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Abstract
This paper describes the (new) TPTP format for representing interpretations. The sources and properties of
interpretations, which influenced the design of the format, are discusse. The format for Tarskian, Herbrand, and
Kripke interpretations is described. Tools for verification and visualization of the interpretations are described.

Keywords
TPTP World, Interpretations

1. Introduction

Historically, Automated Theorem Proving (ATP) has, as the name suggests, focused largely on the task
of proving theorems from axioms – the derivation of conclusions that follow inevitably from known
facts [1]. The axioms and the conjecture to be proved (and hence become a theorem) are written in an
appropriately expressive logic, and the proofs are often similarly written in logic [2]. The converse task
of disproving conjectures, proving that a conjecture is not a theorem of the axioms, is another facet
of interest, e.g., [3, 4, 5, 6, 7, 8, 9]. This process depends on finding a countermodel for the conjecture,
i.e., finding an interpretation (a structure that assigns meaning to the symbols of the language of the
formulae, and consequently maps formulae to truth values) that is a model of the axioms (maps the
axioms to true) but not a model for the conjecture (maps the conjecture to false). A salient application
area that uses this form of ATP is verification [10], where a countermodel is used to pinpoint the reason
why a proof obligation fails, and correspondingly points to the location of the fault in the system being
verified. Other applications of model finding include checking the consistency of an axiomatization
[11], operations research [12], commonsense reasoning [13], and solving model finding problems [3].

The TPTP World [14, 15] is the well established infrastructure that supports research, development,
and deployment of ATP systems.1 Various parts of the TPTP World have been deployed in a range of
applications, in both academia and industry. The TPTP World includes the TPTP problem library [16],
the TSTP solution library [17], tools and services for processing ATP problems and solutions [17],
and it supports the CADE ATP System Competition (CASC) [18]. The TPTP language [19] is one of
the keys to the success of the TPTP World. Originally the TPTP language supported only first-order
clause normal form (CNF) [20]. Over the years full first-order form (FOF) [16], typed first-order form
(TFF) [21, 22], typed extended first-order form (TXF) [23], typed higher-order form (THF) [24, 25],
dependently typed higher-order form (DHF) [26], and non-classical forms (NXF, NHF) [27] have been
added. The TPTP language is used for writing ATP problems, derivations, and, most relevant to this
work, interpretations [2, 28].

A TPTP format for interpretations with finite domains has previously been defined [2], and has
served the ATP community adequately for almost 20 years. The old format is output by several model
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finder ATP systems, e.g., Paradox [29], FM-Darwin [30], Vampire [31]. The need for a format for
interpretations with infinite domains, and for a format for Kripke interpretations [32], has led to the
development of the (new current) TPTP format for interpretations. This work describes the format. The
underlying principle is unchanged: interpretations are represented in formulae written in the TPTP
language.

Related work: There are other concrete representations of interpretations in use: The SMT-LIB
standard [33] defines a format for model output, and commands to inspect models. SAT solvers generally
output models as specified by the SAT competitions [34], in a simple format similar to the DIMACS
input format [35]. Some individual model finders have defined their own formats for models, e.g., the
output formats of Nitpick [7] and Z3 [36].

This paper is organized as follows: Section 2 discusses the nature of interpretations, considering
what is needed from interpretations, and the various forms that interpretations can take. Section 3
defines the format for Tarskian interpretations, and Section 4 does the same for Kripke interpretations.
Section 5 concludes and discusses plans for future work.

Note well: This paper is self-contained, but refers to examples of problems and their interpretations
in TPTP format that are in the appendices of the extended version of this paper [37]. They are referenced
with a @ icon. It is highly recommended that readers of this paper have [37] available.

Declaration on Generative AI: We didn’t use any.

2. About Interpretations

2.1. What do we Need?

The needs of applications that use model finding vary according to their use of the model. In the
simplest case, applications need to know only that a model exists. Examples of such applications include
checking the consistency of an axiomatization [38], use as a subroutine in more complex reasoning,
e.g., for axiom selection [39, 40], and establishing the existence of a bug in a verification process2. A key
weakness of a model finder that claims to have found a model but does not output an explicit model is
that it is necessary to trust the model finder.

In many applications it is necessary to have an explicit model, in some representation format that
allows for analysis of the model. Applications that productively use an explicit model include finding
inconsistencies in axiomatizations [11], identification of bugs in verification [41, 42], studying modal
and description logics [43], solving problems encoded as a model finding problems [3], and evaluating
formulae wrt the model [44]. Manual inspection of explicit models can also be useful, e.g., [45]. A key
strength of a model finder that outputs an explicit model is that the model can be verified, i.e., it is not
necessary to trust the model finder.

Given the innate desirability of obtaining explicit models of satisfiable formulae, the desirable
properties of interpretation representation are as follows:

1. Interpretations must be for the symbols of the input formulae.
2. Evaluation of any formulae wrt an interpretation should be possible, because many uses of

interpretations can be reduced to evaluation [46, §3.2]. The evaluation should be tractable,
or in a tractable core. This corresponds to the atom test and formula evaluation postulates
suggested by [47, 46], and might be considered to be the most important property of interpretation
representation.

2Bill McCune claimed that establishing the existence of a bug without having an explicit model to help pinpoint the bug
would be “frustrating”. And he should have known.



3. Verification of models should be possible by checking that the problem formulae evaluate to true
wrt the model. The verification should be tractable, or in a tractable core.

4. Interpretations should be sufficiently (human) comprehensible to be useful in (human) applica-
tions.

2.2. What do we Have?

A Tarskian interpretation [48] consists of a non-empty domain of distinct elements (not the Herbrand
Universe – see Herbrand interpretations below) for each type used in the formulae (just one domain
for untyped logic), mappings for function symbols from tuples of domain elements to the domain, and
mappings for predicate symbols from tuples of domain elements to {true, false} [49, 50]. For higher-
order logic only Henkin interpretations [51] are considered. An overview of some ways of building and
representing Tarskian interpretations is provided by [46], and [52] provides a comprehensive list of
approaches.

Two types of Tarskian interpretations are clear (and more might exist):

1. Finite Tarskian interpretations have only finite domains. The domain and symbol mappings can
be explicitly enumerated. Finite models are typically produced by starting with domains of size
one, and incrementing the sizes until a model is found. At each iteration the formulae are reduced
to a decidable logic, e.g., propositional [29, 53] or function free [54] logic, and an ATP system for
that logic is used to decide if there is a model. There are several ATP systems that produce finite
Tarskian models, e.g., Paradox, FM-Darwin, and Vampire.

2. Infinite Tarskian interpretations have one or more infinite domains. Infinite domains can be
explicitly generated, e.g., terms representing Peano numbers, or implicitly specified, e.g., some
set of algebraic numbers such as the integers [55]. There are some ATP systems that produce
infinite Tarskian models, e.g., cvc5 [56], FEST [9], and Z3.

A Herbrand interpretation [57] is a particular form of Tarskian interpretation. A Herbrand interpreta-
tion has the Herbrand universe as the domain, the mapping for function symbols is the “identity”, and the
mapping for predicate symbols is from the Herbrand base to {true, false}. Every set of formulae induces
its set of Herbrand models. Formulae in Skolem normal form induce Herbrand models with a Herbrand
universe that includes any Skolem symbols. An empty set of formulae induces all interpretations, i.e.,
all interpretations are models of the set. Such sets of formulae can be the result of applying model
preserving transformations to the problem formulae (even the input itself induces its set of Herbrand
models), or be generated by an ATP system with the explicit intention of representing Herbrand models.
They are important in the context of resolution and all similar modern calculi; saturations (see below)
are a common case.

• Formulae that are intended to represent Herbrand interpretations are written HI-formulae in this
paper, to avoid confusion. Examples include saturations (discussed separately in the next bullet
point), Bachmair-Ganzinger models [58, 59], a disjunction of implicit generalisations (DIGs) [4],
sets of constrained unit clauses [60, 61, 62], SGGS clause sequences [63], tableaux [64] and
hyper-tableaux [65], eq-interpretations [52], and predicate definitions over the term algebra [66].
E-KRHyper [67] was an ATP system that produced hyper-tableaux, and iProver [68, 66] is an
ATP system that outputs predicate definitions over the term algebra.

• Saturations [69, 70] are a special case of HI-formulae. A saturation is a fixed point for a set of clauses
at which further application of a complete inference system does not generate any new clauses
(up to redundancy). A saturation of a set of clauses determines the same set of Herbrand models
as the clauses themselves. Saturations can be used as explicit models in equational theories [71].
Saturation-based ATP systems include E [72], Prover9 [73], Vampire, and Zipperposition [74].

While the domain of a Herbrand interpretation determined by Herbrand formulae is known to be the
Herbrand universe, there might not be an explicit symbol interpretation that can be used constructively
by users.



A Kripke interpretation [32] adds a layer of possible worlds over Tarskian interpretations. There can
be a finite or infinite number of worlds. There is an accessibility relation between the worlds, which
can be subject to the requirements of the logic being used, e.g., for modal logic M the accessibility
relation must be reflexive [75]. Within each world there is a Tarskian interpretation. The Tarskian
interpretations’ domains might be constant, i.e., the same in all the worlds, but might also vary. The
designation of symbols might be rigid, i.e., the same in all the worlds’ Tarskian interpretations, but
might also vary. The designation of ground terms might be local, i.e., from only the domain of the world,
or might be global. Formulae can be evaluated wrt Kripke interpretations with a finite worlds and local
terms by evaluating modal operators using Kripke semantics, and evaluating formulae within a world
wrt the Tarskian interpretation in the world.

2.3. What does the TPTP format Provide?
The TPTP format represents interpretations in interpretation-formulae that have the new annotated
formula role interpretation. The details are provided in Sections 3, 3.7 and 4. Interpretation-formulae are
written using the TPTP syntax. As a brief reminder of the TPTP syntax, problems and solutions are built from
annotated formulae of the form:

language(name, role, formula, source, useful_info)
The languages supported are cnf (clause normal form), fof (first-order form), tff (typed first-order form), and
thf (typed higher-order form). The role, e.g., axiom, lemma, conjecture, defines the use of the formula. In
a formula, terms and atoms follow Prolog conventions – functions and predicates start with a lowercase letter
or are ’single quoted’, and variables start with an uppercase letter. The language also supports interpreted
symbols that either start with a $, e.g., the truth constants $true, $false, the individual and boolean types $i,
$o, or are composed of non-alphabetic characters, e.g., integer/rational/real numbers such as 27, 43/92, -99.66.
The logical connectives in the TPTP language are !>, ?*, @+, @-, ^, !, ?, @, ~, |, &, =>, <=, <=>, and <~>, for the
mathematical connectives Π, Σ, choice (indefinite description), definite description, 𝜆, ∀, ∃, function application,
¬, ∨, ∧, ⇒, ⇐, ⇔, and ⊕ respectively. Equality and inequality are expressed as the infix operators = and !=. The
source and useful_info are optional.

The notions of interpretations, models, partial interpretations, finite interpretations, Herbrand interpretations,
etc., are captured in the SZS ontologies [28].3 For this work the Success ontology was extended with a new value
ModelExtending (MEX). The success ontology provides values for a pair Ax-C, where Ax is a set (conjunction) of
axioms and C is a conjecture to be proved from Ax. MEX is defined as “Some interpretations are models of Ax,
and some interpretations are models of C, and all models of C are conservative extensions of models of Ax (which
means that all models of C are models of Ax)”. This is used for transformations on satisfiable sets of formulae in
which the models of the set are unchanged, or are changed only by adding new domain elements or mappings,
so that the extended models are still models of the original formulae. Examples of such transformations are
Skolemization, and adding logical consequences of a set into the set.

2.4. Do we Have what we Need?
Figure 1 provides an overview of the situation. The starting point is the set of Satisfiable formulae written in
the language Σ. The satisfiable formulae might have been formed from Ax ∪ {~C}. Going down leads to the
Models of the satisfiable formulae. Going left from the Satisfiable formulae in Σ is the pathway taken by ATP
systems that find a Tarskian/Kripke model, and output interpretation-formulae representing the model. The
interpretation-formulae can be for a conservative extension Σ+ of the language of the input formula, e.g., by
the addition of Skolem symbols, defined symbols, etc. If the interpretation-formulae correctly represent a model
of the satisfiable formulae, then the satisfiable formulae can be proved (⊨) from the interpretation-formulae.
The models of the interpretation-formulae are conservative extensions of a subset (by the definition of ⊨) of the
models of the satisfiable formulae. Going right from the Satisfiable formulae in Σ is the pathway taken by ATP
systems (for classical logics at least) that apply transformations to the satisfiable set, to produce formulae that
determine Herbrand models of the satisfiable formulae. The satisfiable formulae can be proved (⊨) from the sets
that result from applying the transformations.

3Updated at tptp.org/UserDocs/SZSOntology

https://tptp.org/UserDocs/SZSOntology/
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Figure 1: A Landscape of Model Building

2.4.1. Formula Evaluation

The second, most important, property of interpretation representation is to evaluate formulae wrt the interpreta-
tion. With interpretation-formulae this can be achieved as follows:

• For Tarskian interpretation-formulae with finite domains, direct evaluation can be used.
– Interpret quantifiers using Tarskian semantics.
– Interpret ground (grounded with domain elements) terms and atoms using the mappings.
– Interpret formulae using the truth tables for connectives.

This approach is taken internally in Vampire to verify its finite models.

• For Tarskian interpretation-formulae, theorem proving can be used.
– If a formula can be proved from the interpretation-formulae then it is true in the interpretation

represented by the interpretation-formulae.
– If a formula can be disproved from the interpretation-formulae then it is false in the interpretation

represented by the interpretation-formulae.
– In practice, a formula might be neither proved nor disproved within reasonable resource limits, so

that nothing is known.

• For Herbrand interpretations determined by HI-formulae, theorem proving can be used: 4

– If a formula can be proved from the HI-formulae then it is true in all the Herbrand interpretations
determined by the HI-formulae.

– If a formula can be disproved from the HI-formulae then it is false in some of the Herbrand interpre-
tations determined by the HI-formulae.

– In practice, a formula might be neither proved nor disproved within reasonable resource limits, so
that nothing is known.

• For Kripke interpretation-formulae, theorem proving can be used. This is described in Section 4.3.

2.4.2. Model Verification

The third property of interpretation representation is to verify a model of given formulae. Given ways to evaluate
a formula wrt interpretation-formulae, models represented in interpretation-formulae can be checked. This has
(at least) the following aspects:

1. Verify that the type declarations and interpretation-formulae are syntactically well-formed and well-typed.
2. Validate that the interpretation-formulae correctly represent the model found by the AT system.
3. Verify that the interpretation-formulae are satisfiable.
4. Verify that the interpretation represented by the interpretation-formulae is a model for the given formulae.

These steps can be (in)completed as follows:

1. This can be confirmed using standard parsing and type checking tools, e.g., [76, 77, 78].

4We (well, at least the first author) believe that this verification technique works, and so do Stephan Schulz and Uwe Waldmann,
but Andrei Voronkov and Christoph Weidenbach say they do not.



2. This cannot be confirmed without insight into the ATP system that found the model.

3. This can be confirmed using a trusted model finder. Hopefully, confirming that the interpretation-formulae
are satisfiable is much easier than finding the model itself, so the ATP system used to check the satisfiability
can be weaker and more trusted than the ATP system that found the model. In light of the next point,
this model finding task can be made easier by combining the interpretation-formulae with the problem
formulae (axioms and negated conjecture).

4. This can be confirmed using the theorem proving approach to verification, in which the problem formulae
Φ are proved from the interpretation-formulae 𝜙 using a trusted theorem prover. The soundness of this
approach is proved by showing that if Φ can be proved from 𝜙 then the interpretation 𝐼 represented by 𝜙
is a model of Φ. This is done for finite Tarskian interpretations for FOF in [44]. We believe the proof in [44]
lifts naturally to TFF and THF, but is technically more complicated due to the introduction of types. The
extension to infinite domains is quite simple after that. For Kripke interpretation-formulae it is necessary
to make changes that reduce the verification problem to TXF/THF (see Section 4.3).

Steps 2 to 4 are implemented in the AGMV model verifier [44], available in the SystemOnTSTP [79] web
interface.5

3. The Format for Tarskian Interpretations
A simple Tarskian interpretation-formula is a conjunction of components (see [37, @ A.2, B.2, B.4, D.2]):

• A domain for each type in the problem formulae.
• Interpretation of non-boolean symbols, as equalities whose left-hand sides are formed from symbols

applied to domain elements, and whose right-hand sides are domain elements.
• Interpretation of boolean symbols, as literals formed from symbols applied to domain elements; positive

literals are true and negative literals are false.

The TPTP format for Tarskian interpretation-formulae requires no changes to the TPTP language syntax (other
than the addition of the interpretation role that is used for interpretation-formulae). At this stage only
monomorphic types are supported, but the syntax is flexible enough to extend the format to polymorphic types.

Function and predicate symbols are interpreted by applying them directly to domain elements (à la [50, §5.3.4]),
rather than using the presentation of interpretations that introduces a new interpretation function for each
function/predicate symbol [50, §5.3.2]. This approach obviates the need for introducing interpretation functions,
and makes interpretation of formulae using theorem proving simpler. However, applying the problem’s function
and predicate symbols to domain elements that are defined with different types to the problem’s types requires
using type-promotion bijections to keep interpretation-formulae well-typed (see Section 3.3).

[37, @ A.2, B.2, C.2, C.3, D.2] illustrate the components of finite Tarskian interpretations in a single interpretation-
formula, as explained in Sections 3.1, 3.2, and 3.3. [37, @ A.4, A.5, B.6, B.7, D.4] illustrate Tarskian interpretations
split over multiple interpretation-formulae, as explained in Section 3.5. [37, @ B.8] illustrates a Tarskian in-
terpretation that is compacted using quantification, as explained in Section 3.6. [37, @ A.6, A.7] illustrate
interpretation-formulae that determine Herbrand interpretations, as explained in Section 3.7. These examples
illustrate the possibilities for writing Tarskian interpretations in the TPTP format, but are not intended to be
exhaustive. In particular, interpretations of higher-order formulae have yet to be fleshed out.

3.1. Finite Interpretations without Types
[37, @ A.1] shows a FOF problem that has a countermodel with a finite domain, which is shown in [37, @ A.2].

The domain specification of a finite interpretation without types is a conjunction of:

• Specification of the domain elements as a universally quantified disjunction of equalities whose right-hand
sides are the domain elements, e.g., in [37, @ A.2]:

! [X] : ( X = "a" | X = "f" | X = "john" | X = "gotA")

• Specification of the distinctness of the domain elements. Distinctness can be specified with pairwise
inequalities, with the $distinct predicate, or by using "double quoted" terms as domain elements
(different "double quoted" terms are known to be unequal (and often not used in problems, which
makes them easy to identify as domain elements)), e.g., in [37, @ A.2] "a" is known to be unequal to "f".

5www.tptp.org/cgi-bin/SystemOnTSTP
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The function mappings are equalities between domain elements and functions applied to domain elements,
e.g., in [37, @ A.2]:

grade_of("john") = "f"
The predicate mappings are literals, e.g., in [37, @ A.2]:

created_equal("john","gotA")
If "double quoted" constants are already used in the formulae being interpreted, they are naturally interpreted
as themselves. Note that for a complete interpretation all function and predicate mappings need to be provided,
even if they make no sense in a typed sense, e.g., in [37, @ A.2]:

grade_of("f") = "a"
~created_equal("a","john")

[37, @ A.3] shows the verification problem for the model.

3.2. Finite Interpretations reusing Problem Types
[37, @ B.1] shows a TFF problem that has a countermodel with finite domains, which is shown in [37, @ B.2].

Each domain specification is a conjunction of:

• Specification of the domain elements as a universally quantified disjunction of equalities whose right-hand
sides are the domain elements, e.g., in [@: ??]:

! [DC: cat]: ( DC = d_garfield | DC = d_arlene | DC = d_nermal )

• Specification of the distinctness of the domain elements, e.g., in [37, @ B.2]:
$distinct(d_garfield,d_arlene,d_nermal)

The function mappings are equalities between domain elements and functions applied to domain elements,
e.g., in [37, @ B.2]:

loves(d_garfield) = d_garfield
The predicate mappings are literals, e.g., in [37, @ B.2]:

~owns(d_jon,d_nermal)
The interpretation-formulae are preceded by the necessary type declarations:

• The types in the problem.
• The types of the domains.
• The types of the domain elements.

[37, @ B.3] shows the verification problem for the model.

3.3. Finite Interpretations with Domain Types
Reusing the problem types for domain elements can get murky, e.g., when quantification over only the domain
elements is intended. It is clearer to use new types for domain elements, and it becomes necessary when the
domain elements are complex or of a defined type such as $int (see Section 3.4). As noted in the introduction
to Section 3, applying the problem’s function and predicate symbols to domain elements that are defined with
different types to the problem’s types requires using type-promotion bijections to “convert” domain elements to
terms of the corresponding problem type.

[37, @ B.1] shows a TFF problem that has a countermodel with finite domains, which is shown in [37, @ B.4]
[37, @ D.1] shows a THF problem that has a countermodel with finite domains, which is shown in [37, @ D.2].

Each domain specification is a conjunction of:

• Specification of the domain for each problem type, as a formula that makes the type-promotion function a
surjection, e.g., in [37, @ B.4]:

! [H: human] : ? [DH: d_human] : H = d2human(DH)
! [C: cat] : ? [DC: d_cat] : C = d2cat(DC)

and in [37, @ D.2]:
! [B: beverage] : ? [DB: d_beverage] : ( B = ( d2beverage @ DB ) )
! [S: syrup] : ? [DS: d_syrup] : ( S = ( d2syrup @ DS ) )

• Specification of the domain elements as a universally quantified disjunction of equalities whose right-hand
sides are the domain elements, e.g., in [37, @ B.4]:

! [DH: d_human] : ( DH = d_jon )
! [DC: d_cat]: ( DC = d_garfield | DC = d_arlene | DC = d_nermal )

and in [37, @ D2]:
! [DB: beverage] : ( DB = d_coffee )
! [DS: d_syrup] : ( DS = d_vanilla )



• Specification of the distinctness of the domain elements, e.g., in [37, @ B.4]:
$distinct(d_garfield,d_arlene,d_nermal)

If each domain has only one element this is unnecessary, as in [37, @ D.2].
• A formula making the type-promotion function an injection, which together with the surjectivity makes it

a bijection, e.g., in [37, @ B.4]:
! [DH1: d_human,DH2: d_human] : ( d2human(DH1) = d2human(DH2) => DH1 = DH2 )
! [DC1: d_cat,DC2: d_cat] : ( d2cat(DC1) = d2cat(DC2) => DC1 = DC2 )

and in [37, @ D.2]:
! [DB1: d_beverage,DB2: d_beverage] :
( ( ( d2beverage @ DB1 ) = ( d2beverage @ DB2 ) ) => ( DB1 = DB2 ) )

! [DS1: d_syrup,DS2: d_syrup] :
( ( ( d2syrup @ DS1 ) = ( d2syrup @ DS2 ) ) => ( DS1 = DS2 ) )

The function mappings are equalities between type-promoted domain elements and functions applied to
type-promoted domain elements, e.g., in [37, @ B.4]:

jon = d2human(d_jon)
loves(d2cat(d_garfield)) = d2cat(d_garfield)

and in [37, @ D.2]:
coffee = ( d2beverage @ d_coffee )
( heat @ ( d2beverage @ d_coffee ) ) = ( d2beverage @ d_coffee )

The predicate mappings are literals, e.g., in [37, @ B.4]:
~owns(d2human(d_jon),d2cat(d_nermal))

and in [37, @ D.2]:
hot @ ( d2beverage @ d_coffee )

The mappings of higher-order function symbols are lambda abstractions, e.g., in [37, @ D.2]:
mix = ( ^ [F: syrup > beverage] : ( d2beverage @ d_coffee ) )
heated_mix = ( ^ [F: syrup > beverage] : ( d2beverage @ d_coffee ) )

The lambda abstractions are convenient because the interpretation of symbols that take a function argument must
specify the interpretation for every such function. This differs from ground domain elements that can simply be
assigned a name. A function is entirely characterised by its values on all inputs, so specifying a function-type
element necessarily involves defining its behaviour, which is expressed as a lambda term. For infinite base
types such as $int, the function space cannot be enumerated, providing an additional reason for using lambda
abstractions, but the use of lambda abstractions is required regardless of cardinality.

The TFF and THF interpretation-formulae are preceded by the necessary type declarations:

• The types in the problem.
• The types of the domains.
• The types of the domain elements.
• The types of the type-promotion functions.

[37, @ B.5, D.3] show the verification problems for the models. Sometimes higher-order formulae have models
that can be expressed in TFF, which is preferable for presentation and readability. However, since the model and
its verification problem must be in the same language, and verification obligations might require higher-order
reasoning, both must be stated in THF.

3.4. Infinite Interpretations
Interpretations can have infinite domains formed from terms or defined types such as $int. [37, @ C.1] shows a
TFF problem that has a model with an infinite domain. [37, @ C.2] shows the model with an infinite term domain,
and [37, @ C.3] shows the model with an $int domain.

Each domain specification is a conjunction of:

• The domain for each problem type, as a formula that makes the type-promotion function a surjection,
e.g., in [37, @ C.2]:

! [P: person] : ? [I: peano] : ( P = peano2person(I) )
and in [37, @ C.3]:

! [P: person] : ? [I: $int] : P = int2person(I)
If the problem type and the domain type are the same defined type, e.g., both are $int, this is unnecessary.

• Specification of the domain elements as an existentially quantified formula that captures an infinite
disjunction of equalities, e.g., in [37, @ C.2]:



! [I: peano] : ( I = zero | ? [P: peano] : I = s(P) )
If the domain is a defined type such as $int this is unnecessary, as in [37, @ C.3].

• Specification of the distinctness of the domain elements, unless implicit from their type. e.g., in [37, @ C.2]:
( peano_less(I1,I2) => I1 != I2 )

If the domain is a defined type such as $int this is unnecessary, as in [37, @ C.3].
• A formula making the type-promotion function an injection, which together with the surjectivity makes it

a bijection, e.g., in [37, @ C.2]:
! [I1: peano,I2: peano] : ( peano2person(I1) = peano2person(I2) => I1 = I2 )

and [@: ??]:
! [I1: $int,I2: $int] : ( int2person(I1) = int2person(I2) => I1 = I2 )

The function mappings are universally quantified equalities between type-promoted domain elements and
functions applied to type-promoted domain elements, e.g., in [37, @ C.2]:

! [I: peano] : child_of(peano2person(I)) = peano2person(s(I))
and in [37, @ C.3]:

! [I: $int] : child_of(int2person(I)) = int2person($sum(I,1))
The predicate mappings are universally quantified formulae, e.g., in [37, @ C.2]:

! [A: peano,D: peano] :
( is_descendant(peano2person(A),peano2person(D)) <=> peano_less(A,D) )

and in [37, @ C.3]:
! [A: $int,D: $int] :

( is_descendant(int2person(A),int2person(D)) <=> peano_less(A,D) )
The interpretation of function and predicate symbols is not given for argument tuples with negative integers.

The interpretation-formulae are preceded by the necessary type declarations:

• The types in the problem.
• The types of the domains.
• The types of the domain elements.
• The types of the type-promotion functions.

[37, @ C4, C5] show the verification problems for the models.

3.5. Interpretations with Multiple Interpretation-formulae
The interpretation-formulae described thus far have all the information about an interpretation in a single
interpretation-formula. In some situations it is useful to split the various components into separate interpretation-
formulae, e.g., separating the domains from the symbol mappings. The TPTP format offers splitting in a flexible
way, at medium and fine grained levels, using annotated formula subroles.

At the medium grained level, the interpretation role can be extended with the subroles domains and
mappings. Two (or more) interpretation-formulae are used, each containing the corresponding parts of the
interpretation. [37, @ A.4, B.6] show examples of splitting the interpretation-formulae in the FOF and TFF
interpretations [37, @ A.2, B.2] respectively, which separate the domain specifications from the symbol mappings.
For example, in [37, @ B.6]:

tff(garfield_domains,interpretation-domains,the domains).
contains the information about the two domains, and the interpretation-formula:

tff(garfield_mappings,interpretation-mappings,the mappings).
contains the symbol mappings. Note that each role and role-subrole pair can be used multiple times according to
need, e.g., in [37, @ A.4] there can be separate interpretation-mappings interpretation-formulae, one for
functions and one for predicates.

At the fine grained level, interpretation-formulae can split the individual domains and symbol mappings, with
the domains and mappings subroles given arguments to indicate which domain or symbol mapping is recorded.
For domains the arguments of the subrole are the domain in the problem and the domain in the interpretation.
For mappings the arguments are the symbol and its result domain type. [37, @ A.5, B.7] show examples of
splitting the interpretation-formulae in [37, @ A.2, B.2] respectively. For example, in [37, @ B.7]:

tff(garfield_domain_human,interpretation-domains(human,d_human)
contains the d_human domain specification, and:

tff(garfield_domain_cat,interpretation-domains(cat,d_cat)
contains the d_cat domain specification.

The medium and fine grained splitting can be mixed. [37, @ D.4] shows an example of mixed splitting of [37,
@ D.2]. For example, the domains are specified separately in [37, @ D.4]:



thf(hot_coffee_beverage,interpretation-domains(beverage,d_beverage),
beverage domain).

thf(hot_coffee_syrup,interpretation-domains(syrup,d_syrup),syrup domain).
while all the symbol mappings are in:

thf(hot_coffee,interpretation-mappings,the mappings).

3.6. Interpretations Compacted by Quantification
The full logical language can be used in interpretation-formulae to provide compaction. [37, @ B.8] shows
an example compacting the interpretation-formula garfield_mapping_loves in [37, @ B.2]. For example,
universal quantification can be used to map loves to d_garfield for all d_cats in [37, @ B.8]:

![DC:d_cat]:(loves(d2cat(DC))=d2cat(d_garfield))

3.7. HI-formulae and Saturations
HI-formulae determine sets of Herbrand interpretations. Interpretation-formulae can be used for these, although
the actual Herbrand interpretations are not easy to extract. To indicate that the interpretation-formulae are
intended to determine Herbrand interpretations they are given the subrole herbrand. [37, @ A.1] shows a
problem that has a HI-formulae model formed from predicate definitions over the term algebra, which is shown in
[37, @ A.6]. [37, @ A.1] also has a saturation, which is shown in [37, @ A.7]. [37, @ A.8, A.9] show the corresponding
verification problems.

3.8. Visualization of Finite Tarskian Interpretations
Finite Tarskian interpretations with domain types, as described in Section 3.3, can be visualised in the Interactive
Interpretation Viewer (IIV) [80]. Figure 2 shows the view of the model in [37, @ B.4]. The cursor is hovering
over the d_nermal node in the interpretation of the owns predicate applied to d_jon and d_nermal, which is
interpreted as $false. The $o triangle above the owns inverted house shows that owns has a boolean result
in the problem, and the $o triangle below $false box shows that the interpretation value is boolean. IIV is
available in the SystemOnTSTP web interface.

Figure 2: IIV view of [37, @ B.4]



4. The Format for Kripke Interpretations
The TPTP format for Kripke interpretations also uses interpretation-formulae. As was noted in Section 2.2, Kripke
interpretations can have either a finite or an infinite number of worlds, and the interpretations in a world can be
Tarskian or Herbrand. The TPTP format for Kripke interpretation-formulae adds four defined symbols:

• A defined type $world for the worlds of the interpretation. Different constants of type $world are known
to be unequal.

• A defined predicate $accessible_world of type ($world*$world)>$o to specify the accessibility
relation between worlds.

• A defined constant $local_world of type $world to specify the world in which a local (the default)
conjecture is to be proved.

• A defined predicate $in_world of type ($world*$o)>$o to specify the interpretations in the worlds.

A single Kripke interpretation-formula is a conjunction of:

• A specification of the worlds.
• Explication of the distinctness of the worlds (by definition different worlds are known to be distinct, but

no ATP systems know that yet, so it’s necessary to encode the distinctness explicitly using inequalities or
the $distinct predicate).

• The accessibility relation.
• Specification of the local world if any.
• For each world, its Tarskian interpretation (also in the TPTP format for interpretations), augmented by

existential subformulae that require the existence of the world’s domain elements – these are necessary
because the semantics is that of modal logic (see Sections 4.1 and 4.2 for examples).

The interpretation-formulae are preceded by the necessary type declarations:

• The types for the Tarskian interpretations in the worlds.
• The worlds declared of type $world, e.g., w1: $world.

The logic specification of the problem is included to specify that the interpretation is for formulae in that
logic. This information is needed when processing an interpretation, e.g., in verification (see Section 2.4.2). The
interpretation-formula does not provide this information because it underspecifies the logic in use, e.g., it’s
usually not possible to see whether the interpretation exemplifies modal system K or modal system S5 – in both
cases the interpretation could interpret the accessibility relation as an equivalence relation (this is required for S5
but it is also OK for K).

[37, @ E.2, E.5] show the components of finite Kripke interpretations in a single interpretation-formula, as
explained in Sections 4.1. [37, @ E.7, E.8] show Kripke interpretations split over multiple interpretation-formulae,
as explained in Section 4.2. [37, @ E.9] shows a Kripke interpretations that is compacted using quantification, as
explained in Section 4.2. These examples illustrate the possibilities for writing Kripke interpretations in the TPTP
format, but are not intended to be exhaustive. In particular, Kripke interpretations with an infinite number of
worlds are not considered.

4.1. Finite-Finite Kripke Interpretations
[37, @ E.1] shows a NXF problem that has a countermodel with finite worlds, each of which contains a finite
Tarskian interpretation, which is shown in [37, @ E.2]. The problem has global axioms and a local conjecture.
The countermodel has three worlds in [37, @ E.2]:

![W:$world]:(W=w1|W=w2|W=w3)
$distinct(w1,w2,w3)

with the accessibility relation:
$accessible_world(w1,w1) & $accessible_world(w2,w2)

& $accessible_world(w1,w2) & $accessible_world(w2,w3)
& $accessible_world(w3,w1)
& ~$accessible_world(w1,w3) & ~$accessible_world(w2,w1)
& ~$accessible_world(w3,w2) & ~$accessible_world(w3,w3)

The conjecture is disproved in a local world in [37, @ E.2]:
$local_world = w1

The finite Tarskian interpretations for the worlds are provided in the format described in Section 3, e.g.,:
$in_world(w1,the Tarskian interpretation)

Note the augmentation of the Tarskian interpretations with subformulae such as:



?[CD:child_d]:CD=child_1
The quantification semantics is not classical, but instead that of modal logic, i.e., the quantification is over the
domain elements that exist in the world. That subformula requires that the domain element child_1 exists in
the world. [37, @ E.3] shows the verification problem for the model.

[37, @ E.4] shows a NXF problem that has both local and global axioms. It has a countermodel with finite
worlds each of which contains a finite Tarskian interpretation, shown in [37, @ E.5]. This example illustrates how
a local axiom (with role axiom-local) is satisfied in only the local world (w1). [37, @ E.6] shows the verification
problem for the model.

4.2. Kripke Interpretations Split and Compacted
Kripke interpretation-formulae can be split to separate the various components of the interpretation. The
interpretation role can be extended with the subroles worlds, domains, and mappings. [37, @ E.7] shows a
medium grained split of [37, @ E.2]. An interpretation-formula with the role interpretation-worlds contains
information about the worlds of the interpretation, e.g., in [37, @ .E.7] one interpretation-formula contains the
information about the three worlds:

tff(people_worlds,interpretation-worlds,world information).
Splitting can be done in a flexible way, using the fine grained splitting available for Tarskian interpretation-

formulae. For example, the interpretation-formula in [37, @ E.8]:
tff(child_domains,interpretation-domains(child,child_d),child domain).

contains the information about the domain child_d, the interpretation-formula:
tff(people_mappings,interpretation-mappings(charly,child_d)charly mapping).

contains the mapping for the charly constant, and the interpretation-formula:
tff(rains_mappings,interpretation-mappings(rains,$o),rains mapping).

contains the mapping for the rains predicate.
In the same way that Tarskian interpretation-formulae can be compacted, Kripke interpretation-formulae

can be compacted, e.g., by using universal quantification over the worlds to factor out common elements of the
Tarskian interpretations in the worlds. For example, the interpretation-formula in [37, @ E.9]:

tff(people_domains,interpretation-domains,
! [W: $world] : $in_world(W,the domain specification).

contains the information about the domains that is the same in all worlds in [37, @ E.2], and the interpretation-
formula in [37, @ E.9]:

tff(charly_mappings,interpretation-mappings(charly,child_d),
! [W: $world] : $in_world(W, ( charly = d2child(child_1) )) ).

contains the mapping for the charly constant that is the same in all the worlds in [37, @ E.2], and the
interpretation-formula in [37, @ E.9]:

tff(rains_mappings,interpretation-mappings(rains,$o),
! [W: $world] : $in_world(W, rains) ).

contains the predicate mapping for rains that is the same in all the worlds in [37, @ E.2].

4.3. Verification of Kripke Models
Kripke models written as interpretation-formulae can be verified using the theorem proving approach described
in Section 2.4.2.6 An NXF verification problem is built from the NXF problem formulae and the TXF interpretation-
formulae. Although the verification problem includes the non-classical connectives in the problem formulae, it is
not necessary to provide a full logic specification (as in [37, @ E.1, E.4] because the logical setting is captured in
the interpretation-formulae. The verification problem is thus not in the same logic as the problem formulae, but
rather some kind of hybrid logic [81], which is indicated by the special logic specification value $$fomlModel.
[37, @ E.3] shows the NXF verification problem for the NXF problem [37, @ E.1] and its countermodel in [37,
@ E.2]. [37, @ E.6] shows the NXF verification problem for the problem in [37, @ E.4] and its countermodel in [37,
@ E.5].

In the NXF verification problem the Kripke interpretation-formulae are given the axiom role, and each of the
problem axioms and the negated problem conjecture are given the conjecture role with a subrole of local or
global according to their role in the problem. For example, the axiom in [37, @ E.1]:

tff(a1,axiom,
! [C: child] : ~( ~quiet(C) & ? [A: adult] : sleepy(A) ) ).

is global (the default), so the NXF verification conjecture has the global subrole in [37, @ E.3]:

6To date we have done this for NXF problem formulae and TXF interpretation-formulae. Extension to NHF should be possible.



tff(a1,conjecture-global,
The conjecture of the problem is local (the default) in [37, @ E.1]:

tff(c,conjecture,
{$possible}@(~rains)).

so the NXF verification (negated) conjecture has the local subrole in [37, @ E.3]:
tff(c,conjecture-local,verification obligation).

The NXF verification problem is embedded into TH0 using the ATFLET tool. ATFLET recognizes the special
logic specification and the type and predicates, and combines the NXF conjectures into a single TH0 conjecture.
The resultant TH0 problem is discharged using a trusted TH0 ATP system.

4.4. Visualization of Finite-Finite Kripke Interpretations
Finite-finite Kripke interpretations with domain types, as described in Section 4.1, can be visualised in the
Interactive Interpretation Viewer (IIV). The left hand side of Figure 3 shows the worlds of the model in [37,
@ E.2]. The cursor is hovering over the w1 world, and the worlds are coloured in lighter shades according to
the number of accessibility relations that have to be traversed from the selected world. Clicking on a world
displays,the Tarskian interpretation in the world, shown in the right hand side of Figure 3. IIV is available in the
SystemOnTSTP web interface.

Figure 3: IIV view of the Kripke model in [37, @ E.2]

5. Conclusion
This paper describes the TPTP format for representing interpretations. It provides a background survey that
helped ensure that the representation format is adequate for different types of interpretations, including Tarskian,
Herbrand, and Kripke interpretations. Some tools that support processing the format have been noted.

The TPTP format provides numerous options and features, and it is expected that only the basic features will
be adopted initially. For ATP systems that already output the old TPTP format for finite Tarskian interpretations,
all that is needed is to replace the fi_domain, fi_functors, and fi_predicates roles by interpretation.
To be more informative, fi_domain can be replaced by interpretation-domains, and fi_functors and
fi_predicates can be replaced by interpretationmappings.

Section 2.1 lists four needs for interpretations:
1. Evaluability - the ability to evaluate a formula wrt an interpretation.
2. Tractability - the ability to evaluate a formula using some limited/reasonable amount of resources.



3. Verifiability - the ability to verify a model by evaluating all the formulae it claims to model as true.
4. Comprehensibility - be sufficiently comprehensible to humans and machines to be useful in applications.

In the light of the above (and hey, maybe there are more techniques than just those) we (well, at least the first
author) claim:

• Finite interpretations represented by interpretation-formulae are typically evaluable, tractable, verifiable,
and comprehensible.

• Infinite interpretations represented by interpretation-formulae are evaluable, often intractable, verifiable,
and might not be comprehensible.

• HI-formulae (in interpretation-formulae) are evaluable, can be tractable, verifiable, and can be comprehen-
sible.

• Saturations (in interpretation-formulae) are evaluable, often intractable, verifiable, and almost always
incomprehensible.

• The verifiability, tractability, and comprehensibility of Kripke interpretations vary between individual
cases.

• Use of the same language as the problem formulae for writing interpretation-formulae contributes to
comprehensibility (but does not ensure it).

This work will be extended to deal with more non-classical languages. But for now we are pausing to allow
ATP system developers to implement the format in their ATP systems.
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