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Abstract

We consider a definitional fragment of Temporal Equilibrium Logic (TEL), which allows to capture temporal
rules that contain complex (implication-free) temporal formulas in rule bodies. We focus on the setting where
formulas are interpreted over finite traces. We show that the basic reasoning tasks in the definitional fragment
are PSPACE-complete, showing a significant drop from the ExpSPACE-completeness of the unrestricted case. Our
method is based on characterizing stable models in terms of different kinds of type sequences, which allow to
reason both about the existence and non-existence of stable models. In addition to handling tasks like stable model
existence, we also show how the set of all stable models of a theory can be represented as a non-deterministic
finite state automaton (NFA). Our method is self-contained in the sense that, in contrast to previous approaches,
it does not rely on technical automata-theoretic results as black boxes. Our method can be implemented using
SAT solving techniques and a prototype system is available.
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1. Introduction

Rule-based languages with default negation are very natural tools for modeling dynamic domains,
reasoning about actions and change, automated planning, and performing temporal reasoning more
broadly. A key advantage of default negation is its ability to naturally address the frame problem by
ensuring persistence of facts and inferences over time unless there is justification for change, a feature
that is at the core of Answer Set Programming (ASP) and related non-monotonic formalisms [1, 2].

However, standard ASP has a significant limitation when it comes to temporal reasoning in situations
where the temporal horizon is not known a priori. Indeed, standard ASP programs are essentially
propositional; rules with variables are handled via grounding which, in the context of temporal reasoning,
requires us to “hard-code” a bound of the number of time points we consider. Two families of solutions
to address this problem have been proposed in the literature. The first one is based on logic programs
with function symbols [3, 4]. Indeed, a single unary function symbol in a logic program allows us to
model an unbounded timeline. In combination with non-ground ASP rules, this yields a very expressive
formalism, which however is immediately undecidable. Thus syntactic restrictions on programs are
needed in order to regain decidability and to control the computational complexity [3, 4]. The second
family are the works based on Temporal Equilibrium Logic (TEL), which extends Equilibrium Logic with
temporal modalities [5, 6, 7]. While these languages are decidable, their complexity is in general very
high. In particular, reasoning in full TEL is known to be ExpSpace-complete [8]. The same completeness
result also applies to disjunctive BD-programs considered in [4], when programs are limited to use a
single unary function symbol. Several ways to reduce the complexity have been considered: disallowing
disjunction [4], or enforcing uni-directional propagation of information along the timeline [3, 5].

In this paper, we contribute to temporal ASP by identifying and studying a definitional fragment of
TEL. Roughly speaking, we consider temporal programs P that consist of rules of the form p + ¢,
where p is an atom and ¢ is an implication-free LTL formula. The rule is universally quantified, with the
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quantification ranging over all points in time. Intuitively, such rules can be viewed as definitions that
assign names to temporal properties of points in time. This setting is related to nested logic programs [9]
and to terminologies in Description Logics under the stable model semantics [10]. We focus on the
setting of finite traces, in the spirit of temporal logics on finite traces [11].

The contributions of this paper can be summarized as follows:

We first identify a definitional fragment of TEL that we study in the rest of the paper. We observe
that this fragment—when interpreted over finite traces—admits a very simple normal form. This
normal form essentially corresponds to normal BD-programs and we can infer from [4] that basic
reasoning in our fragment is PSpace-complete. However, the approach in [4] supports infinite
traces, and the corresponding automata-based algorithms are more difficult to implement.
Motivated by the challenge, we present a direct algorithm for checking the existence of a stable
model of a temporal program. A particular challenge here is that information can flow in both
directions, into the future and into the past. This requires carefully managing the justifications
for atoms, ruling out justification cycles that may span even exponentially many time points.
The basic version of the direct algorithm proves the PSpACE upper bound. This can be seen as a
direct proof of the result that can, as mentioned above, alternatively be obtained by an encoding
into a normal BD-program.

We use the direct algorithm as a basis for a more sophisticated algorithm. Specifically, we obtain
an incremental procedure that gradually increases the length of traces it considers and alternates
between two modes of reasoning: between (a) trying to find a stable model of a given length &,
and (b) trying to prove that a stable model does not exist at all.

The sub-tasks (a) and (b) can be expressed as satisfiability and unsatisfiability checks for proposi-
tional logic formulas, i.e. reduced to (UN)SAT. We formally define the incremental procedure that
uses (UN)SAT checks as subroutines.

After dealing with the basic reasoning tasks like consistency, we move to the task of obtaining a
small finite representation of the set of all stable models of a temporal program. Specifically, we
show how to obtain a “clean” non-deterministic finite state automaton (NFA) that accepts exactly
the stable models of the program.

We have implemented a prototype reasoner that uses the above algorithms. Due to convenience,
we use Clingo [12] as a backend, but any other fully-fledged SAT solver could be used instead.

2. Preliminaries

Here we recall Temporal Equilibrium Logic (TEL).

Syntax Let A denote a countably infinite set of propositional atoms. We build (temporal) formulas ¢
using the following grammar:

@ ==init |end | T | L |p|
eANe oVl p|p]
Solop|leUp|pSep|pReo|pTe

where p € A. We use At(y) to denote the atoms that appear in a formula ¢.

Semantics An interpretation is any set I C A of atoms. A trace is a sequence of the form

T=1I0-- 1,

where n > 0 and each I} is an interpretation. That is, a trace is a finite word over the alphabet 2A,
Assume a pair Z = Iply--- I, and J = JpJy - - - Jp, of traces. We write Z C 7, if I, C Jj, for all
0<k<nIfZ C J,then the pair (Z,7) is called an HT-trace. We next define a satisfaction relation



‘=’ that determines the truth value of formulas in the time points 0. . . n of the HT-trace (Z, J). This
is done inductively on the structure of formulas as follows:

. (T, ), ¢ E initiff £ =0

« (Z,J), L Eendiff Lt =n

« (Z,J),tETforal0< ¢ <n

« (Z,J), 0= Lforall0</{<n

« (Z,J), L =piffpe I,

c (L,I) A EeNYHE(Z,T),0 E pand (Z,T).L | .

« (L,I) L E Vit (T,T),LEpor (,T),LE

c (Z,T), L E p«—viff (K, TJ),¢ E 4 implies (K, J),¢ E ¢ forboth X =Z and K = J.
* (I,j)f):—!gpiff(j,j),flgégp.

c (Z,I) A Eepifft <nand (Z,7),0+ 1 .

c (Z,J),lEopiff ¢t >0and (Z,7),L — 1 | ¢.

« (Z,J),¢ E ¢ U iff there exists £ < k < n such that (Z,J),k = and (Z,J),j | ¢ for all

(< j<k.

« (Z,7),¢ = ¢ R iff one of the following holds: (i) (Z, J), k |= v, for all ¢ < k < n, or (ii) there
exists { < k < nsuchthat (Z,7),kE¢and (Z,7),j F ¢foralll < j < k.

« (Z,J),¢ = ¢S iff there exists 0 < k < ¢ such that (Z,J),k = ¢ and (Z,7),j = ¢ forall
k<j<Ut.

« (Z,7),¢ = ¢ T iff one of the following holds: (i) (Z, ), k = ¢, for all 0 < k < ¢, or (ii) there
exists 0 < k < ¢suchthat (Z,J),k = pand (Z,7),j = pforalk < j </

We say (Z, J ) is a model of a formula ¢ if (Z, J),0 |= ¢. A trace J is called a stable model of a formula
o, if (J,J) is a model of ¢, and there exists no model (Z, J) of ¢ such that Z C 7.
Recall that the following classical temporal modalities can be expressed using the base modalities

¢ . . s def ¢ . >
defined above: ‘true at some point in the future as Feo = TUgp, ‘always true in the future as

Gy R ¢, ‘true at some point in the past’ P go YTs ¢, and ‘historically true’ as H go o T

3. Complexity of the Definitional Fragment of TEL

In this section, we introduce the fragment of TEL that we study in the rest of the paper. We then show
that the basic reasoning tasks in this fragment are PSpAce-complete. In the following section, we will
deal with a more sophisticated incremental solving procedure.

3.1. Definition of the Fragment

In this paper we focus on temporal formulas that are reminiscent of nested logic programs or Description
Logic terminologies. We define the following notions.

A rule is a formula of the form p < ¢, where p is an atom and ¢ is formula that does not contain
‘. We say p and ¢ are the head and the body of the rule p < ¢, respectively. We are specifically
interested in formulas of the form:

( /\ pi < ©i) (1)
0<i<n
where each p; < (; is a rule. To simplify presentation, any formula of the form (1) can simply be
written as a set of rules

P={p1 < ¢1,....,0n < ©n}. (2)

Any set P of rules as above is called a program. In the following, when we talk about stable models of a
program P of the form (2), we mean the stable models of the formula (1) that underlies P.
We add some syntactic sugar:



- a“choice rule” hy | ... | hyn < o stands for the set of all rules Ay <= & A= Ve, poqagy B
« a “constraint” | <— « stands for the rule f <— o A = f, where f is a propositional atom that is
dedicated to this rule, i.e., f is not allowed to occur anywhere else where the rule is used.

Example 1. Consider the following scenario: we have a robot that is capable of navigating its environment.
The goal is for the robot to exit through a locked door. To unlock the door, the robot must first pick up a
key located in a specific area. Consequently, the robot needs to move to the key’s location, retrieve the key,
then proceed to the door to unlock it and finally exit the room. We will utilize temporal rules to model this
domain. Specifically, we want to include a statement for the inertia of holding the key: we want to infer by
default that the agent continues to hold the key in the future after having picked it up. This can be modeled
using the following temporal program P:

move | pick-key | drop-key | unlock | exit <——Goal
HasKey < © (pick-key vV (HasKey A =drop-key))
Goal < © unlock
1 «unlock AN —HasKey
1 <drop-key A\ ~HasKey
1 < pick-key N HasKey

In Figure 1 one can find an automaton that captures all stable models of P (only the “action” predicates are
shown in the figure). The automaton was produced by the ATASP system, discussed later.

3.2. Normal Form

We turn our attention to an algorithm for the above fragment. To this end, we can focus on programs
in a normal form: we can get rid of complex formulas and focus on simple formulas that resemble
standard rules:

Definition 1 (Normal Form). A program P is in normal form, if the following two conditions are satisfied.
First, each rule in P is of one of the following forms:

(F1) p<ai A...Nap A—by A... A by,
(F2) p<qVd

(F3) p<+ @q

(F4) p+ ©q

wherep,q,q' € A, {a1,...,an,b1,...,bm} C AU {init,end}. Second, any atom occurs in the head of
at most one rule in P.

Proposition 1. Any program P can be transformed in polynomial time into a program P’ in normal
form such that P and P’ have the same stable models up to the signature of P.

Proof. The proof involves two normalization stages. In the first one, we eliminate all nesting in rule
bodies by replacing complex sub-formulas using fresh propositional atoms, which in turn are defined
using fresh rules. In the second stage, we get rid of the temporal operators U,S, R, and T.

For the first stage, observe the following. Suppose ¢[1)/p| denotes the formula that is obtained
from ¢ by replacing each occurrence of the sub-formula v in ¢ by the atom p. Assume a program
P = Py U{p < ¢}, and suppose 1) is a sub-formula in (. Consider a new program P’ = Py U {p «
ol/p' ]} U{p < v} It is not difficult to see that P and P’ have the same stable models up to the
signature of P. If we iterate such replacements on an initial program P, we can obtain in polynomial
time a program that is almost in normal form. In particular, we may still end up with a program that
includes rules of the form:

p+aUb p<+aSh p<+ aRb p+aTh (3)



where a, b are propositional atoms.

For the second stage, we argue how to eliminate rules of the form (3).

Assume a program P = Py U {p < a U b}. Intuitively, we need to conclude p at every time point 7
such that there exists j in the future where b holds and until then a hold everywhere. We take a fresh
propositional atoms p/, p” and consider the program P’ that is obtained from P by replacing p <~ a Ub
with the following rules:

pbVvy p —anp’ P — ®p

It is not difficult to see that P and P’ have the same stable models up to the original signature of P.
Note that the above 3 rules simply correspond to a normalized version of therulep <~ bV a A &p

Assume a program P = Py U {p < a Rb}. Intuitively, we need to derive p at every time point 7 such
that b is true at every future time point until a possibly becomes true. We take a fresh atom p’ and take
the program P’ that is obtained from P by replacing p < a R b with the following rules:

p—bAp  p+®p p+a p+bAend

Again, we have P and P’ have the same stable model up to the original signature of P. Again note the
above 4 rules correspond to a normalized version of arule p < (bA @ p) Va V (b Aend).

The cases of S and T are symmetric to the cases of U and R above (we only need to use & and init
instead of & and end). O

3.3. Excursion to Encodings of ASP into SAT

The goal of this subsection is to provide intuition behind one of the main components of the algorithm
presented later. We will demonstrate how a normal ASP program P can be encoded in polynomial time
into a SAT formula p in such a way that the stable models of P correspond to the classical models of
@ p up to the original signature of P. A couple of such encodings are available in the literature exploiting
the idea of level mapping [13, 14, 15]. Focusing on the original signature of P is essential, as it has been
demonstrated in [16] that if (op does not incorporate fresh symbols, it may grow exponentially in size
relative to P. Readers familiar with this ASP-SAT connection can confidently skip this subsection.
Assume a normal propositional program P with atoms At(P). A decorated interpretation for P is a
pair (I, <), where I C At(P) and < is a strict partial order over I such that the following are satisfied:

(A) Forallrulesp < aj A...Aay A=by A ... A —by, in P, one of the follwing holds:
- pEH,
« {a1,...,an} € I, or
o {b1,...,b;m} NI # 0D

(B) Forallp € I, thereisarulep < a1 A ... Aay A by A ... A by, in P such that:
. {al,...,an}gl,
e {b1,...,b;m} NI =0,and
e ap <pforalll <k <n;

The condition (A) above requires I to be a classical model of P, while the condition (B) requires each
atom to be supported. The last item in (B) together with the fact that < is a strict partial order ensures
that the support for each atom in I is well-founded. The following can be easily seen:

Proposition 2. Assume a normal propositional program P. Then I is a stable model of P iff there exists
< such that (I, <) is a decorated interpretation for P.

Given a program P, we can efficiently produce a SAT formula ¢ p whose models correspond to
decorated interpretations for P. It uses the original atoms of P, and some fresh atoms. Specifically, (i)
for each rule in p € P, we take a fresh propositional atom r,, and (ii) for each pair of atoms a, b that
appear in P, we take a fresh propositional atom dep,, ;. Intuitively, dep,, ;, means “a depends on b”, and
will correspond to b < a in a desired strict partial order <. Then the formula ¢p is the conjuntion of
the following subformulas:



(S1) p for every rule p € P,

(S2) (dep,p N depy, . — dep, ) N ~dep, , for all propositional atoms a, b, ¢ that appear in P,

(83) h = 1,1 V...V for each atom h of P, where {p', ..., pF} is the set of all rules of P with h in
the head,

(84) rp — a1 ANdepg, , N+ Nan Adep,, , A =by A+ A —by, forallrules p=p < a1 A -+ Aap A
=by A -+ A by, in P.

The four subformulas require a model I of pp: (S1) to be a classical model of P, (S2) to correctly encode
a strict partial order, (S3) for every atom of I to select a supporting rule, and (S4) to ensure that the
body of each chosen supporting rule is satisfied and that the atom dependencies are asserted. Based on
Proposition 2 and the construction of ¢ p, we can conclude that ¢ p captures all stable models of P up
to the signature of P. Specifically, we have:

Proposition 3. Assume a normal propositional program P and the formula ¢ p computed for P. We have
that I is a stable model of P if and only if pp has a classical model J with I = J N At(P).

It is important to note that the formula ¢ p generated by the above method may exhibit cubic growth
relative to the size of the input program P. This could pose challenges when dealing with larger
programs. For more advanced methods, refer to [13, 14, 15].

3.4. Characterization of Stable Models and PSpace-completeness

3]

In the rest of the paper, we focus solely on temporal programs in normal form, and thus “program’
always means “program in normal form”, unless explicitly specified otherwise.

Our goal is now to characterize stable models of a program P via sequences of types. Intuitively, a
type here is a description of a time point, which consists of two parts: (a) the atoms that are true at the
time point, and (b) the local dependencies related to those atoms. The challenge we have to handle is
that we have temporal modalities © and &, which means that atoms may depend on atoms in the past
and in the future.

Before we introduce types and type sequences, we introduce a characterization of stable models that
is rather direct adaptation of the idea of seeing stable models as classical models which additionally
enjoy a level mapping. A level mapping prohibits cyclic justification of atoms. In our setting, we use
classical models that can in addition be annotated with a well-founded derivation relation.

Definition 2. Assume a trace = Iy --- I,,. We let

T ={(p,i)|p€l;,0<i<n,pinit,p # end}

A derivation relation for Z w.r.t. a program P is a binary relation ~C T x I such that one of the following
holds for all (p, j) € I:

1. Thereisp <+ a1 A...Nap A—by A...A\=by, € P such that

a) {bi1,...,bp}NI; =0, and

b) (p,j) ~ (ak,j), forall1 < k < n withay, € {init,end}.
2. Thereisarulep < a1 V ay in P such that (p,j) ~ (a1,j) or (p,j) ~ (a1, 7).
3. We have j < n and there is a rule p < @ q in P such that (p,j) ~ (¢,j + 1
4. We have j > 0 and there is a rule p < © q in P such that (p,j) ~ (q,j — 1

).
).
We say ~~ is well-founded if it does not contain an infinite chain (po, i) ~> (p1,i1) ~> (p2,i2) ~ ...

Note that, since Z is finite, ~ is well-founded iff ~ does not have a cycle, i.e., there is no (po, ig) € Z

such that (po,i()) ~ (pl, il) ML (p[), io).
Derivation relations properly characterize stable model of programs.



Theorem 1. Assume a program P and a trace . Then T is a stable model of P iff the following are
satisfied:

(A) (Z,7) is a model of P, and
(B) there exists a well-founded derivation relation ~~ for T w.r.t. P.

We next develop a method for building traces that can be “decorated” with a well-founded derivation
relation, and thus for building stable models. Specifically, we will be interested in sequences of types
where pairs of successor types satisfy certain compatibility conditions: such type sequence encode a
classical model enriched with a well-founded derivation relation. We will also see that any stable model
of a program can be decomposed into a sequence of compatible types.

Definition 3. A type for a program P is any pair (I, D), where I C At(P) and D C I x {—1,0,+1} x
At(P), such that the following conditions are satisfied:

(a
(b
(c
d

I satisfies every rule of the form (F1) in P.
We have (p,0,7) € D whenever (p,0,q), (¢,0,7) € D.
There exists no (p,0,p) € D.
For all p € I, one of the following holds:
(1) Thereisarulep < a1 A...ANap A—by A...A\—by, in P such that
. {al,...,an} cl,
. {bl,...,bm}ﬂI:(B, and
« (p,0,ar) € D foralll < k <n withay & {init,end};
(ii) There is a rule p < a1 V ag in P such that
« (p,0,a1) € Danday € I, or
« (p,0,a2) € Dandasy € I.
(iii) Thereis a rulep <— @ q in P such that (p,+1,q) € D;
(iv) There is a rule p < © q in P such that (p,—1,q) € D.

- =

A type (I, D) with init € I (resp., end € I) is called a starting (resp.final) type. We use types(P) to
denote the set of types for P.

Next we see when a pair of types is ‘compatible’.

Definition 4. A type (I', D’) is a good successor for a type (I, D), if the following are satisfied:
a) if (p,+1,q) € D, thenq € I';
b) if (p,—1,q) € D', thenq € I;
¢) if (p1,—1,p2) € D" and (p2,0,p3), (p3, +1,ps4) € D, then (p1,0,ps) € D’;
)
)

A~ o~ N~

d) ifp+ ©qe Pandqe I, thenpeI'.
e) ifp+ ®qe Pandqe I, thenp e I.

—

Definition 5. Assume a sequence S = (ly, Do), ..., (In, Dy) of types for P. We say S is a good type
sequence for P, if

« init € Iy andinit € I; forall0 < i <mn,
« end € I, andend € I; forall0 < i < n, and
o (I;, D;) is a good successor of (I;—1, D;_1), for all0 < i < n.

Theorem 2. If (1o, Dy), ..., (In, Dy) is a good type sequence for a program P, then Iy - - - I, is a stable
model of P. If Iy - - - I, is a stable model of P, then there exist Dy, . . . , Dy, such that (1y, Do), ..., (I, Dy)
is a good type sequence for P.



Proof. For the first claim, assume (I, Do), . .., (I, Dy) is a good type sequence for a program P. We
need to see that Z = I - - - I, is a stable model of P, for which, based on Theorem 1, it suffices to see
that (i) (Z,Z) is a model of P, and that (ii) there exists a well-founded derivation relation ~~ for Z
w.r.t. P.

For (i), we need to see that all rules of the forms (F1-F4) from P are satisfied. The rules of the forms
(F1) and (F2) are satisfied because of the condition (a) in Definition 3. The rules of the form (F3) and (F4)
are satisfied because of the conditions (d) and (e) in Definition 4.

For the claim (ii), we construct a proper derivation relation ~ over Z, which is obtained by taking,
for all 0 < ¢ < n, the following pairs:

* ((p,1),(q,7)) for all (p,0,q) € D;,
M ((p71)7 (Q77’ - 1)) for all (p7 _1,Q) € Di’ and
* ((p,1),(q,i+ 1)) forall (p, +1,q) € D;.

It only remains to see that ~» does not contain a cycle. This follows from the definition of types,
specifically points (b) and (c) of Definition 3, in combination with condition (c) in Definition 4. Intuitively,
if ~» had a cycle, then (c) in Definition 4 would ensure there is a cycle that is localized to a particular
time point. Such cycle is the disallowed by (b) and (c) of Definition 3.

For the second claim of the theorem, assume a stable model Z = I - - - I,, of P. Based on Theorem 1,
we have that (i) (Z,Z) is a model of P, and that (ii) there exists a well-founded derivation relation ~~ for
Z w.rt. P. We need to build Dy, . .., D,, such that (I, Dy), ..., (I, Dy) is a good type sequence for P.
We can w.l.o.g. assume that (p,?) ~» (g, j) implies j —i € {—1,0, +1}. We define each D; are follows.
We let D; = {(p,j —i,q) | (p,3) ~ (g,7)}. It can be easily verified that resulting type sequence is a
good type sequence for P. O

Theorem 3. Deciding stable model existence for temporal programs PSPACE-complete.

Proof. Assume a program P. Every type (I, D) for P is of polynomial size in the size of P. Checking
whether (I’, D') is a good successor type for (I, D’) requires only polynomial time. Thus we can
check the existence of good type sequence for P by non-deterministically guessing a sequence of types,
keeping in memory only a pair of types and counter that counts to at most [types(P)|. The counter
requires only polynomially many bits in the size of P. This procedure can be implemented to run in
polynomial space.

The matching PSpAce lower bound follows easily, e.g., from [4]. d

Several other reasoning tasks can be reduced to the stable model existence problem: e.g. we may
be interested in cautious/brave entailment of an (implication-free) temporal formula at the initial time
point. Specifically, an implication-free formula ¢ is cautiously (resp. bravely) entailed by a program
P at the initial time point iff P U {< init A ¢} has no stable model (resp. P U {<— init A not ¢} has a
stable model).

4. Efficient Reasoning via Incremental Solving

In this section, we describe a concrete procedure for reasoning in temporal programs. Specifically, we
first describe a procedure for checking the existence of a stable model of a program, and then see how
it can be used to obtain a finite representation of all stable models a program as an NFA. To check the
existence of stable models, our procedure gradually increases the length of candidate stable models,
and specifically employs SAT solving to reason about type sequences. This procedure is the basis for
our implementation that we describe in the next section.



4.1. Reasoning using Iterative SAT and UNSAT Checks

As the first step, we show how to build, given a program P and an integer k, a propositional formula
 such that ¢ is satisfiable iff P has a stable model of length k. For this we directly use Theorem 2:
the formula ¢ encodes the existence of a good type sequence for P of length k. Given efficient SAT
solvers, this approach has the potential to quickly find stable models of small length when they exist.
Afterwards, we shall see a trick that uses UNSAT to identify situations that witness non-existence of
stable models. The overall procedure is then to gradually increase &k and run the two checks to either
find a stable model of length k or prove that a stable model of length > k does not exist.

Definition 6. Assume a program P and an integer k > 0. For all0 < j < k and each A\ € At(P) U
{init, end}, we use a fresh propositional variable . We define formulas start* and final® as follows:

start” := init" A /\ —init/
0<j<k

final® := end® A /\ —end’
0<j<k

Moreover, for all0 < j < k and all pairsp,q € At(P), we use a fresh propositional variables dep’('p’[)’q),

depép “1,q) and depép +1,q)- We construct a formula succ]f) as the conjunction of the following formulas
below:

e forallp,q,r € At(P) and 0 < i < k, we include

7

dep%p,OVQ) A dep(qVO,T) - depépaoﬂ“) (4)

o forallp € At(P) and 0 < i < k, we include ﬂdepép@’p)
o forall rulesp < ay,...,an, b1, ..., 2by of type (F1) in P and 0 < i < k, we include

pPr=al A Aad Abi A AL (5)
P = /\ depz(p,ovaj) (6)
1<j<n,a;¢{init,end}

o forall rulesp <— p1 V p2 of P and 0 < i < k, we include
PV Py —p' (7)
pi = (depl&p,O,pl) /\pli) v (depl('p,ﬂ,pz) A pZQ) (8)
« forall rulesp <~ ©q of P and 0 < i < k, we include

)

(" = p) AP — depl, 1) 9)

o forall rulesp < @ q of P and 0 < ¢ < k, we include

i+1

(g < ) A (P’ — depl, 11 ) (10)

Since the above propositional formulas directly mirror the conditions for good type sequences, we
immediately get the following:

Proposition 4. A program P has a stable model of length k iff the formula start® A succ’f;. A final® is
satisfiable.

Our next goal is find a way to spot when a program has no stable model at all. For this, we consider
progress witnesses, which differ from good type sequences in two ways: (i) they do not need to contain
the end marker in the final type of the sequence, and (ii) the sequence is not allowed to repeat types.



Algorithm 1 Incremental Procedure for Consistency Testing

Require: program P
Ensure: true iff P has a stable model
1: k<0
2. while k < |types(P)| do
3. if starth A succ’fD A final” is satisfiable
then return true
4 if starth A succ’j; A non rep’fD is unsatisfiable
then return false
5. k< k+1
6: end while
7: return false

Definition 7. Assume a sequence S = (Iy, Dy), ..., (I, Dy) of types for a program P. We say S is a
progress witness for P, if

« init € Ip,
« (1;, D;) is a good successor of (I;_1, D;_1), forall0 < i < n, and
« every type in S appears not more than once.

Proposition 5. Assume a program P and an integer k. Suppose P has no stable model of length < k,
and there exists no progress witness for P of length k. Then P has no stable model at all.

Proof. Assume P and k as in the claim. Towards a contradiction, assume P has a stable model Z. We
will argue that this implies the existence of a progress witness for P of length k. Indeed, since Z is a
stable model, P has a good type sequence S. Assume a type (I, D) that appears in S first in position ¢
and last in position j with j > i (thus, the type appears at least twice in .S). Consider the type sequence
S" = (Ip, Dy), ..., Li; Di), (Ij+1, Dj41)s - - - s (In, Dy). Observe that S’ is a good type sequence for
P that contains exactly one occurrence of (I, D). Thus by repeating the above elimination of type
repetitions, we can obtain a good type sequence S” for P that does not repeat any types, i.e. the length
of S” is exactly the number of types that appear in S. Since P has no stable model of length < k, it
must be the case that |S”| > k. Then the initial prefix of S” consisting of the first k types is a progress
witness for P of length k. ]

We can encode the task of checking the existence of a progress witness into SAT. The encoding is
based on the previous formulas; we only need machinery to prohibit type repetition in type sequences.

Definition 8. Assume a program P and an integer k > 0. Let ©' denote the set of all super-scripted
propositions 0 introduced in Definition 6. We define the following formula:

nonreph, := /\ \/ =(0" > ¢7)

0<i<j<k 9'cO?,0i cOI

Proposition 6. A program P has a progress witness of length k iff the formula start® A succ’lg Anon rep'f;
is satisfiable.

All the above can be put together into a procedure presented in Algorithm 1. Its soundness and
completeness follows directly from Proposition 4 and 5, and the fact that the search for stable models
can be limited to type sequences whose length is bounded by the number of types for a input program.

Theorem 4. Algorithm 1 is a sound and complete procedure for checking the existence of a stable model
for a program P.

Note that the procedure in Algorithm 1 is not a polynomial space procedure because k may grow
exponentially in the size of the input program. However, we are certain that is not a major problem.
We believe that in most practical cases stable models will not be extremely long, and in cases when a
stable model does not exist this will be proven quickly by the nonexistence of short progress witnesses.



4.2. Finite Representation of Stable Models Using an NFA

Our next goal is to obtain a finite representation of all stable models of a given program. For this we use
an NFAs. Specifically, for a given program P we will obtain an NFA Ap whose language is the exactly
the stable models of P. We believe that have an NFA representation can be used in diverse downstream
applications, e.g., for supporting agent’s planning tasks by making the agent aware of the dynamics of
the system. The basic expressiveness of NFAs to represent stable models of temporal program is not
surprising; e.g., for this one may use the approach in [4]. However, we need be careful to be careful
since naive approaches may easily lead to automata of exponential size, which then renders the NFA
hardly usable. Our approach here is to exploit the the method from the previous subsection to obtain a
structure that precisely captures all good type sequences for a program P. This structure can be be
directly converted into an NFA.

Definition 9. A trace representation for a program P is a pair R = (B, S), where B is the set of starting
types for P, and S is a binary relation over types such that (1,7") € S implies that 7' is a good successor
of T w.r.t. P. We define paths(S) as the smallest set of words over types such that:

(a) B C paths(R), and
(b) ifTi--- 7 € paths(R) and (1, 7") € S, then also Ty - - - 73, - ' € paths(R).

A sequence Ty - - - Ty, € paths(R) is called terminal, if there is no 7’ such that - - - 7, - 7' € paths(R).
We say R is redundancy-free, if the following are satisfied:

(a) for all terminal sequences Ty - - - T}, € paths(R) we have that 1y, is a final type for P, and
(b) forall(t,7") € S, we have T appears in some sequence from paths(R).

Let traces(R) consist of I - - - I}, for each terminal (I, D1) - -- (I, Dy) € paths(R). We say R is a
proper trace representation for P, if R is redundancy-free and Z € traces(R) for all stable model Z of P.

Assume a trace representation R = (B, S) for a program P. Intuitively, starting from types in B we
can build sequences of types by following the successor relation S. We know that any such sequence
that ends with a final type corresponds to one stable model of P. If we assume R is redundancy-free,
then at any point in construction of the sequence we can always find at least one successor type, unless
we have already reached a final type. Overall, R being redundancy-free means that all types in 5 and
all tuples in S participate in the construction of some stable model of P. Together with condition that
R includes all stable models of P, a proper trace representation captures exactly the stable models of P.

Proposition 7. For any program P, there exists a proper trace representation R. Moreover, R is unique
and traces(R) is exactly the set of stable models of P.

Proof. Let T be the set of all good type sequences for P. Let B = {7y | 7o - 71+ 7 € T} and
S = {(7i,7i+1) | 70+ Ti - Tig1---Tn € T}. It can be verified that R = (B, S) is a proper trace
representation for P, that R is the only proper trace representation for P, and traces(R) is exactly the
set of stable models of P. d

We next show how to compute the proper trace representation R for a program P. To this end, for a
binary relation R over types and a type 7, let R(7) = {7 | (7,7') € R}. The procedure for computing
R is presented in Algorithm 2. It uses a subroutine checkp (7, T") that takes as input a program P, a
type 71, and a set T" of types. The procedure checkp(71,T') decides if there is a good type sequence of
the form 7y - 75 - - - 73, such that 7o ¢ T'. If such a sequence exists, the procedure returns 7. If it does
not exist, it returns nil. We can implement checkp (71, T) using a small adaptation of Algorithm 1, and
thus employ a SAT solver.

To understand Algorithm 1, assume a program P. The procedure starts by computing the set B of
all types that contain both init and end in the type, and thus captures all stable models of length 1. It
then computes a set A as the set of all initial types starting from which there exists some good type
sequence for P. Adding A to B makes sure that 3 consists of exactly the types that correspond to the



Algorithm 2 Computing a Proper Trace Representation

Require: program P
Ensure: R = (B,S) a proper trace representation for P
1: Let BB be the set of all types for P that are both initial and final
Let A be the set of all initial types 7 such that checkp(7, () # 0
Add Ato B
while exists 7 € A such that checkp (7, S(7)) # nil do
Let 7/ = checkp(1,S(7))
Add (7,7") to S
Add 7" to A
end while
return R = (B,S)

R A A

first types of all stable models of P. The types in .4 are the “active” types; these are the types for which
we need add all relevant successor types. This is done in the “while” loop: if a new successor 7’ for an
active type 7 is found, then this is recorded by adding (7, 7’) to the successor relation and adding to 7’
to the set of active types. Overall, one can see the following:

Theorem 5. Algorithm 2 returns a proper trace representation for a program P.

A proper trace representation R = (B, S) captures good type sequences, but here types include
the extra information related atom dependencies. We can project away that information and capture
plain stable models of a program. For this, we can use standard NFAs. An NFA is given as a tuple
A=(Q,%,9,q,F), where @ is a set of states, X is an alphabet, gy € @ is the initial states, F' C Q
is a set of final states, and ¢ is a transition relation § C ) x X U x(@. The language accepted by A is
denoted L(A).

Definition 10. Assume a program P and let R = (B,S) be a proper trace representation for P. We
construct an NFA Ap = (Q, %, 0, qo, F') as follows:

(@ Q= {7 |7 appearsin R} U{qo},

(b) X is set of all subsets of At(P) U {init,end},

(c) F is the set of all final types in ), and

(d) 0 consists of the following:
(@) ((I,D),I'.(I',D")) forall ((I,D),(I',D") € S,
(i) (qo,1,(I,D)) forallinitial types in Q.

The automaton Ap is the desired representation of the stable models of a program P.
Proposition 8. If P is a program, then L(Ap) is the set of stable models of P.

Proof. Assume I --- I, is a stable model of P. By Theorem 2, there exist Dy, ..., D, such that
(Lo, Dy), ..., (In, Dy) is a good type sequence for P. Observe that g, (1o, Do), ..., (In, Dy) corre-
sponds to an accepting run of Ap on Iy - - I,,, and thus I - - - I,, € L(Ap).

Assume a word Iy - -- I,, € L(Ap) that is witnessed by the run qo, (Io, Do), ..., (I, Dy). By the
construction of the automaton, (Iy, D), ..., (I, D;) is a good type sequence for P and thus I - - - I,
is a stable model of P. O

5. Implementation

We have implemented a prototype system ATASP (Automata for Temporal ASP) that implements the
reasoning method described in this paper'. Specifically, given a temporal program P as input, ATASP

'https://github.com/mantassimkus/temporal-asp



hold_key :- (-1) (do_pick_key | hold_key & not do_drop_key).

do_move :- not do_pick_key & not do_drop_key & not do_unlock & not goal.
do_pick_key :- not do_move & not do_drop_key & not do_unlock & not goal.
do_drop_key :- not do_pick_key & not do_move & not do_unlock & not goal.
do_unlock :- not do_pick_key & not do_drop_key & not do_move & not goal.
do_exit:- (-1) do_unlock.

:- do_unlock & not hold_key.

:- do_drop_key & not hold_key.

:- do_pick_key & hold_key.

goal :- (-1) (do_unlock). do_unlock
:- goal & not end.

do_move

do_move

:- end & not goal.

do_unlock

o

do_unlock

do_pick_key
P do_pick key

Figure 1: A temporal program in ATASP syntax capturing Example 1; the NFA resulting from the program
obtained by ATASP.

computes the NFA Ap and visualizes it using the Graphviz library [17]. The system is implemented in
Python and it directly uses the algorithms described above. For checking (un)satisfiability of constructed
propositional formulas it uses the ASP solver Clingo [12], but in principle a dedicated SAT solver could
be used instead. To get an impression of the system, see Figure 1 for a formalization of Example 1.

6. Conclusion

In this paper, we studied a definitional fragment of Temporal Equilibrium Logic, which allows a restricted
usage of the implication symbol in formulas. The language is still flexible enough to allow temporal
programs that intuitively capture terminologies of temporal situations, i.e., it supports giving names
to time points that satisfy a complex (implication-free) temporal formula. We have shown that basic
reasoning tasks like checking the existence of a stable model of a temporal program are PSpAcE-complete.
However, the employed technique is more interesting than the complexity result itself. In our fragment,
information can flow in two directions (from the past to the future, and vice versa), which makes
reasoning challenging. We have addressed this problem by means of carefully designed notions of types
and sequences of types. This characterization opened the way to an incremental solving procedure that
promises to not only quickly find stable models when they exist, but also to quickly return a negative
answer when a stable model does not exist. The incremental procedure was then lifted to be able to
compute the finite representation of stable models using NFAs.

There are some directions for future work. First, we would like to extend the fragment to the first-
order setting, where variables would be allowed in temporal formulas and programs. In terms of theory,
this extension is not difficult, but the actual implementation in ATASP would require significant efforts.
Another direction is to extend our definitional fragment to include more formulas without increasing
the computational complexity. To this end, we plan to study a Harrop fragment of TEL [18].
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