐴 is an ordered algebra (e.g. a lattice

or Boolean algebra) and ≺⊆𝐴×𝐴 is a binary relation encoding a form of dependency or norm activation.
Intuitively, 𝑎≺𝑏 expresses that the condition 𝑎 gives rise to, or supports, the outcome 𝑏. Different closure
properties of the relation ≺ correspond to different variants of input/output operations.
From such relational structures, one can systematically construct algebraic operators via canonical

extensions [21]. This leads to the notion of slanted algebras, in which modal operators are interpreted
as maps from the base algebra𝐴 into its canonical extension𝐴𝛿 [17]. In particular, a slanted algebra is a
structure𝔸=(𝐴,◇)where◇∶𝐴→𝐴𝛿 captures the algebraic counterpart of output generation, typically
defined from the relation ≺ via suitable meet or join constructions. Each conditional norm (𝛼,𝛽) can be
captured algebraically as a constraint on the operator◇, by interpreting 𝛼 ⪯𝛽 as the inequality◇𝛼 ≤𝛽. In
the algebraic setting, eachoutput system 𝑜𝑢𝑡𝑖(𝑁 )of Input/Output logic corresponds to a class of◇-algebras
within the hierarchy of proto-subordination algebras . The correspondence highlights how the closure
properties of the≺-relation translate into structural requirements on the slanted operator◇. In particular:

• 𝑜𝑢𝑡1(𝑁 ) captures the case where◇ ismonotone, i.e.◇-defined: 𝑎≤𝑏 ⇒ ◇𝑎≤◇𝑏
• 𝑜𝑢𝑡2(𝑁 ) corresponds to◇ being regular, i.e. monotone plus : ◇(𝑎∨𝑏)=◇𝑎∨◇𝑏.
• 𝑜𝑢𝑡3(𝑁 ) assumes◇ ismonotone, and requires in addition the cumulative condition◇𝑎≤◇(𝑎∧◇𝑎).
• 𝑜𝑢𝑡4(𝑁 ) assumes◇ is regular, together with the same cumulative condition.

I/O system ◇-algebra type Extra condition
𝑜𝑢𝑡1(𝑁 ) ◇-monotone –
𝑜𝑢𝑡2(𝑁 ) ◇-regular –
𝑜𝑢𝑡3(𝑁 ) ◇-monotone ◇𝑎≤◇(𝑎∧◇𝑎)
𝑜𝑢𝑡4(𝑁 ) ◇-regular ◇𝑎≤◇(𝑎∧◇𝑎)

Table 2: Correspondence between I/O systems and◇-algebra classes

The output operators 𝑜𝑢𝑡𝑖(𝑁 ) for 1≤𝑖≤4 associated with a given Input/Output logic 𝕃=(ℒ,𝑁 ) can be
given semantical counterparts in the environment of proto-subordination algebras as follows: for every
proto-subordination algebra 𝕊=(𝐴,≺), we let 𝕊𝑖 ∶=(𝐴,≺𝑖)where ≺𝑖⊆𝐴×𝐴 is the smallest extension of
≺which satisfies the properties indicated in outputs 1 to 4 in I/O systems.



Proposition 2.2. For any defined1 proto-subordination algebra 𝕊=(𝐴,≺),

1. ◇1 is the largest monotone map dominated by◇ (i.e. pointwise-smaller than or equal to◇).

2. ◇2 is the largest regular map dominated by◇.

3. ◇3 is the largest monotone map satisfying◇3𝑎≤◇3(𝑎∧◇3𝑎) dominated by◇.

4. ◇4 is the largest regular map satisfying◇4𝑎≤◇4(𝑎∧◇4𝑎) dominated by◇.

See Proposition 6.1 in [15].

Proposition 2.2 is the key result underlying our embedding. It characterizes the output operations of I/O
logic as largest operators satisfying suitablemodal conditions, enabling their direct representation inHOL.

3. LogiKEy: ImplementationMethodology

Our implementation is based on the LogiKEy methodology [10], which supports semantical embeddings
of a wide variety of logical systems into Higher-Order Logic (HOL). These embeddings preserve
the semantics of each target logic within a unified formal meta-language, allowing them to re-use
infrastructure such as proof assistants (e.g., Isabelle/HOL [31]), model finders (e.g., Nitpick [11]), and
theorem provers (e.g., Sledgehammer [12], Leo-III [39]). The LogiKEy framework currently supports
a range of logics relevant to normative reasoning and beyond:

• Modal Logic KD: Captures that obligations imply permissions (axiom D) and supports basic
modal reasoning [3, 4].

• Conditional Logic (System E): Supports reasoning about conditional norms, exceptions, and
contrary-to-duty obligations [7, 8, 32].

• Input/Output Logic (I/O Logic): Models conditional norms as input/output operations,
supporting factual and deontic detachment [6, 22].

Further applications of the LogiKEy methodology can be found in [9, 26, 35, 36, 37].

3.1. Classical Higher-Order Logic

Types and Syntax. HOL is based on simple typed 𝜆-calculus. We follow standard presentations of
Higher-Order Logic [2, 25]. We assume that the set𝒯 of simple types is freely generated from a set of
basic types {𝑜,𝑖} using the function type constructor→. Type 𝑜 denotes the set of Booleans whereas type
𝑖 refers to a non-empty set of individuals.
For 𝛼,𝛽,𝑜 ∈𝒯, the language of HOL is generated as follows:

𝑠,𝑡 ∶∶=𝑝𝛼|𝑋𝛼|(𝜆𝑋𝛼𝑠𝛽)𝛼→𝛽|(𝑠𝛼→𝛽𝑡𝛼)𝛽

where 𝑝𝛼 represents a typed constant symbol (from a possibly infinite set𝒫𝛼 of such constant symbols)
and 𝑋𝛼 represents a typed variable symbol (from a possibly infinite set𝒱𝛼 of such symbols). (𝜆𝑋𝛼𝑠𝛽)𝛼→𝛽
and (𝑠𝛼→𝛽 𝑡𝛼)𝛽 are called abstraction and application, respectively. HOL is a logic of terms in the sense
that the formulas of HOL are given as terms of type 𝑜.
Moreover, we require a sufficient number of primitive logical connectives in the signature of HOL,

i.e., these logical connectives must be contained in the sets𝒫𝛼 of constant symbols. The primitive logical
connectives of choice in this paper are ¬𝑜→𝑜, ∨𝑜→𝑜→𝑜, Π(𝛼→𝑜)→𝑜 and =𝛼→𝛼→𝑜. The symbols Π(𝛼→𝑜)→𝑜
and =𝛼→𝛼→𝑜 generally assumed for each type 𝛼 ∈ 𝒯. From the selected set of primitive connectives,
other logical connectives can be introduced as abbreviations. Type information as well as brackets may
1A defined proto-subordination algebra satisfies the following conditions: (SF) ∀𝑎∃𝑥(𝑎 ≺ 𝑥) and (DD) ∀𝑎∀𝑥1∀𝑥2((𝑎 ≺ 𝑥1&𝑎 ≺
𝑥2)⇒ ∃𝑥(𝑎 ≺ 𝑥&𝑥 ≤ 𝑥1&𝑥 ≤ 𝑥2)). In the Boolean setting considered here, (SF) and (DD) are implied by the stronger closure
conditions (⊤), (SI), and (AND), and therefore need not be assumed explicitly.



be omitted if obvious from the context, and wemay also use infix notation to improve readability. For
example, we may write (𝑠 ∨ 𝑡) instead of ((∨𝑜→𝑜→𝑜 𝑠𝑜)𝑡𝑜)𝑜. We often write ∀𝑋𝛼𝑠𝑜 as syntactic sugar for
Π(𝛼→𝑜)→𝑜(𝜆𝑋𝛼𝑠𝑜). Here,Π denotes universal quantification over all objects of the given type.
The notions of free variables, 𝛼-conversion, 𝛽𝜂-equality and substitution of a term 𝑠𝛼 for a variable 𝑋𝛼

in a term 𝑡𝛽, denoted as [𝑠/𝑋]𝑡, are defined as usual.

Semantics. The semantics of HOL are well understood and thoroughly documented [2]. In the
remainder, the semantics of choice is Henkin’s general models [25].
A frame 𝐷 is a collection {𝐷𝛼}𝛼∈𝒯 of nonempty sets 𝐷𝛼, such that 𝐷𝑜 = {𝑇 ,𝐹 }, denoting truth and

falsehood, respectively. 𝐷𝛼→𝛽 represents a collection of functions mapping𝐷𝛼 into𝐷𝛽.
A model for HOL is a tuple 𝑀 = ⟨𝐷,𝐼 ⟩, where 𝐷 is a frame and 𝐼 is a family of typed interpretation

functions mapping constant symbols 𝑝𝛼 to appropriate elements of𝐷𝛼, called the denotation of 𝑝𝛼. The
logical connectives ¬, ∨, Π and = are always given in their expected standard denotations. A variable
assignment 𝑔maps variables 𝑋𝛼 to elements in𝐷𝛼. 𝑔[𝑑/𝑊 ] denotes the assignment that is identical to
𝑔, except for the variable𝑊, which is now mapped to 𝑑. The denotation ‖𝑠𝛼‖𝑀,𝑔 of a HOL term 𝑠𝛼 on a
model𝑀=⟨𝐷,𝐼 ⟩ under assignment 𝑔 is an element 𝑑 ∈𝐷𝛼 defined in the following way:

‖𝑝𝛼‖𝑀,𝑔 = 𝐼 (𝑝𝛼)

‖𝑋𝛼‖𝑀,𝑔 = 𝑔(𝑋𝛼)

‖(𝑠𝛼→𝛽𝑡𝛼)𝛽‖𝑀,𝑔 = ‖𝑠𝛼→𝛽‖𝑀,𝑔(‖𝑡𝛼‖𝑀,𝑔)

‖(𝜆𝑋𝛼𝑠𝛽)𝛼→𝛽‖𝑀,𝑔 = the function 𝑓 from𝐷𝛼 to𝐷𝛽 such that
𝑓 (𝑑)=‖𝑠𝛽‖𝑀,𝑔[𝑑/𝑋𝛼] for all 𝑑 ∈𝐷𝛼

Since 𝐼 (¬𝑜→𝑜), 𝐼 (∨𝑜→𝑜→𝑜), 𝐼 (Π(𝛼→𝑜)→𝑜) and 𝐼 (=𝛼→𝛼→𝑜) always denote the standard truth functions,
we have:

1. ‖(¬𝑜→𝑜𝑠𝑜)𝑜‖𝑀,𝑔=𝑇 iff ‖𝑠𝑜‖𝑀,𝑔=𝐹.

2. ‖((∨𝑜→𝑜→𝑜𝑠𝑜)𝑡𝑜)𝑜‖𝑀,𝑔=𝑇 iff ‖𝑠𝑜‖𝑀,𝑔=𝑇 or ‖𝑡𝑜‖𝑀,𝑔=𝑇.

3. ‖(∀𝑋𝛼𝑠𝑜)𝑜‖𝑀,𝑔=‖(Π(𝛼→𝑜)→𝑜(𝜆𝑋𝛼𝑠𝑜))𝑜‖𝑀,𝑔=𝑇 iff for all 𝑑 ∈𝐷𝛼 we have ‖𝑠𝑜‖𝑀,𝑔[𝑑/𝑋𝛼]=𝑇.

4. ‖((=𝛼→𝛼→𝑜 𝑠𝛼)𝑡𝛼)𝑜‖𝑀,𝑔=𝑇 iff ‖𝑠𝛼‖𝑀,𝑔=‖𝑡𝛼‖𝑀,𝑔.

A HOL formula 𝑠𝑜 is true in a Henkin model𝑀 under the assignment 𝑔 if and only if ‖𝑠𝑜‖𝑀,𝑔=𝑇. This
is also expressed by the notation𝑀,𝑔 ⊧HOL 𝑠𝑜. A HOL formula 𝑠𝑜 is called valid in𝑀, denoted as𝑀 ⊧HOL 𝑠𝑜,
if and only if𝑀,𝑔 ⊧HOL 𝑠𝑜 for all assignments 𝑔. Moreover, a formula 𝑠𝑜 is called valid, denoted as ⊧HOL 𝑠𝑜,
if and only if 𝑠𝑜 is valid in all Henkin models𝑀. Finally, we define Σ ⊧HOL 𝑠𝑜 for a set of HOL formulas
Σ if and only if𝑀 ⊧HOL 𝑠𝑜 for all Henkin models𝑀with𝑀 ⊧HOL 𝑡𝑜 for all 𝑡𝑜∈Σ.

4. Shallow Semantical Embedding of Slanted Algebras in HOL

The implementation adopts a shallow semantical embedding: object-level formulas, norms, and output
operators are represented directly as HOL terms, while their intended behaviour is captured by HOL
definitions and axioms. Hence the embedding does not introduce a separate syntactic proof calculus
inside HOL; instead, it works directly with semantical objects that can be manipulated in Isabelle/HOL.
Let 𝑖 be a type of algebra points and let 𝜏 ∶=𝑖→𝑜. At the implementation level, where the HOL truth

type 𝑜 is realized by Isabelle/HOL’s type bool, this becomes 𝜏 = 𝑖⇒𝑏𝑜𝑜𝑙. Thus formulas are represented
as predicates of type 𝜏. We consider the basic language of slanted algebras

𝜑 ∶∶=𝑝𝑗 ∣¬𝜑 ∣𝜑∨𝜓 ∣𝜑∧𝜓 ∣⊤ ∣⊥ ∣◇𝜑.



Its translation into HOL is given by the mapping ⌊⋅⌋, defined recursively as follows:

⌊𝑝𝑗⌋ = 𝑝𝑗𝜏,
⌊¬𝜑⌋ = 𝜆𝑤𝑖.¬(⌊𝜑⌋𝑤),

⌊𝜑∨𝜓⌋ = 𝜆𝑤𝑖.(⌊𝜑⌋𝑤∨⌊𝜓⌋𝑤),
⌊𝜑∧𝜓⌋ = 𝜆𝑤𝑖.(⌊𝜑⌋𝑤∧⌊𝜓⌋𝑤),

⌊⊤⌋ = 𝜆𝑤𝑖.True,
⌊⊥⌋ = 𝜆𝑤𝑖.False.

If 𝜑≤𝜓 is an inequality of the algebraic language, its translation is the HOL formula

⌊𝜑≤𝜓⌋ = ∀𝑤𝑖.(⌊𝜑⌋𝑤→⌊𝜓⌋𝑤).

Hence the algebraic order is represented by pointwise inclusion of predicates. Families of formulas
are represented by predicates𝐴∶𝜏 ⇒𝑏𝑜𝑜𝑙, and their infimum is defined by

⋀𝐴 ∶= 𝜆𝑤.∀𝑋𝜏.(𝐴(𝑋)→𝑋(𝑤)).

This yields the HOL definitions of consequence closure and consistency of formula families:

𝐶𝑛(𝐴)(𝜑) ∶= (⋀𝐴≤𝜑), 𝑓 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑡(𝐴) ∶= (⋀𝐴≠⊥).

The HOL signature is assumed to contain the constant symbol ⪯𝜏→𝜏→𝑜 representing a normative system,
in addition to the logical constants. The constant ⪯ represents the underlying subordination relation
fromwhich the translation of the slanted operator◇ is defined as

⌊◇𝜑⌋ = ⋀{⌊𝑥⌋ ∣ ⌊𝜑⌋⪯⌊𝑥⌋}.

5. Implementation: I/O Logics

The implementation for I/O logics is arranged as a hierarchy of theory files mirroring the semantic layers
of the embedding.2 The common foundation is IO_LogicalBase.thy, which imports Main and defines
the lifted Boolean connectives on 𝜏, the order relation, infimum, closure and consistency operators, the
basic norm relation ⪯, and the generic slanted operator◇. On top of this base sit the four independent
output theories IO1.thy–IO4.thy; each of them introduces exactly one operator ◇𝑖

𝑜 and proves the
lemmas corresponding to the rules of the matching output system. Finally, the auxiliary example file
IO3_Ex_C.thy imports IO3.thy and instantiates the generic output-3 theory with concrete normative
systems. The dependency pattern is

IO_LogicalBase⟶{IO1,IO2,IO3,IO4}, IO3⟶IO3_Ex_C.

5.1. Logical Base

In IO_LogicalBase.thy, formulas are represented by predicates of type 𝜏 = 𝑖⇒𝑏𝑜𝑜𝑙, Boolean connectives
are lifted pointwise, and the order≤ is defined extensionally. The theory also defines the infimumoperator
⋀, consequence closure 𝐶𝑛, and consistency of formula families. A normative system is represented by
a relation ⪯ on formulas (⪯⊆ 𝜏 ×𝜏) , and the associated slanted operator is defined as◇𝜑 ∶=⋀{𝑥 ∣𝜑⪯𝑥}.
At this level the embedding already validates the fundamental bridge between norms and modal

outputs: if 𝛼 ⪯ 𝛽, then ◇𝛼 ≤ 𝛽. In addition, the logical base defines the semantical properties used
to characterize the four output operators: monotonicity, ∀𝜑∀𝜓(𝜑 ≤ 𝜓 → 𝑜𝑝(𝜑) ≤ 𝑜𝑝(𝜓 )); regularity,
𝑜𝑝(𝜑∨𝜓)=𝑜𝑝(𝜑)∨𝑜𝑝(𝜓 ); and, for outputs 3 and 4, the cumulative inequality 𝑜𝑝(𝜑)≤𝑜𝑝(𝜑∧𝑜𝑝(𝜑)).
On top of this generic layer, the concrete output operators ◇1

𝑜 ,…,◇4
𝑜 are introduced as the largest

operators satisfying the corresponding algebraic conditions of Proposition 2.2. In this sense the
embedding is shallow: semantical constraints on the object logic are represented directly at the HOL
level, and Isabelle/HOL can reason both within the logic and about its meta-properties.
2The full sources of our implementation, including the constrained case, can be found at http://logikey.org/tree/master/
Deontic-Logics/IOL-algebraic.

http://logikey.org/tree/master/Deontic-Logics/IOL-algebraic
http://logikey.org/tree/master/Deontic-Logics/IOL-algebraic


Figure 1: Core definitions of IO3.thy.

5.2. Input/Output Operations

Each theory IO𝑖.thy introduces a HOL constant◇𝑖
𝑜∶𝜏 ⇒𝜏 and constrains it by an admissibility condition

and a maximality principle. For example, in the case of output 3 the admissible operators are those
which are monotone, satisfy the cumulative inequality, and are pointwise dominated by the base slanted
operator. The constant ◇3

𝑜 is then postulated to be the largest such operator. Outputs 1, 2, and 4 are
treated analogously, replacing monotonicity by regularity where required and adding the cumulative
condition only for outputs 3 and 4. See Figure 1 for the core definitions of output 3 in the implementation.

This design directly implements Proposition 2.2. Once the correspondingmaximality axiom is declared,
the familiar proof rules of I/O logic become ordinary HOL lemmas. More precisely, monotonicity yields
strengthening of the input (SI), pointwise order yields weakening of the output (WO), the pointwise
encoding of conjunction yields (AND), regularity yields (OR), and the cumulative inequality yields (CT),
and hence also the derived rule (T). The theories IO3.thy and IO4.thy show in particular that (CT) is
derivable for outputs 3 and 4, while IO3.thy also uses Nitpick to confirm that (OR) is not derivable
for output 3, as expected.

5.3. Example: Chisholm’s Paradox

The theory IO3_Ex_C.thy illustrates the embedding with Chisholm’s paradox. Using atoms ℎ and
𝑡, the normative system is represented by the three norms (⊤,ℎ), (ℎ, 𝑡), and (¬ℎ,¬𝑡). The first norm
expresses the primary obligation to help, the second the obligation to tell if one helps, and the third the
contrary-to-duty obligation not to tell if one does not help.
For output 3, we derive ◇3

𝑜⊤ ≤ ℎ, ◇3
𝑜⊤ ≤ 𝑡, and ◇3

𝑜¬ℎ ≤ ¬𝑡. Since ¬ℎ ≤ ⊤, monotonicity also yields
◇3
𝑜¬ℎ ≤ ◇3

𝑜⊤ ≤ 𝑡. Hence ◇3
𝑜¬ℎ ≤ 𝑡 ∧ ¬𝑡, and therefore ◇3

𝑜¬ℎ ≤ ⊥. This is the expected collapse of
the unconstrained contrary-to-duty scenario: the ordinary output operation validates incompatible
obligations in the violation context. The constrained extension introduced next is designed precisely
to block this effect. See Figure 2 for an excerpt of the encoded example.

6. Implementation: Constrained I/O Logics

The constrained implementation mirrors the unconstrained one, but inserts an additional shared layer
for parameterization on a normative system. The file IO_CON.thy imports IO_LogicalBase.thy and



Figure 2: Chisholm’s paradox in IO3_Ex_C.thy.

introduces the type normsys of normative systems, the inclusion relation on such systems, and the
norm-indexed base slanted operator ◇𝑐. Each constrained output theory IO1CON.thy–IO4CON.thy
then imports its unconstrained counterpart together with IO_CON.thy; these files are self-contained
and define the constrained operator ◇𝑖

𝑐, the corresponding admissibility and maximality conditions,
a gross-output predicate (out1, …, out4, depending on the file), and the output-dependent notions
out_consistent, maxfamily, outfamily, skepoutfamily, and credoutfamily.
For space reasons, in the following we focus on output 3, which is the natural setting for contrary-

to-duty reasoning. The example file IO3CON_Ex20_22.thy imports IO3CON.thy and instantiates the
constrained framework with the Chisholm contrary-to-duty example. Thus the output-3 constrained
fragment has the import pattern

IO_LogicalBase⟶IO_CON, (IO3,IO_CON)⟶IO3CON, IO3CON⟶IO3CON_Ex20_22.

6.1. Maxfamily andOutfamily

For a familyof factual inputs𝐴∶𝜏 ⇒𝑏𝑜𝑜𝑙, grossoutput is representeddirectly at theHOL level. Foroutput 3:

𝑜𝑢𝑡3(𝑁 ,𝐴)(𝜓 ) ∶=◇3
𝑐 (𝑁 ,⋀𝐴)≤𝜓 .

The definition is analogous for outputs 1, 2, and 4. Consistencywith a family of constraints𝐶 is encoded by

𝑜𝑢𝑡_𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑡(𝑁 ,𝐴,𝐶) ∶= ¬((◇3
𝑐 (𝑁 ,⋀𝐴)∧⋀𝐶)=⊥).

Thus the output of a candidate sub-system𝑁0 is admissible exactly when it does not collapse together
with the constraints.

Maximal consistent subfamilies are represented by the predicate𝑚𝑎𝑥𝑓 𝑎𝑚𝑖𝑙𝑦(𝑁 ,𝐴,𝐶,𝑁0), which states
that 𝑁0 ⊆𝑁, that 𝑁0 is output-consistent with respect to 𝐴 and 𝐶, and that no proper extension of 𝑁0
inside𝑁 preserves this consistency. The associated family of outputs is then defined by

𝑜𝑢𝑡𝑓 𝑎𝑚𝑖𝑙𝑦(𝑁 ,𝐴,𝐶,𝐵) ∶= ∃𝑁0(𝑚𝑎𝑥𝑓 𝑎𝑚𝑖𝑙𝑦(𝑁 ,𝐴,𝐶,𝑁0)∧𝐵=𝑜𝑢𝑡3(𝑁0,𝐴)).



Figure 3: Core definitions of IO3CON.thy.

Finally, skeptical and credulous constrained outputs are obtained by universal and existential
quantification over the members of 𝑜𝑢𝑡𝑓 𝑎𝑚𝑖𝑙𝑦:

𝑠𝑘𝑒𝑝𝑜𝑢𝑡𝑓 𝑎𝑚𝑖𝑙𝑦(𝑁 ,𝐴,𝐶)(𝜓 ) ∶= ∀𝐵.(𝑜𝑢𝑡𝑓 𝑎𝑚𝑖𝑙𝑦(𝑁 ,𝐴,𝐶,𝐵)→𝐵(𝜓)),

𝑐𝑟𝑒𝑑𝑜𝑢𝑡𝑓 𝑎𝑚𝑖𝑙𝑦(𝑁 ,𝐴,𝐶)(𝜓 ) ∶= ∃𝐵.(𝑜𝑢𝑡𝑓 𝑎𝑚𝑖𝑙𝑦(𝑁 ,𝐴,𝐶,𝐵)∧𝐵(𝜓)).
See Figure 3 for the core definitions of constrained output 3 in the implementation. The contrary-to-duty
operators used in the examples are the special cases obtained by setting the constraint family equal to
the factual input family, i.e. 𝑜𝑢𝑡∩𝑖,𝑐(𝑁 ,𝐴) and 𝑜𝑢𝑡∪𝑖,𝑐(𝑁 ,𝐴).

6.2. Example: ChisholmRepaired by Constraints

The theory IO3CON_Ex20_22.thy revisits Chisholm in the constrained setting, using atoms ℎ and 𝑡. The
normative system is

𝑁Ch={(⊤,ℎ),(ℎ,𝑡),(¬ℎ,¬𝑡)},
the violation input is𝐴={¬ℎ}, and the standard contrary-to-duty choice of constraints is 𝐶 =𝐴.
The theory first shows that every candidate subfamily that still contains the primary norm (⊤,ℎ)

conflicts with the constraint ¬ℎ and is therefore not output-consistent. This isolates the repaired family

𝑁 ′
Ch={(ℎ,𝑡),(¬ℎ,¬𝑡)}

as the intended maximal consistent subfamily in the violation context. More precisely, in the example we
prove the corresponding maxfamily and uniqueness lemmas under two explicit consistency assumptions:
that 𝑁 ′

Ch is output-consistent for the violation case, and that the full system 𝑁Ch is output-consistent
for the compliant case. Under these assumptions, the file shows that𝑁 ′

Ch is the unique maximal family
for input {¬ℎ}, and therefore both skeptical and credulous constrained outputs derive ¬𝑡.

The same file also treats the compliant case𝐴={ℎ}. Under the corresponding consistency assumption,
the full normative system remains the unique maximal family, and the constrained output contains both
ℎ and 𝑡. Hence the constrained encoding reproduces the standard reading of Chisholm’s scenario: in the
compliant case the primary and secondary obligations are preserved, whereas in the violation case the
primary norm is blocked and only the contrary-to-duty obligation survives. See Figure 4 for an excerpt
of the encoded example for the constrained case.



Figure 4: Chisholm’s paradox in IO3CON_Ex20_22.thy.

7. RelatedWork

Algebraic and HOL-based approaches to I/O logic. Previous implementations of input/output
logicwithin the LogiKEy framework have relied on translations intomodal logic [6]. Existing translations
of I/O logic into modal logic capture only part of its semantical behavior, typically focusing on specific
output operations or restricted classes of norms. To overcome these limitations, two main directions
have been explored. The first builds on the operational semantics of I/O logic and introduces algebraic
operators to obtain sound and faithful embeddings into Higher-Order Logic [22]. The second direction
starts from the proof theory of I/O logic—via derivation rules such as AND, OR, and CT—and aligns
it with subordination algebras [18] and slanted (co-)Heyting algebras [20], yielding algebraic semantics
that support direct implementations of modal operators for obligations and permissions.
Our approach follows this second, algebraic direction and exploits the correspondence between

subordination structures and modal operators as an intermediate semantic layer. Compared with
previous modal embeddings, the algebraic approach provides a uniform characterization of output
operations through Proposition 2.2, which characterizes them as maximal operators satisfying suitable
algebraic conditions. This yields a modular framework in which both unconstrained and constrained
output operations are treated uniformly. The resulting algebraic semantics induces a translation of I/O
reasoning into modal structures, which can then be faithfully embedded into HOL. This intermediate
layer enables a computationally tractable pathway—via translations into first-order logic—while
supporting a faithful and extensible implementation in HOL [19].

Connections tomodal logic and proof-theoretic frameworks. Since its inception, I/O logic has
been closely connected to modal and deontic logic, as such connections enable the transfer of powerful
model-theoretic and proof-theoretic techniques. Modal characterizations make available tools such
as tableaux methods, decidability results, and proof search procedures [27, 14], as well as adaptive and
defeasible reasoning frameworks [40]. In contrast to syntactic and proof-theoretic characterizations
of constrained I/O logic [30, 40], our approach is purely semantical and algebraic. This perspective is
particularly useful for constrained input/output operations, where restrictions on norm applicability can
be naturally captured by considering suitable subalgebras or refinements of the underlying subordination
structures corresponding to a given input/output relation. This provides a flexible basis for integration
with automated reasoning tools.

Alternative implementations and computational perspectives. Froma computational standpoint,
several alternative approaches to automating I/O logic have been proposed. SAT-based encodings [38]
provide efficient implementations by reducing normative reasoning tasks to propositional satisfiability,
offering strong performance but typically at the cost of reduced expressivity and limited support for
meta-reasoning. In contrast, HOL-based encodings [10] are more expressive and enable reasoning not
only within normative systems but also about them, supporting tasks such as meta-logical analysis and
ethical theory comparison, albeit with higher computational overhead.



Related work on conditional logics, such as small model constructions for Åqvist systems, further
contributes to understanding the computational behavior of normative reasoning frameworks. In parallel,
other logics from the tradition of normative systems, such as defeasible deontic logic [24], provide
alternative approaches for handling exceptions, conflicts, and priorities, which are central features of
real-world normative reasoning. These directions are increasingly relevant in emerging settings such as
hybrid symbolic–statistical systems and large language models (LLMs), where defeasibility and context
sensitivity play a key role [23].

8. Conclusion

In this paper, we have presented a formal embedding of Input/Output logic in Higher-Order Logic (HOL),
based on its algebraic semantics, and extended this embedding to capture constrained Input/Output logic.
By leveraging algebraic structures as an intermediate layer, we obtained amodular and faithful representa-
tionof input/output operations and their constrainedvariants. This approach enabled a systematic transla-
tion into HOL and provided a precise, machine-checkable semantics for constrained normative reasoning.
The implementation of our framework within the LogiKEymethodology demonstrates the practical

applicability of our approach. In particular, it supports automated reasoning and verification of
constrained normative systems in Isabelle/HOL, thereby bridging the gap between abstract logical theory
and mechanized reasoning tools. Our results show that algebraic semantics offers a robust foundation
for integrating expressive variants of I/O logic into existing reasoning infrastructures.

Several directions for future work remain. On the theoretical side, further investigation of additional
variants of I/O logic and their algebraic counterparts may enrich the expressiveness of the framework. On
the practical side, extending the implementation to support more complex normative scenarios, including
dynamic and multi-agent settings or inconsistency measures [1], would enhance its applicability. More
broadly, we envisage the integration of this approach into applications in explainable AI and normative
system design, where transparent and verifiable reasoning about norms is essential [23].
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