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Abstract

Answer set programming (ASP) and reasoning from conditional belief bases are two most prominent approaches
to nonmonotonic reasoning. Both frameworks are rule-based in principle, yet substantially different with respect
to syntax and semantics. Recently, approaches to combine ASP programs with conditional belief bases to prioritize
answer sets have been proposed. A crucial question for applying such approaches is to decide which knowledge
and beliefs should be modelled in which part of the combined knowledge base, ASP or conditionals. In this
paper, we investigate the differences between encoding information in ASP vs. as conditionals in more detail. We
point out general differences between the reasoning processes of ASP vs. conditionals and provide guidelines
for knowledge engineering with ASP and conditionals. Moreover, we illustrate how choosing either of the two
frameworks has significant effects on the resulting solutions. In particular, we focus on how factual information
can be taken into account in the combined framework of ASP and conditionals in various ways. Furthermore, we
build bridges between ASP and conditional reasoning by showing how conditionals with a suitable syntax can be
encoded as weak constraints in ASP. Conversely, this may also help find suitable weights for weak constraints in
ASP programs.
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1. Introduction

Answer set programming (ASP) [1, 2] is one of the most successful applications of nonmonotonic
reasoning currently. ASP is particularly well suited to solve problems with combinatorial aspects.
Often, many answer sets are generated, with each one representing a possible solution. However, for
some applications, only one solution needs to be selected. In order to make this decision, ranking
the answer sets can be helpful. To meet this requirement, various approaches to prioritized ASP have
been published [3, 4]. In those approaches, usually priorities are associated with program rules or
atoms. Recently, approaches to generate ranks for answer sets from associated conditional belief bases
have been proposed [5, 6]. The basic idea is to model plausible beliefs about “good” solutions via
conditionals and then make use of an inductive conditional reasoning methodology like System Z [7]
or c-representations [8] to generate a ranking function [9]. This ranking function can be used to assign
ranks to answer sets which express their (im)plausibility to yield a good solution.
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Actually, ASP and conditional reasoning are two major approaches to nonmonotonic reasoning with
similar modelling properties (in particular, both frameworks are perfectly suited to express rules with
exceptions) yet substantially different semantics and inference techniques. So, naturally the question
arises which (kind of) knowledge and beliefs' relevant for the problem under consideration should be
modeled by which framework.

The main goal of this paper is to point out crucial differences between encoding information via ASP
vs. conditionals and provide rough guidelines for when to choose which representation framework
when conditionals are used to provide ranks for answer sets. More precisely, we consider combined
knowledge bases (P, A) with an ASP program P and a conditional belief base A, and ranks computed
from A via c-representations [8] are used to prioritize answer sets of P following the methodology
presented in [5, 6]. We discuss the different roles that P and A play in the reasoning process within
a running example and by highlighting generic features of the inference processes in ASP vs. with
conditionals. Due to crucial differences between the inference techniques in both frameworks and the
different roles that the two components of (P, A) play, it becomes clear that the knowledge engineering
task to set up such a suitable combined knowledge base for a given problem can be challenging, and that
encoding a rule via ASP or via conditionals can cause significant differences. Even factual information
can be encoded in various ways and play very different roles in both frameworks, as we elaborate in
more detail in this paper.

However, tackling these challenges of knowledge engineering by carefully observing what P and A
are meant to express is rewarding. Our investigations show that making use of both ASP and conditionals
for problem modelling offers a very rich and versatile environment for knowledge engineering that
makes the quality of solutions computed by ASP explainable by conditional beliefs. The conditional
belief base A provides a background theory for assessing the quality of solutions and hence allows for
justifying why a best solution is superior to others.

Finally, we show how crucial semantic parameters of c-representations of A can be encoded directly
in ASP via weak constraints. The basic idea here is to align the weights of weak constraints with
the impact factors defining c-representations. In this way, ASP helps implementing c-representation
and inferences therefrom. On the other hand, c-representations provide semantic information to help
specify the weights of weak constraints in a (conditional-)logically sound way. This allows for making
use of features of both frameworks in a more efficient way in ASP.

This paper is organized as follows: In the next section, we recall basic preliminaries of ASP and
conditional reasoning. In Section 3, we sketch the approach on which this paper is based and explore
related work. In Section 4, we discuss challenges of knowledge engineering in our combined framework
and focus on propositional information in Section 5. Section 6 then shows a way to encode conditionals
in ASP via weak constraints, and Section 7 concludes the paper.

2. Preliminaries

We work with a finitely generated propositional language £ over the signature ¥ = {a, b, c,...}. The
elements of ¥ are called atoms. Formulas A, B, C, ... over L are formed recursively using the standard
connectives A, V, . For conciseness of notation, we will write AB instead of A A B for conjunctions,
and A instead of —A for negation. A literal is an atom or the negation of an atom. The symbol T
denotes an arbitrary propositional tautology, and L denotes an arbitrary contradiction.

The set of all possible worlds (propositional interpretations) over ¥ is denoted by Q, and w = A
means that the propositional formula A € £ holds in the possible world w € €; then w is called a model
of A, and the set of all models of A is denoted by Mod(A). For propositions A, B € £, A = B holds
iff Mod(A) C Mod(B), as usual. Logical equivalence between formulas is denoted by =. By slight
abuse of notation, we will use w both for the model and the corresponding conjunction of literals. Since

'Note that we don’t make a categorical distinction between knowledge and belief in this paper. Both should be understood in
the sense of “subjective knowledge”. Roughly, we denote facts and strict ASP-rules as “knowledge” while usually the term
“belief” is used for ASP-rules with default negation and conditionals.



w = A means the same for both readings of w, no confusion will arise.

2.1. Answer Set Programming

Answer set programming (ASP, [10, 11]) is a declarative, rule-based programming language with default
negation (also called negation as failure [12]). The goal of ASP is to find answer sets for extended logic
programs (ELPs) in order to solve complex combinatorial problems. Formally, an ELP is a finite set of
rules of the form h < aq,...,ag,not by,...,not b,,., where h,aq,...,ag,b1,..., by, are literals from
L. Furthermore, h is called the head, and ay, . .., a,not by, ..., not by, is called the body of the rule. A
rule without a head is a constraint, and a rule with a head but without a body is a fact.

Usually, ASP works with a richer language which also allows variables. In this paper, we only work
with variable-free ELPs, which are called ground ELPs. A ground ELP can be obtained by instantiating
every rule in P with all possible substitutions of variables by constants; this procedure is called
grounding. Given a (ground) ELP P without default negation (called positive ELP), a consistent set S of
literals is an answer set of P if, for every rule “h < a1,...,ax.” in P, it holds that h € S whenever
{ai,...,ar} € S, and S is C-minimal with this property. For ELPs P containing default negation, the
answer sets are defined via the Gelfond-Lifschitz-reduct. Given a consistent set S of literals, the reduct
P< is constructed as follows:

PS={h<«ai,...,a5 | h<ay,...,aznotby,...,notbhy,. € Pand{by,...,bp}NS =0}

A set S is an answer set of P if and only if S is an answer set of the positive ELP P°. The set of all
such answer sets is denoted as AS(P).
A weak constraint [13] is a special rule of the form

i~ Q. .., ak,not by, ..., notby,. [w:p] (1)

where aq,...,a,b1,...,by, are literals, and w, p are nonnegative integers. The value w is called
weight, and p is called priority level. One or both of w and p may be omitted, in which case the
default value for both is 0.* In this paper, in case of p = 0, we denote the weak constraint (1) by
“i~ay,...,ag,not by,...,not by,. [w]”. The set of weak constraints in a program P is denoted as
WC(P), and for each r € WC(P), the weight and priority of r are denoted as weight(r) resp. prio(r).

Weak constraints are used for optimization, i.e. for finding optimal answer sets of a program P, and
do not constrain the set AS(P) itself. In other words, AS(P) = AS(P \ WC(P)). Similar to regular
constraints, a weak constraint is violated by an answer set A € AS(P) if the body of the constraint is
true with respect to .A. For each answer set A € AS(P), let

Wp(A) = {(weight(r), prio(r)) | » € WC(P) is violated by A}

denote the multiset of all weight-priority-level pairs of violated weak constraints. We can then compute
for each answer set A a cost determined by the sum of weights of the weak constraints it violates at
each priority level:

cost’(A) = Z w . (2)

(w,p)EWP(A)

If the program P is clear from context and prio(r) = 0 for all weak constraints » € P, we adopt the
shorthand cost(.A). In general, the goal is to consecutively minimize the cost, i.e. the sum of weights,
incurred by violating weak constraints at each priority level, starting from the highest priority and only
continuing with the minimum-cost answer sets at each step. The remaining answer sets are considered
optimal [15, 16]. More formally, let <%°* C AS(P) x AS(P) be a relation among the answer sets of P
defined via

Ap <3 Ay iff (Tp: costh (A1) < costh(Az) and Vg > p: costh (A1) = costh(Az)) .

*This corresponds to how weak constraints are handled e.g. in clingo [14]. In DLV [13], w and p need to be positive integers.
According to the ASP-Core-2 standard [15, 16], zero and negative weights are allowed as well.



Then the optimal answer sets of P are the minimal elements with respect to <$9*":

optAS(P) = {A € AS(P) | FA" € AS(P) : A’ <t A} .

2.2. Reasoning with Conditionals

On top of the propositional language £, we also consider conditionals (B|A) € (L£|L£) which express
statements like “If A, then plausibly B”. The formula A is called the antecedent, and B is called the
consequent of the conditional (B|A). A conditional belief base A is a finite set of conditionals. A
conditional establishes a plausible connection between its antecedent and consequent that is directed
in the sense that the antecedent sets the context in which the consequent is evaluated. Plausibility
provides a commonsense semantics that helps understanding the meaning of conditionals, in particular
in contrast to material implications. Usually, plausibility means “plausible to be true”, however, in more
specialized environments, it can also be interpreted as, e.g., “plausible to be a good explanation” (in
abductive scenarios), or “plausible to yield a good option for decision” (in inductive scenarios). In any
case, in the context of the antecedent, the consequent is deemed to be more believable than its negation.

A suitable formal semantics for conditionals and conditional belief bases are provided e.g. by Ordinal
Conditional Functions [9] (OCFs, also called ranking functions in general and in this paper) x : 2 — NU
{oo} with k~1(0) # (), which assign degrees of implausibility, or surprise, to possible worlds. A ranking
function « can be lifted to formulas by x(A) := min{x(w) | w E A}, with k(L) = min()) = co by
convention. The belief set Bel(x) = {A € L | w = Aforallw € k7 1(0)} of & is the set of all formulas
that are satisfied by all most plausible worlds. Moreover, ranking functions can be conditionalized by
propositions A from £ via k|A(w) = k(w) — Kk(A), defined for all w € Mod(A). Conditionals are
accepted by k, written as k |= (B|A), in the following way:

k= (BJA) iff k(A) =00 or k(AB) < k(AB) (3)

Thus, according to (3), a ranking function  accepts a conditional (B|A) if x considers its antecedent A
to be completely implausible, or if its verification A B is deemed to be strictly more plausible than its
falsification AB. A belief base A is accepted by &, denoted by x |= A, if k = (B|A) holds for every
(BJA) € A; we then say that & is a (ranking) model of A. A belief base A is strongly consistent (in
the sense of [17]) if there is a ranking function x with x(w) < oo for all w € (2 that is a model of A.
A conditional belief base A is weakly consistent [18] if there is a ranking function x accepting every
conditional in A according to (3).

A proposition A can be accepted by a ranking function x in two different ways. First, if A is deemed
to be plausible, then x |= A if K(A) < k(A), i.e., A is identified with the conditional (A|T), where T
denotes any tautology. Second, if A is considered to be a certain fact, we use conditionals of the form
(L] A) to force all worlds satisfying A to be infeasible, with the intention of making A a strict belief
[19]. We call the conditional (| A) a strict conditional belief. Note that (| A) is a self-contradictory
conditional because every world satisfying the antecedent A falsifies (_L|A). Therefore, (L|A) is a
conditional that cannot be verified by any world. Hence, every belief base A with (L|A) € A is
inconsistent in the sense of [17], because for every ranking function k we have k(A A L) = oo,
implying k(A A L) £ k(A A L). However, it can be weakly consistent by finding ranking models x
with k(A4) = cc.

For inductive reasoning [20] from a conditional belief base A = {(B1|41),...,(Bn|4n)}, a(n
extended) c-representation of A is defined via (cf. [8])

kap@) = > n (4)

1<i<n
wEA;B;

such that 7 = (n1,...,m,) € NU {oo} solves the following system of constraints CRS' (A), given by
the constraints cr¢* 2, foralli € {1,...,n}:

min E nm; =00 or n; > min g n; — min E 7; (crfo)
UJGQE " WGQE . U.)GQE —
weA; 1<i<n wEAB;  JF_ wEAB; I

wEA; B, wiEA; B, w=A; B



When A is clear from context, we omit it and simply write ;. The 7;’s associated with each conditional
(Bi|A;), 1 € {1,...,n}, are called impact factors, and 77 = (11, ..., n,) is called an impact vector. The
satisfaction of the constraint system CRSY(A) ensures that x(a 5 as given by (4) is a model of A
according to (3). Note that this extended definition of c-representations also include c-representations
for weakly consistent conditional belief bases, in particular for those bases that contain strict conditional
beliefs (_L|A). For strongly consistent belief bases, the range of the impact vectors is usually restricted
w2 is used. However, for conditional belief bases
that are only weakly consistent but not strongly consistent, any ranking model must assign rank oo to
ex A
)

i

to N, and only the second part of the constraints (cr

some worlds. Since this also applies to extended c-representations, in this case the first part of (cr
is also essential. For further details, please see [19].

3. Related Work: Hybrid Prioritization of Answer Sets

This paper builds upon the approach first presented in [5] which combines ASP and conditional expert
knowledge to prioritize answer sets. The basic idea is to use the ASP program P to generate answer
sets specifying possible solutions, and to express plausible beliefs on what a good solution would be
by a (consistent) set A of conditionals. Then an inductive reasoning method like System Z [7] or
c-representations [8] is applied to A to build up a ranking model x of A. P and A can (and usually
will) be built over different logical languages but it is crucial that the respective signatures >p resp.
YA overlap so that there is a common non-empty subsignature > = >p N XA that establishes links
between knowledge and beliefs expressed in both frameworks. Using these links means making the
answer sets of P compatible with the possible worlds over which « is defined. To this end, we make
use of marginalizations on ¥ in both frameworks. For an answer set .4 and a set of (ground) atoms
¥ C X, marginalization on ¥ is defined as Ajsy = {a |a € ANY'} U{-a | —~a € A,a € ¥'}. For
a ranking function x on %, marginalization on X' is given by sy (wsr) = min,ecq. uw,, k(W) for
wyy € sy, where Qy denotes the set of (partial) possible worlds defined over ¥'.

Then for each A € AS(P), the rank is computed by x5, (Ajs,) = K|z, (/\lEAmm [), from which a

total preorder on AS(P) can be obtained: A <. A"iff ks, (As) < ks, (Al ). This total preorder
(respectively, the ranks) expresses the (im)plausibility with which an answer set yields a good solution,
where a lower rank means a (plausibly) better solution. Hence, an answer set .A; can be (strictly)
preferred to an answer set A; if k(.A;) < K(A;). The most preferred answer sets of a program P with
respect to a ranking function x are denoted as

AS.(P) = {A € AS(P) | 3A € AS(P) : A’ <, A}.

A numerical ranking of answer sets can also be obtained via weak constraints (cf. Section 2.1).
Therefore, an interesting research question is in which way a correspondence between <, and <,
and hence between optAS(P) and AS,(P) can be established. In order to achieve this, the weak
constraints in P need to implement the (precomputed) ranking function x in one way or another. Such
a method was proposed in [6] to prioritize answer sets according to System Z [7]. In that paper, weak
constraints for the so-called tolerance partitions generated by System Z were encoded. In [21], a more
profound approach to realize System Z in ASP is proposed by compiling the concept of rational closure
directly into ASP rules without the need to consider ranking functions at all. In the paper at hand,
we make use of c-representations [8] for inductive reasoning instead, which will allow for an elegant
encoding of ranking functions by weak constraints. The advantage of encoding ranking functions
directly in ASP is that the ASP solver may directly focus on finding the optimal answer sets (instead of
having to find all answer sets first and computing their ranks afterwards).

Another approach to combining ASP and conditional belief bases has been proposed recently in [22].
In that paper, conditional beliefs are represented by defeasible implications of the form T(A) — B,
where T(A) stands for typical instances of A. These defeasible implications are annotated with positive
or negative weights, representing degrees of plausibility or implausibility, respectively. The overall
approach of prioritizing answer sets via weak constraints encoding conditional beliefs is then quite



similar to the one outlined above. However, one major difference is that the weights of the defeasible
implications have to be assigned manually by the knowledge engineer, whereas System Z and c-
representations are able to provide suitable weights based on strong formal principles. Moreover, the
focus of [22] lies more on using ASP as a tool for answering entailment queries. We, on the other hand,
are interested in the answer sets themselves, and use prioritization via the conditional belief base in
order to choose candidates from the set of all generated answer sets for further processing.

However, in none of those approaches, the knowledge engineering task of what (kind of) knowledge
and beliefs should be modelled in which part of the combined knowledge base (P, A) had been addressed.
This is the topic of the next section.

4. Knowledge Engineering for Hybrid Modeling with ASP and
Conditionals

In this section, we discuss the main question of the hybrid modeling approach presented in [5, 6] and
sketched in Section 3: Which information should be encoded where, i.e., in ASP or as conditionals?
Certain technical features regarding inference in both frameworks should be taken into account. Beyond
that, a clear distinction between what is given and what can be plausibly expected from a good solution is
crucial. This means that in a combined knowledge base (P, A) according to [5], the focus of knowledge
engineering for P and A must be clear:

+ P describes a given problem and specifies technical feasibilities for possible solutions in general;
« A describes an expected plausible scenario specifying properties and dependencies among them
for good solutions.

Note that both with ASP and conditionals, inference means reasoning, but since the ranks computed
for the conditional belief base express the (im)plausibility of a solution, i.e., a marginalized part of an
answer set, to be successful, ranks can play the role of priorities for answer sets.

This section makes use of a running example to illustrate technical features and highlight crucial
differences between ASP and conditional reasoning.

Example 1 (House example). Imagine a family renovating their house. The family wants to pay
attention to energy efficiency, however, their house has a historical facade which should be preserved,
so they expect some peculiarities. They decide to use the combined approach of [5] using ASP and
conditionals to find good, reasonable renovation decisions. But they feel uncertain about which
framework to use for which parts of their knowledge and beliefs.

We now take a more formal look on this scenario. The family would like to make their house as
energy-efficient (e) as possible. Two concrete options the family considers for the house renovation are
the installation of thermal insulation (i) and triple-glazed windows (t). Moreover, they have learned
about the following rule-based information:

(A) The installation of both thermal insulation and triple-glazed windows usually ensures that the
house complies with energy-efficiency standards [T]. The other way round, usually energy-
efficient houses are expected to be insulated and have triple-glazed windows [E].

(B) The installation of thermal insulation without triple-glazed windows is not efficient because the
windows will leak the heat. Therefore, thermal insulation usually comes along with triple-glazed
windows [E].

(C) The installation of triple-glazed windows without thermal insulation may lead to mold formation.
This would cause serious health problems (%) [T]. Therefore, if no thermal insulation is possible
then triple-glazed windows are strongly not recommended [E]. Moreover, as a strict constraint,
no renovation measure should lead to serious health problems [T].

(D) If houses have historical facades (f), then thermal insulation is usually not installed [E].



w impacts K1 Ko K3 w impacts K1 Ko K3
(A1) eitf g 2 2 2 gitf m+ne+n 3 3 3
eitf 0 0 0 0 eitf m+nr 1 1 1
(A2) eitf mz+mat+ms 3 3 3 (A3) @itf m+nat+me 3 4 3
eit f M3+ 11 1 eitf m+m 1 2 1
eitf  ma+ns 2 2 2 eitf m+ns 3 2 2
eitf M2 +ns 2 2 2 eitf m+ns 32 2
(As) eitf M+ 1 1 2 (Ay) eitf m 1 1 1
eitf m+ms 1 1 2 egitf m 1 1 1

Table 1
Ranking functions k1, k2, and k3 for Example 1.

In this description of the renovation problem, we can roughly distinguish two kinds of information:
The first kind is factual information, i.e., information concerning the concrete problem instance, like
that the family owns a house with a historical facade, and information about technical feasibility, e.g. the
information about compliance with energy-efficiency standards and the problem with absent insulation
and triple-glazed windows. Also the information that any renovation measure causing health problems
must be avoided restricts technical feasibility. This kind of information is marked with [T] for “technical
domain knowledge”.

The second kind of information consists of soft constraints expressing recommendations, e.g. no
triple-glazed windows when thermal insulation is absent, or capturing expectations about what may
yield a good solution, like trying to have both thermal insulation and triple-glazed windows to make
the house as energy-eflicient as possible. In the list above, this information is marked with [E] for
“expectation or recommendation”.

The family sets up the following ELP P with ¥p = {e,,¢, ¢y, h, f} and conditional belief base A
with ¥ A = {e, 4, t, f} to model their renovation scenario:

P={ r:e< note., ry:e< note., rg:ii<—noti., T4:% 4 noti., r5:t < nott.,
rg:t < nott., r7:e<1i,t,notcy., rg:h<i,t., r9: < h., rio: f. }.

The rules 71 — 7¢ just generate all possible combinations of e, i, ¢ to be potential parts of the answer
sets. Rule 77 encodes the first part of information (A) where, ¢ represents exceptional cases like a
broken roof. Rule rg formalizes the first part of (C), and the constraint rg will help ensuring the last part
of (C), i.e., avoiding health problems. Fact 11y represents the given fact that the house has a historical
facade. Furthermore, the family models the soft constraints as a conditional belief base

A= {51, .. -766} with (51 = (e\T), 52 = (i|€), 53 = (t\e), (54 = (t’i), (55 = (ﬂi), 56 = (ﬂf)

The conditional d; represents the general belief that having an energy-efficient house would be a good
solution. Conditionals d2 and d3 relate energy efficiency to insulation and triple-glazed windows and
hence encode the second part of (A). Conditional d4 represents (B), and J5 encodes part of (C). Finally,
0¢ expresses (D).

First, we compute the answer sets of P. The program has the following five answer sets:

Ay = {e,i,t, f}, A2 = {e,i, L, [}, As = {&,i,1, [}, Aa = {e,i,t, f}, As = {e,i,¢, f}.

In order to rank these answer sets according to the conditional beliefs in A, c-representations are
used to set up suitable ranking functions according to (4) and CRS'(A). There are three pareto-minimal
impact vectors solving CR$Y (A): 71 = (1,0,1,0,2,2),72 = (1,1,0,1,1,2),73 = (1,1,1,0,1,2). The
ranking functions k1, k2, and k3 which are induced by 771, 772, and 7j3, respectively, are shown in Table 1.
From this, we obtain the ranks of the answer sets of P as indicated in Table 1. According to x; and
K2, the answer sets A4 and Aj are the best solutions to the renovation problem, while k3 considers



only A4 to be the most plausible solution. Note that all answer sets make use only of atoms from the
common signature > A. Hence we obtain

Asm (A) = ASHQ (A) = {A4a-’45}3 ASKS (A) = {-’44}

According to all three ranking models, the preferred answer sets recommend to not have thermal
insulation nor triple-glazed windows. Whether this meets energy-efficiency standards is unclear but
not excluded. Maybe other measures, like e.g. interior thermal insulation, can help meet these standards.
However, from a skeptical point of view, the presence of k3 suggests that the renovated house will not
be energy-efficient.

Most decisively, A4 and As are the only answer sets that do not violate dg which turned out to be the
most crucial conditional, expressing the conflict between the general goal to have an energy-efficient
house and the given fact that the house has a historical facade.

In Example 1, it is apparent that P and A play different roles. We summarize our observations here:

+ The information in P is used to determine the search space of technically feasible solutions, given
the specific problem instance, e.g., “f.”. P is also used to rule out unwanted options via strict
constraints (e.g., < h.).

« The information in A describes the plausible properties of good resp. the best solutions. Hence
the ranks computed from A can be understood as degrees of (in)appropriateness of answer sets
to provide best solutions. Therefore, minimal ranks indicate best possible solutions.

« The conditionals from A can also help explaining why answer sets provide good or not so good
solutions. In the house example, the conflict between e and f might have been anticipated,
but with unclear impact. This is elaborated in a formal way by c-representations which clearly
indicate that complying with dg is most crucial for a low rank.

Moreover, there are general and crucial technical differences between ASP and conditionals regarding
their inference behavior. Without facts or default assumptions, nothing can be entailed from an ASP
program. That is why we used r; — rg in P to generate these possible options (or their violation) within
answer sets. To the contrary, propositional beliefs can be always inferred from (consistent) conditional
belief bases. The belief set of a ranking function is the theory of the worlds with rank 0. This means
that from Table 1 and hence from A, the propositional belief it f can be inferred. While inference
in ASP is rule-based in principle (i.e., whenever the body of a rule is satisfied by an answer set, also
its head must be taken to be true), inference from a set of conditionals via c-representations is more
like an interactive process aiming at finding an equilibrium among the impacts of conditionals. This is
expressed by CRS'(A).

Given these crucial differences, moving information from P to A, or vice versa, can drastically change
the results in a non-predictable way. Therefore, general formal results about the effects of variations of
the modelling of information via ASP vs. conditionals are hardly expectable. Moreover, this is more
than a technical question. In the first place, the appropriateness of the knowledge engineering for the
problem under consideration should be considered. Here we hope that our insights summarized above,
in particular the distinction between knowledge about technical feasibility and plausible (conditional)
beliefs about “good” solutions, can be helpful.

To illustrate, on the one hand, the problems when information is moved from the ASP program to the
conditional belief base, or vice versa, but also on the other hand, the richness of modelling options that
is offered by this combined framework of ASP and conditionals, we focus on the modelling of factual
resp. propositional information in the next section.

5. Propositional Information in ASP and Conditional Belief Bases

Both ASP programs and conditional belief bases are excellent formal means to encode generic knowledge
in the form of default rules, i.e., rules that express important associations but also allow for exceptions.



Such rules are indispensable to represent commonsense and domain-specific knowledge. Nevertheless,
also facts and other propositional information that is syntactically simpler than (default) rules are
deemed essential to model knowledge, e.g., to take observations or given prerequisites into account.
They may complement the default rules in various ways. However, as we argued in Section 4, ASP rules
and conditionals follow substantially different reasoning paradigms. Therefore, encoding knowledge
and beliefs via ASP or conditionals can cause significant differences. The research question that we
focus on in this section is whether this also applies to propositional information, i.e., whether encoding
propositional information in the ASP program P or associating it with the conditional belief base A
matters. We will see that also in this apparently simple case, many options to integrate propositional
information into the combined knowledge base (P, A) exist, and crucial differences between ASP
encoding vs. conditional encoding may occur. First, we give an overview on these modelling options.
Afterwards, we contrast some of these options to highlight striking differences.

5.1. A Variety of Modelling Options

In this section, we assume a combined knowledge base (P, A) consisting of an ASP program P and a
conditional belief base A to be given. The knowledge engineering task that we consider is to take some
additional propositional information A € £ into account.

The proposition A can express a certain fact, or a plausible belief; it can point out something that
must be avoided, like in ASP constraints, or represent case data to which generic knowledge and
beliefs should be applied. So, the meta information that comes along with A plays a crucial role for
deciding how to integrate A in the knowledge engineering process. We discuss the various options for
representing A suitably in the following, where the different focuses of modelling of P resp. A should
be taken into account.

1. If A is a certain fact, then adding “A.” (if A is a literal) to the ASP program P is a suitable option.
But also in the conditional belief base A, a certain fact A can be expressed by the strict conditional
belief (1L|—A) that ensures that only models of A can have a finite rank. The fact “A.” in P
represents a given fact of the problem description, while the conditional (L|=A) in A marks
models of —A to be infeasible solutions.

2. Plausible beliefs A can be represented by conditionals (A|T). As elements of A, they ensure that
the minimal worlds (according to any ranking model) all satisfy A. Such conditionals can be used
to express general properties of good solutions, like the conditional (e|T) in Example 1.

3. As a meta-level constraint for suitable solutions that must be avoided, if A is a literal, it can
be encoded by the (technical) constraint “— A” in ASP. In this way, the constraint restricts
technically feasible solutions already in the generation process.

4. If A represents case data to which the generic knowledge and belief in P or A should be applied,
then the c-representation x which is generated from A can be conditionalized by A. As an
analogue procedure on the ASP side, only answer sets of P which contain A (if it is a literal) can
be considered; this can be encoded by adding the constraint “ <— not A.” to P.

This enumeration shows that propositional information can influence the modelling process in very
different ways. In the rest of this section, we elaborate on the technical implications of these modelling
options in ASP or via conditionals, respectively, for knowledge engineering.

5.2. ASP Facts vs. Strict and Plausible Conditional Beliefs

Literal facts A in ASP are established via fact rules “A.”, enforcing every answer set to contain the
literal A. Adding a fact to an ASP program P may block some rules that were previously used or may
lead to new rules being activated that previously were not used for generating answer sets. This may
lead to completely different answer sets, fully in line with the nonmonotonic characteristics of ASP. In
conditional belief bases, the literal fact A = f can be enforced via the conditional (_|f), making all
worlds satisfying f infeasible and thus enforcing the belief f. Adding (_L|f) to a belief base A may



influence the impacts assigned to the other conditionals of A. We give an example on how the modeling
of f influences both semantics and the resulting prioritization of answer sets.

Example 2. Consider the following answer set program F ={ @ < f,nota. a < nota.}
with answer set A; = {a} and Ay = {(f|a)} with pareto minimal impact vector 7 = (1), yielding the
c-representation  (cf. Table 2). Modeling f in Ay yields A’ = {(fla), (L] f)} with pareto minimal
impact vector 77 = (00, 00), yielding the (extended) c-representation ' (cf. Table 2). Then x'(A4;) =0
and thus A; is a preferred answer set of F with respect to «/, i.e., a occurs in all prioritized answer
sets of F with respect to x’. Modeling the fact f in ASP instead yields the program 7' = F U {f.}
which has the answer sets A] = {a, f} and A}, = {a, f} with k(A}) =0 < 1 = k(A4)), thus A isa
preferred answer set of 7’ with respect to . Not only does a not occur in all prioritized answer sets of
F' with respect to , but @ occurs instead.

Example 2 shows that the method chosen to model f drastically influences the resulting answer sets.
It is therefore not possible to simply switch from modeling facts in ASP to modeling facts as strict
conditional beliefs and vice versa.

Since an ASP fact “A” forces A to appear in all answer sets, adding (A|T) to A may seem less
problematic than adding a strict conditional belief (1| A). However, basically the same issues apply: The
additional conditional in A may influence the impacts assigned to the other conditionals. Moreover, even
plausible conditional beliefs can lead to inconsistencies. For example, adding (f|T) to the conditional
belief base A in House Example 1 will make A (both strongly and weakly) inconsistent.

5.3. Plausible vs. Strict Conditional Beliefs and Conditionalization

In the context of conditional belief bases, A can be any classical logical formula, not only a literal.

Adding the plausible conditional belief (4| T) to A enforces that A must be more plausible than A,
i.e., most plausible. This however does not make A totally infeasible, in contrast to adding the strict
conditional belief (| A). This latter conditional ensures that all models of A will be assigned rank oo,
hence making A a strict belief. If the plausible conditional belief (A|T) is added and A U {(A|T)} is
consistent, it may very well be the case that there are models « of this extended conditional belief base
with x(w) < oo for some w with w = A and thus k(A4) < cc.

The conditional belief bases A U {(A|T)} and A U {(L|A)} usually generate completely different
ranking functions. For instance, adding (| T) to A in Example 1 would not change the pareto-minimal
c-representations x1, K2, k3 (see Table 1). The same observation holds when adding (¢|T) or (f|T) to
A. On the other hand, adding any of the three counter-conditionals to A, i.e., any of (i|T), (£|T) or
(f|T), yields a conditional belief base A’ that is inconsistent without any ranking model.

Regarding strict conditional beliefs (1| A), note that adding any such conditional to A makes the
extended conditional belief base A U {(_L|A)} only weakly consistent. Strong consistency is necessarily
lost (see Section 2.2). But sometimes, even weak consistency can be destroyed. In Example 1, adding
any of the three conditionals (_L|7), (L|f) or (L|f) to A yields a belief base A’ that is not (strongly)
consistent, but still weakly consistent. On the other hand, adding any of these three conditionals with
negated antecedent, i.e., any of (_L|i), (L|t) or (L|f) yields a belief base A’ that is neither strongly
consistent nor weakly consistent.

This also illustrates that conditionalization of the c-representation of a conditional belief base is very
different from adding a strict conditional belief to it. While in the House Example 1, A U {(_L|i)} is
inconsistent and hence does not allow for computing an extended c-representation at all, the condition-
alized c-representations r1 |, k2|i, k3|7 can be computed straightforwardly from Table 1. Furthermore,
it is obvious that no plausible belief can yield the effect of conditionalization because adding (A|T)
to A makes A worlds only less plausible (if the extended conditional belief base is consistent) while
conditionalization excludes all models of A.

5.4. ASP Constraints vs. Strict Conditional Beliefs

In this subsection, we assume A = h to be a literal in compliance with the ASP syntax rules.
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While the constraint “— h.” and the strict conditional belief (_L|h) have similar motivation in that
they are meant to make the literal h infeasible, there are still some crucial differences to consider. For
a ranking function  and a formula A, we always have min{x(A), x(A)} = 0 due to the condition
k~1(0) # 0. Therefore, making h infeasible, i.e., enforcing x(h) = oo by means of (L|h), requires
#(h) = 0 and thus also enforces that h is (strictly) believed. This is not the case in ASP, where “< h.”
has no direct influence on whether h occurs in an answer set or not. Furthermore, while “<— h.” acts as
a filter on answer sets, it does not interact directly with the other rules of an answer set program. The
conditional (L|h) on the other hand may interact with other conditionals in A, drastically affecting the
ranks of all worlds, not only those where h holds. We give an example illustrating this.

Example 3. Consider the following answer set program
H ={a <+ nota,not h., @< nota,noth., h <+ nota,nota., < h.}

and the belief base A, = {(h|a)}. Here h is made impossible in the answer sets via the constraint “<— h.”
in H. The program # has two answer sets, A; = {a} and Ay = {a}, and CRY’(A},) has one minimal
solution, 77 = (1), with induced ranking function « (cf. Table 3). Then x(A;) = k(Az) = 0, i.e., both
answer sets are preferred. We compare this to modeling the infeasibility of h in Ay, instead of H, yielding
the program H' = H\{< h.} and the beliefbase A} = {(h|a), (L|h)}. The program H’ has answer sets
A = {a}, Ay = {@}, and A3 = {h}, and CR$’ (A} ) has again only one minimal solution 7' = (o0, 00)
with induced ranking function &’ (cf. Table 3). Then k'(A2) = 0, and k' (A;1) = K/(A3) = o0, ie., A is
no longer preferred.

Example 3 shows how the conditional (L|%) in A} may affect the ranking of other worlds by enforcing
the impact oo for not only itself, but also the conditional (h|a), yielding a direct effect on the prioritization
of answer sets.

5.5. ASP Facts and Constraints vs. Rank Conditionalization

Another way to take facts into account in the context of conditional belief bases is the conditionalization
of the induced ranking function with a formula A. If A = f is a literal, this is similar to considering
only those answer sets where A holds, but does not limit the computation of answer sets in any way. It
can be shown that the occurrence of a literal f in all answer sets, e.g., due to a fact “f.”, implies that the
conditionalization of x by f is sufficient to obtain the priority relation among answer sets.

Proposition 1. If f € (VAS(P), then A; =, A;j iff Ai =5 Aj for all A;, Aj € AS(P).

Proof. Let f € (JAS(P). Then we have A; |= f and A; = f, and thus both x(A;) > k(f) and
k(A;) > k(f). Therefore, k(A;) < k(A;) holds if and only if k(A;) — k(f) < k(A;) — k(f), which
by definition of conditionalization is equivalent to x| f(A;) < k|f(A;). Altogether, we therefore have
.Ai j,.; .Aj iff.Ai j){|f Aj. ]

With respect to constraints, first note that we cannot model the constraint “<— h” via conditionaliza-
tion with £, as the absence of h in an answer set does not imply the occurrence of A in it.

However, as mentioned in the beginning of this section, the constraint “<— not A.” may be considered
as an alternative for modeling conditionalization by a literal A = h. This constraint eliminates all
answer sets which do not contain A, which results in Proposition 1 being applicable. Similar to



conditionalization, constraints of this shape lead to a focusing on (existing) answer sets which contain
A without interfering with the other rules. This is what distinguishes them from facts “A.”, which
directly lead to the insertion of A into answer sets and may enable the activation or blocking of rules.

5.6. Summary and Discussion

Similarly to what we discussed in Section 4, even in the case of propositional information, there is no
straightforward way to move information suitably from the ASP program P to the conditional belief
base A, or vice versa in general. The roles that P and A play in the reasoning and ranking process are
very different, and also the reasoning modes show significant differences. While propositions as facts
are an essential part of ASP reasoning, they are neither necessary nor unproblematic for conditional
belief bases since they can easily lead to (partial) inconsistencies. Moreover, we observed fundamental
differences between encoding a proposition A as a plausible belief via the defeasible embedding (A|T),
or as a strict conditional belief via the strict embedding (1| A). On the other hand, conditionalizing
a ranking function x generated from A by a proposition A representing case data is easily possible,
and maybe the most frequent case where propositional information becomes relevant. Proposition 1
showed that conditionalization of x by (e.g.) a fact A in P does not change the ranking of answer sets.

Constraints play a particularly interesting role for knowledge engineering with a combined knowledge
base (P, A). Technically, they must be part of P because there is no way to represent them adequately
with conditionals, as Example 3 illustrates. And indeed, they restrict the technically feasible solutions.
However, from a knowledge engineering perspective, they are more like goals which express what to
avoid in a suitable solution and hence part of an expected solution. This illustrates that knowledge
engineering sometimes should extend the focus of modelling for each component P or A to benefit
from technical options of the other component.

In the next section, we reconsider the connection between ASP constraints and conditionals, present-
ing weak constraints as a suitable means to encode conditionals via ASP.

6. From Conditional Knowledge Bases to ASP with Weak Constraints

In this section, we will show that in some scenarios, a conditional knowledge base can be encoded as
weak constraints directly in an ASP program. As a first step, we define the following (partial) ELP:

Ps={a<nota. |acX}U{a+ nota.|ac X}

If P, is a part of a larger program P, the sub-program Ps; ensures that every valid combination of
literals from 3 is represented among the potential answer sets of P. Then all answer sets of P will
correspond directly to possible worlds from €). The next theorem demonstrates that weak constraints
can be employed to encode conditionals in A, thereby ranking the answer sets of an ELP P according
to a c-representation of A.

Theorem 2. Let P be an arbitrary ELP without weak constraints such that Py, C P, and let the knowledge
base A be given as follows:

A={V.. . VIIKA . AK)|1<i<n}, (5)

where all k; and l;'- are from L. Let the ELP P be defined as follows:

Pa = {i~ ki,...,k;i,notl’i,...,notléi. [wi] |1 <i<n}
IfW = (wi,...,wy) is chosen such that k3 is a c-representation of A, we have optAS(P U Pp) =

ASHu‘;’ (P> .

Proof. Let S € AS(P UPa). A weak constraint “:~ ki,...,kp,notly,...,notl,. [w]”in A is violated
by S if S both contains k1, ..., k, and does not contain any of /1, ..., [,. Because of the rules in Py,



this means S = k1 A -+ Akp A IiA- A Zq. In other words, if S violates the weak constraint above,
then S implies the falsification of the conditional ({1 V...V 4|k A ... A kp). Then, from Equations (2)
and (4), cost(S) = kgz(S) follows immediately. Thus, for any pair of answer sets S and S’, we obtain

S <cost §"iff S <, S’. Consequently, optAS(P U Pa) = AS, . (P) holds. =

Note that the specific form of the conditionals in (5) is not mandatory when translating condi-
tional knowledge bases into weak constraints in the sense of Theorem 2. However, for general con-
ditionals (B;|A;) with A; and B; being arbitrary propositions, the translation process is a bit more
complex due to the syntactical restriction of ASP rules which employ literals only. The basic idea is
to introduce fresh atoms for A; and B;, say F'(A;) and F(B;), and translate (B;|A;) into the weak
constraint “:~ F'(A;),not F(B;). [n:]”, denoted by wc;, where 7; is the impact factor of (B;|4;) in
the c-representation under consideration. In addition, A; and B; are compiled into any equivalent
disjunctive normal form, say DNF(A4;) and DNF(B;), respectively. For each disjunct a; A ... A ap, in
DNF(A;), the ASP rule “F'(4;) < ai,...,ay.” is added to the ASP program, as well. The same has to
be done for DNF(B;). This guarantees that whenever A; is true at least one of the rules of the form
“F(A;) < ai,...,an.” applies and F'(A;) is inferred which triggers the weak constraint wc;. The same
holds for F'(B;) such that wc; applies (resp. is blocked) if and only if (B;|A;) is applicable (resp. is
verified). For further details on this procedure, we refer the reader to [6]. It should be noted that the
complexity of rewriting a formula into disjunctive normal form is exponential in the worst case, i.e.,
O(2"), as the size of the resulting expression may grow exponentially relative to the the original input.

7. Conclusions and Future Work

In this paper, we considered an approach to prioritized answer set programming where beliefs about
priorities among the answer sets of an ASP program P are made explicit by a conditional belief base A.
A ranking function is then generated from A which yields a ranking of the answer sets of P. While this
setting combining two major approaches to nonmonotonic reasoning offers a rich variety of modelling
options, knowledge engineering requires a good understanding of the reasoning and ranking processes
in both frameworks. We pointed out crucial differences between modelling information in ASP vs. via
conditionals, highlighting the different roles that P and A play. As a side effect, our investigations also
provided deep insights into differences between the basic reasoning processes in ASP vs. ranking-based
conditionals. As future work, we plan to evaluate our combined approach by principles which will be
inspired by those presented in [3].
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