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Abstract

The fuzzy logical system FP(L) extends Lukasiewicz logic by replacing propositional variables with basic modal
formulas of the form P, expressing the fuzzy notion that a classical event ¢ is probable. In this work, we study
the satisfiability problem for FP(L) by presenting an algorithm and conducting an empirical evaluation over a
controlled class of FP(L)-satisfiability instances. Our experimental results reveal a clear phase transition behaviour
and distinctive running-time patterns, shedding light on the computational properties of FP(L)-satisfiability.
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1. Introduction

Fuzzy and probability logics are traditionally seen as distinct reasoning systems. On the one hand, fuzzy
logic semantics deal with degrees of truth, generalizing the two truth values of classical logic. On the
other hand, probability logic semantics are concerned with degrees of certainty about events expressed
by logical formulas, see e.g. [1]. Nevertheless, there are proposals that identify both approaches by
regarding the probability value of an event ¢ as the fuzzy truth value of Py, meaning “it is probable
that ¢”. In this way, being probable is considered a fuzzy concept, and P is a unary modal operator in
the object language.

The logical system FP(L) is one such proposal [2, 3].! It is built upon Lukasiewicz logic £, a well-
established and extensively studied system of propositional fuzzy logic [5], together with classical
probability logic. Formulas of FP(L) are constructed in the same way as formulas of L; however,
instead of propositional variables, they use basic modal formulas of the form P, where ¢ is a classical
propositional formula and P is the probability modal operator. For example, while x @ —y is a L-formula
with L-propositional variables = and y, the expression P(—=X VY) @& =P(X AY') is an FP(L)-formula,
where - X VY and X A'Y are classical propositional formulas over the classical propositional variables
XandY.

Among its main properties, FP(L) is sound and complete with respect to probability models [3]. The
functional representation of FP(L)-formulas has been studied [6]. In addition, the satisfiability problem
for FP(L)-formulas has been shown to be NP-complete [7].

Although the NP-completeness of the satisfiability problem for FP(L) has been established via a
nondeterministic argument [7], an explicit algorithmic procedure suitable for implementation has not
yet been described in the literature. In this work, we propose such an algorithm in full detail, based on
a reduction from the satisfiability problem to a mixed-integer linear programming (MILP) instance. The
computation proceeds through a branching procedure combined with the multiple solution of linear
problems, where a column generation method is employed.
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"Despite the approaches being quite different, in [4] the authors have defined mutual translations between the classical
probability logic of [1] and FP(L).
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We also analyze the empirical behavior of this algorithm through experiments using a publicly
available implementation, revealing a phase transition phenomenon and well-defined running-time
patterns for a parameterized class of FP(L)-formula instances.

The rest of this paper is organized as follows. Section 2 introduces propositional classical and
Lukasiewicz logics, probabilities over classical formulas, and the system FP(L). Section 3 presents the
linear formulation of the semantics and the satisfiability problem for FP(L), while Section 4 establishes
a decision procedure for this problem. Section 5 reports empirical results from an implementation of
the proposed algorithm. Finally, Section 6 concludes the paper.

2. Classical and tukasiewicz Logics, Probabilities, and a Combination
of Them All

Classical propositional logic (CPL) is based on a propositional language Lcpy, freely generated from a
countable set of propositional variables { X, X2, ...} through the binary CPL-disjunction operator V
and the unary CPL-negation operator —. We denote CPL-formulas (in Lcpr) by lower Greek letters.
Other operators as /A, — and <> may be derived from V and — as usual. Also, the semantics of CPL is
defined as usual through CPL-valuations over Lcpr. The two classical truth values are taken to be 0 and
1 throughout this text. We say that a CPL-formula ¢ is a tautology if v(¢) = 1, for all CPL-valuation v.

A probability function over Lcpy, is a function p @ Lepr — [0, 1] such that, for any CPL-formulas
v, ¥ € Lepr:

« If  is a tautology, then u(p) = 1; and
« If =(¢ A ¢) is a tautology, then pu(p V ¥) = pu(p) + p(¥).

The classical probabilistic satisfiability problem, which we refer to as PsaT, asks whether there is a
probability function u that agrees with given probability values assigned to a finite amount of CPL-
formulas. If such a probability function exists, we say that the probability values assignment is coherent,
otherwise, it is incoherent. The PsaT problem is NP-complete [8].”

A partial CPL-valuation is an assignment of classical truth values to a finite set of propositional
variables V' = {X},..., X, }. Note that a partial CPL-valuation over V' may be extended to infinitely
many CPL-valuations that agree on all CPL-formulas built from the propositional variables in V. A
probability distribution is an assignment of probability values (so in [0, 1]) to all the partial CPL-valuations
over a finite set of propositional variables that sums up to 1. Let a PsaT-instance be given by pairs
(p1,b1), ..., (@K, br), where each ; is a CPL-formula and b; € [0, 1] its assignment, such that the
propositional variables occurring in 1, . . . , ¢ are those in set V. Such Psart-instance is coherent if,
and only if, there is a probability distribution m over the partial CPL-valuations such that

-
bi =Y _mlcs) - ¢i(i), (1
=1

foralli € {1,...,k}, where the ¢;’s are the 2" partial CPL-valuations over V.

Lukasiewicz logic (L) is based on a propositional language £; freely generated from a countable
set of propositional variables through the binary L-disjunction operator & and the unary L-negation
operator — (there will be no risk of confusion with the CPL-negation symbol). We denote L-formulas
(in L) by capital Greek letters. For the semantics of L, a L-valuation is a function v : £y — [0, 1] that
obeys, for &, ¥ € L;:

v(=®) =1—v(P); and (2)
v(® @ ¥) = min(l,v(P) + v(¥)). (3)

From L-disjunction and L-negation one may derive the L-operators in Table 1.

*Strictly speaking, the PsAT problem, when studied from a computational perspective, considers only rational probability
assignments. For the purposes of this work, however, such a restriction is not required.



Table 1
Derived operators in £

Operator t-valuation
Conjunction: v(POVY) =

DOV =4 ~(—P @ V) max(0,v(®) + v(¥) — 1)
Maximum (weak disjunction): v(®V V)=

PV =4 (2D V) BV max (v(®), v(¥))
Minimum (weak conjunction): (@A) =

DAY =4 (=D V T) min(v(P), v(¥))
Implication: v(®—= ) =

DU =4 dPWY min(1,1 — v(®) + v(¥))
Bi-implication: v(® <+ U) =

DU =ger (B = VYA (T > B) 1 |o(®) — v(T)]

Now we define logic FP(L) whose operators are those of classical and Lukasiewicz logics plus a unary
modality operator P. There are two kinds of formulas in FP(L):

« Non-modal FP(L)-formulas. These are the exact same formulas of classical propositional logic
CPL, denoted by lower case Greek letters.

« (Modal) FP(L)-formulas. These are built from basic modal formulas of the form Py, where
¢ is a non-modal FP(L)-formula, using the operators of Lukasiewicz logic L. These formulas
are denoted by capital Greek letters, as L-formulas, with no danger of confusion. The intended
meaning of the modality Py is “formula ¢ is L-valuated with its classical probability”. Examples
of FP(L)-formulas include P — P @& Py. Note that neither nested formulas as P(Pp & P)),
nor mixed formulas as ¢ — P are allowed.’

In this work, we focus on modal FP(L)-formulas, which we simply refer to as FP(L)-formulas. We say that
the subformulas of an FP(L)-formula & are all the FP(L)-formulas appearing in its inductive construction,
starting from its basic modal formulas; so @ itself is a subformula of ®. The set of FP(L)-formulas is
denoted by Lep().

For the semantics of FP(L)-formulas, first let 1 : Lcpr — [0, 1] be a probability function over Lcpr.
Then, an FP(L)-valuation based on y is a function v : Lgpgy — [0, 1] that obeys:

« Equation v(Py) = pu(¢p), for any basic modal formula Py € Lgpg); and
« Equations (2)—(3), seeing ® and ¥ as FP(L)-formulas &, U € Lgpg,).

Note that a L-valuation is not in general an FP(L)-valuation since it does not necessarily assign proba-
bilistically coherent values to basic atomic formulas.

The main goal of this work is to propose a solving procedure to decide the satisfiability problem
of FP(L)-formulas, which we refer to as the FP(L)-SAT problem: given an FP(L)-formula @, is there an
FP(L)-valuation v such that v(®) = 1? If such a valuation exists, we say that ® is satisfiable, otherwise,
it is unsatisfiable. For instance, Py — P is satisfiable if there exists a probability for which ¢ is at
least as probable as 1. Hajek and Tulipani showed that FP(L)-SAaT is NP-complete [7]. The algorithm
proposed in this work is a deterministic development of the nondeterministic procedure they outlined
in their proof.

Notation. Throughout this work, we write ®[P11, . .., Py] to highlight the basic modal formulas
occurring in an FP(L)-formula ®. The cardinality of a set B is denoted by |B|. Also, dotted lines in
matrices are used to visually indicate their construction by concatenation of submatrices.

*The fact that modalities do not nest points to the fact that, in FP(L), probabilistic modalities are externally applied to L, in the
sense of [9].



Table 2
MILP constraints for L-operators over modal formulas ® and ¥

Negation Top =1 — 29
-

Disjunction boew € {0,1}
ORGSR boov < Togw <1
T3 + Ty — bagr < Togr < To + Tw

Conjunction  bgew € {0,1}
doU 0 < 23w < bapw
T + 2y — 1 < zoov < 2o + 2o — boow

Maximum bovy € {0,1}
RVAY 3 < Tovw < Te + bapvw
2y < zovw < Ty + 1 — baovw
Minimum barw € {0,1}
AT 23 — bapv < Tonw < To

zy — (1 —bopw) < zopw < 2w

Implication bow € {0,1}
o — v bov < zow <1
l1—2 +2y —bosow <230 <1 -2 + 20

Bi-implication bg« g € {0,1}
¢ U 11—z + 20y —2bo0 < Tow <1 —2o + 2w
—1+2s — Ty + 20000 < 2oow <14+ 20 — 20

3. Linear Formulation of FP(L)-SAT

In this section, we show how to formulate an instance of FP(L)-SAT in terms of linear systems of
equalities and inequalities. Let ®[P, ..., Piy| be an FP(L)-formula.

We first encode the behavior of the L-operators over basic modal formulas by constraints of a mixed-
integer linear programming (MILP) problem, following the general approach proposed by Hahnle [10].
For that, semantic values of the basic modal formulas P, ..., Py are assigned to the linear variables
TPy s -+ -5 TPy, respectively. Then, the semantic value of formula @ is assigned to linear variable
xg as long as a set of linear constraints, denoted by Cy(®), is satisfied by such assignments. The
constraints are determined by the inductive structure of formula ®. A linear variable xy is associated
to each subformula W of ®. Also, a binary variable by is associated to each subformula ¥ of ® that is
compound through a binary L-operator. Each compound subformula of ®, according to the L-operator
in its composition, determines some of the MILP constraints in set Cy,(®) as in Table 2.

In addition to the constraints imposed by the inductive structure of ®, each variable xy associated
with a subformula ¥ of ® must correspond to a constraint “0 < zy < 1”in C(®P). Then, every
assignment of values to linear variables that jointly satisfies the constraints in Cy(®P) yields consistent
semantic values regarding the L-operators. That is, there is a L-valuation v such that v(¥) = xy, for all
subformulas ¥ of ®. Note, however, that such a L-valuation is not guaranteed to be an FP(L)-valuation
since its values do not necessarily stand for coherent probabilities.

As we are interested in determining the satisfiability of ®, we define the set of constraints C2*(®)
from Ct (®) by replacing the constraint “z¢ < 17, which belongs to Cy (®), with the constraint “z¢ = 1”.
In this way, every assignment of values to linear variables that jointly satisfy the constraints in C§**(®)
yields a L-valuation v such that v(¥) = xy for all subformulas ¥ of ®, and in particular, v(®) = 1.

If we turn the inequalities in C§*(®) into the standard form using routine tricks in linear program-
ming, we are able to write them, along with the equality in C§?*(®), in the matrix form:

AltX:b
x > 0,

(4)



where A;; € Z2*K is a matrix of linear variable coefficients, X is a vector of linear variables and b is a
vector of constant terms. Thus, variable assignments jointly satisfying (4) and the binary constraints
“by € {0, 1} establish a L-valuation. Let us agree that the first k of the K columns of A;; are associated
to linear variables xpy, , . .., T py,, in this order.

Example 1. For example, the behavior of the L-disjunction in formula Py & P may be encoded by the
following constraints in C5**(Py @ P):

bpoepy € {0,1}
bpoapy < Tppapy = 1
Tpy + Tpy — bpoapy < TPogpy < Tpy + Tpy
0 < zpygpy
0<zp, <1
0<zpy <1

Inequalities above may be turned into the standard form, using auxiliary linear variables yq, ..., ys,
yielding:

brearPy + Y1 = TPpa Py
Tpoppy = 1
Tpp + TPy — bPoopy + Y2 = TPoaPy
Tpo@Py + Y3 = TPy + Tpy
Tpy+ys=1
Tpy +Ys = 1
bPpePys TPo@Pys TPps Tpy > 0
Y1, Y2, Y3, Y4, Y5 > 0

Then, for this example, the system of equalities in (4) has the matrix form:

TPy
0 0 -1 1,10000 szw 0
0 0 1 000000 b;*"@”’ 1
Ao | 1 1 -1 1010002200 Jo)|
BX=1 _1 .1 1 000100 y “lo| ™
1 0 0 0,00010 Y2 1
0 1 0 0'0000°1 Y3 1
‘ Ya
L v

In this way, nonnegative assignments to linear variables that satisfy the matrix equation above and, in
addition, the binary constraint ‘bp,gpy € {0, 1}, encode a satisfying L-valuation for the FP(L)-formula
Py ® Py—if such assignments exist.

Now, let us establish linear constraints that encode probabilistic coherence of Py, ..., Piy. Let the
CPL-formulas )1, . . ., 1, be built from the set { X7, ..., X,,} of classical propositional variables and let
C1,...,con be all the partial CPL-valuations to these propositional variables. In order to the semantic
values T py, , ..., Zpy, of the basic modal formulas stand for coherent probabilities, there must be a
probability distribution over the partial CPL-valuations cy, . . ., can, whose probability assessments are
p1,...,pon € [0,1], respectively, such that p; + - -+ + pan = 1 and

o
rpy, = > _ ;- i), (5)
i=1

foralli e {1,...,k}.



To write the constraints (5) in matrix form, we define:

« A matrix A;b € ZF*K with k rows and K columns, whose elements are defined as a;; = —1if
© = j, and a;; = 0 otherwise; and
« Amatrix A, € ZF*2" with k rows and 2" columns, whose elements are defined as a;; = ¢ ().

Then, constraints (5) may be rewritten as

[Ap /rb][i]zokv (6)

where x is the vector of linear variables in (4), p = [p1 - - - pgn]T and 0y, is the null column vector with &
rows; 1" stands for the transposition operation. In this way, there is a vector p of probability assessments
to c1,. .., con that satisfies (6) iff the values of xpy, , ..., 2 py, stand for coherent probabilities.

To encode the conditions for p to represent a probability distribution, define the matrix A;;, as Aj,
extended by appending a row of zeros at the bottom, and define the matrix A, as A/, extended by
appending a row of ones at the bottom. Matrices A, and A, have k + 1 rows. Then, rewrite (6) as

X 0;
Ap A =
[Aw rb}|:p:| [1] o)
p=>0
Thus, we may state that there is a vector p satisfying (7) iff the values of xpy, , ..., py, stand for

coherent probabilities.

Example 2 (Example 1 continued). Resuming the example of FP(L)-formula Py @ P, let p = X and
1 = =X. The system of equalities in (7) has the matrix form:

Tpx
Tp-X
TPX@®P-X

N -1 00 --- 0,10 bpxepr-x
[Alerb][ }: 0 -1 0 ---0101 (1 =
P 0 00 ---0'11

Now, we are in a position to assemble the linear constraints derived in this section, in (4) and (7).
For that, let A,y € Z¥*2" be the null matrix with L rows and 2" columns. An assignment of values to
linear variables jointly satisfies (4) and (7) iff such an assignment satisfy

b

|:Alt Art:||:xj|: 0y,
Aw A ] | P 1 (8)
x,p=>0

As a consequence of the developments in this section, we are finally able to state the following result.

Theorem 1. Let ® be an FP(L)-formula and let by € {0,1}7,...,%,, € {0, 1}” be the binary constraints
in C5*(®). Let the matrices Ay, A, Art and A,y be defined as described in this section according to ®.
Then, ® is FP(E)-satisfiable if, and only if, (8) and the binary constraints ‘b; € {0,1}”...,%b,, € {0,1}”in
C$%(®) are jointly satisfiable. Moreover, in the affirmative case, the values assigned to the linear variables
in the first k rows of x encode a satisfying FP(L)-valuation for ®.



4. A Decision Procedure for FP(L)-SAT

To devise a decision procedure for FP(L)-SAT, we adopt a common strategy used in solving MILP
problems with binary constraints. First, all the binary constraints are relaxed from “b € {0,1}” to
“b € [0, 1]”. Then, integrality is iteratively reinstated for each binary variable, one at a time, within a
solving routine, where each iteration splits the problem into two subproblems, leading to a branching
computation.

The subproblems resulting from such a branching procedure are feasibility problems of continuous
linear constraints, which are solved via a column generation strategy. In this way, the whole matrix
equation in (8), which is exponential in the FP(L)-SAT input instance, does not need to be explicitly
stored from the beginning of the procedure. In particular, columns associated with CPL-valuations
(namely, those in A,; and A,) are generated and stored only on demand during each linear feasibility
solving process.

4.1. Relaxation and Reinstatement of Binary Constraints

Let L be the set of linear constraints derived from the linear formulation of FP(L)-SAT for an FP(L)-
formula ®. Set L includes the continuous constraints given by (8) along with a finite number of binary
constraints, as established in Section 3. Let us denote the finite set of binary variables appearing in
such formulation by B; and let |B| = 5 € N.

Then, L? is defined from L by relaxing its binary constraints, which may be achieved by extending
(8) to include the constraints “0 < b, < 17, for ¢« = 1,..., 8. For each binary variable b,, it suffices
to include the linear constraint “b, 4+ y,, = 1” in the standard formulation of (8), where v, is a fresh
auxiliary linear variable subject to the nonnegativity constraint “y,, > 0”. Then, Ay is extended by
adding one row for each new linear constraint and one column corresponding to its auxiliary variable. In
total, A;; will gain 5 new rows and 3 new columns. Matrix A;, must also be extended to accommodate
(3 additional columns and matrix A,; must be extended to accommodate 5 additional rows; however,
the definitions of their elements remain unchanged.

If the continuous linear constraints in L? are jointly infeasible, then ® is FP(L)-unsatisfiable, as
the infeasibility of a relaxed constraint “b € [0, 1]” implies, a fortiori, the infeasibility of the binary
constraint “b € {0, 1}”. Otherwise, as the feasibility of “b € [0, 1]” does not guarantee the feasibility of
“b € {0,1}”, our proposed decision procedure continues to the next iteration where two new sets of
constraints are defined. A binary variable by € B is chosen and LY s expanded in two different ways by

=0 = Pu{by =0} and LM = LPU{b =1},

branching the computation. These sets of constraints may also be put into standard form with simple
adjustments to (8). Now, if both L¥*=0 and L¥'=! are infeasible, ® is FP(L)-unsatisfiable. Otherwise,
nothing may be stated about the FP(L)-satisfiability status of ®. In case both L?=0 and L®'=" are
feasible, another binary variable by € B\ {b;} is chosen and two new sets of constraints are defined
from each of L'*=0 and L"'=!, now branching the computation into the feasibility verification of four
sets of constraints: [01=0:02=0 [ b1=0b2=1 [ b1=1b>=0 55,4 b1=1,b2=1 Ultimately, if only one of =0
or L=1 is feasible, then only that set induces a new computation branch.

In general, for a set of constraints L?1=%1-%=% (that could also be L%, where by, ...,b; € B and
ai,...,a; € {0,1}, we may define

Lor=atshi=anbia=0 - phi=ar,.h=a {bl+1 — 0} and

bi=a1,....bj=a;,bj11=1 - rbi=ai1,...bj=a _
[h1=a1 1=a1,014+1 - [1=a i lU{bH_l—l},

©)

for some chosen b1 € B\ {b1,...,b}. Formally, a branch is: a sequence of sets of constraints

<L@7 Lbl:al, Lbl:al’b2:a2, el Lblzalan-ybl:al)’ (10)



Algorithm 1 Branching Procedure for FP(L)-SAT

Require: An FP(L)-formula ®
Ensure: SAT in case ® is FP(L)-satisfiable, or UNSAT otherwise
1: Establish the set of relaxed constraints L? from ®, where B is the set of original binary variables

that were relaxed in L?
B+ B
if LY is feasible then
£ {L%
else
£+ 0
end if
while B # () and £ # () do
Choose b € B > nondeterministic step
B+ B\ {b}
forall £ € £ do
£+ L\ {L}
if £2=0 is feasible then
£+ eu{L-n
end if
if £°=1 is feasible then
£+ eu{cn
end if
end for
: end while
. if £ = () then
return UNSAT > ® is FP(L)-unsatisfiable
. else
return SAT > ® is FP(L)-satisfiable
. end if

N DN NN DN DN == = e e e e e e
AR S T - A~ BN AN LR S S 8

for some ! € {1,...,8} and ay,...,a; € {0,1}, where b; # b;, for i # j; or the single-element
sequence <L®>. Our procedure splits a branch only if its last element is a feasible set L1 =01:bi=a,
When branching occurs, the original branch is replaced by two new branches that share the first [ + 1
elements with the original but have one new last element each, given by (9), namely L?1=1:-b1=a,bi41=0
and L01=a1-bi=abi1=1 We will then only consider branches (10) in which:

« Either all sets of constraints are feasible, which we call an open branch;
« Or all but the last set of constraints are feasible, which we call a closed branch.

In each iteration, each current open branch is again split into two new branches. The branching
procedure continues until no binary variable remains to be reinstated in any open branch, or until
all branches are closed. In the former case, the assignment of linear variables that makes the last set
of constraints feasible in any open branch also jointly satisfies the original set of constraints L along
with the binary constraints “b; € {0,1}”, ..., “bg € {0,1}”. This assignment determines a satisfiable
FP(L)-valuation v for @, given by v(V) = xy for all subformulas ¥ of ®. In the latter case, ¥ is
FP(L)-unsatisfiable, since the infeasibility of the last set of constraints in all branches implies that no
assignment satisfies L and the binary constraints together.

Algorithm 1 realizes such a procedure where, in each iteration, the same binary variable b, €
B\ {b1,...,b} is chosen to have integrality reinstated in all new sets of constraints derived from the
splitting of open branches. So, we only need to keep track of a single sequence of reinstated variables,
b1,by ..., during the execution of the procedure.



Given an FP(L)-formula ®, Algorithm 1 first establishes the set LY of relaxed linear constraints (line 1)
and initializes the algorithm variable B, which stores the set of binary variables that have not yet been
reinstated in the procedure. Initially, 8 is set to B (line 2). Then, the algorithm variable £, which
stores the last element (set of constraints) in each of the currently open branches, is initialized to either
{L"} or (), since, up to this point, (L?) is the only branch determined in the procedure (lines 3-7). The
main loop (lines 8—20) is executed as long as there are open branches and binary variables still to be
reinstated.

In each iteration of the main loop, a binary variable b € ‘B is nondeterministically chosen for
reinstatement (line 9), and new branches are created by establishing £~ and £*=! from each £ € £,
representing the last set of constraints in each currently open branch (lines 11-19). The sets ‘B and £
are updated by removing the reinstated variable b and the elements £ € £, which will no longer be the
last ones in an open branch (lines 10 and 12, respectively).

In the main loop, set £ is also updated by adding the newly established elements £°=° and/or £=!
if they are feasible sets (lines 13-18). In positive case, these sets of constraints become the last elements
of the newly open branches. However, if they are infeasible, they become the last elements of newly
closed branches, in which case they should not be included in £.

The algorithm terminates by: returning UNSAT if no open branches remain, in which case £ = (J; or
returning SAT if there are still open branches but no variables left to be reinstated, in which case £ # (),
but B = () (lines 21-25).

Theorem 2. Algorithm 1 terminates and returns a correct decision to FP(£)-SAT for any FP(L)-formula ®
given as input.

Proof. Let L be the set of continuous constraints associated with ®, as established in Section 3. Based
on our discussion in this section, from L?, Algorithm 1 develops branches by reinstating integrality to
the relaxed variables in L? until each branch is closed (£ = 0) or can no longer be developed due to the
lack of binary variables to be reinstated (£ # (), but B = ().

Algorithm 1 is guaranteed to terminate because: the condition in the loop on lines 8-20 eventually
becomes false, as B is initialized as a finite set and decreases in one element in each iteration due to the
instructions in lines 9 and 10; and the loop on lines 11-19 operates within an always finite set £, since
£ is initialized as a singleton and at most doubles in size within this loop.

For the correctness, let £ be an element in a branch containing the relaxed constraint “b € [0, 1]
where b is a relaxed binary variable. Such a branch may be further split by Algorithm 1 into two new
branches, £°=0 and £=!. Note that if both £/=0 and £’=! are infeasible, then the original set £ and
the binary constraint “b € {0, 1}” are jointly infeasible. However, if one of the sets £°=Y and £*=! is
feasible (they cannot both be feasible), then £ and constraint “b € {0, 1}” are jointly feasible. Thus,
any fully developed open branch ensures the joint feasibility of L along with the binary constraints
determined from & (as established in Section 3). On the other hand, if all fully developed branches
turn out to be closed, then L and the binary constraints determined from ® cannot be jointly feasible.
Correctness then follows from Theorem 1. O

B
5

4.2. Feasibility of Linear Constraints

The branching procedure described above depends on checking the feasibility of certain sets of linear
constraints (see Algorithm 1, lines 13 and 16). Our goal now is to design a method for determining
whether such sets of constraints are feasible. To this end, we adopt a strategy based on linear program-
ming combined with column generation. Such a strategy has been successfully adopted previously to
solve the classical probabilistic satisfiability problem (Psat) [11].

The sets of linear constraints we consider are derived from adjustments to (8), made to accommodate
relaxed and/or reinstated binary variables, as discussed earlier. We fix the notation:

_ Alt _ Art
A = {Alb} and A, = |:A'rb:|.



A set of constraints for which we wish to decide feasibility—given by adjustments to (8)—may be written
as:

b

X J—
[Ar Ay [ b } = Olk 1)

x,p=>0

The columns of A; correspond to the linear variables in the encoding of the representation of L-operators
through MILP constraints. Meanwhile, the columns of A, correspond to evaluations of the CPL-formulas
Y1, ..., Y, occurring in the FP(L)-formula ®[P1)y, . .., Py, through CPL-valuations.

Let us assume that matrix [A; A,] has M rows and N columns. We define the following linear
program, where Iy denotes the M x M identity matrix and ip; = [i1 -+ @ M]T is a column vector
with M fresh linear variables:

minimize 41 + - - - + i

subject to
in b
[IM Al Ar] X = Ok
5 X (12
iM7 X, P Z 0

We assume that the MILP constraints encoding the behavior of L-operators are formulated such that
b > 0, which may always be ensured. Under this assumption, the linear program (12) admits at least
one basic feasible solution given by ipg” = [b” 07 1] and x = p = Oy

Lemma 1. The linear program (12) has optimal value O if, and only if, the set of constraints (11) is feasible.

Proof. Assume that the optimal value of linear program (12) is O for a feasible solution given by i, x
and p. Then, we should have ij; = 0, and the values of x and p make (11) feasible. Conversely, if
(11) is feasible, then there exist nonnegative vectors x and p satisfying it. By taking i3y = 0, we obtain
a feasible solution to (12) with objective value 0. 0

Linear program (12) may have an undesirable exponential size in the number of propositional variables
Xi,..., X, occurring in the CPL-formulas 1, . . ., ¥}, since there are 2" partial CPL-valuations over
them. To circumvent this issue, one may instead search for the first instance in the following sequence
of linear programs that achieves an optimal value of 0, indexed by t = 1,...,2™:

minimize 21 + -+ + i)

subject to
in b
[IM Al Ag)] X = Ok
p® 1 (13)

iM: X, p(t) Z 0
In each linear program (13), for a fixed ¢, matrix ASf) contains only ¢ selected columns from A,., not
necessarily in the same order. The corresponding variable vector p(*) contains the ¢ linear variables

from p associated with those columns, arranged consistently with Agt). Also, a matrix A$t+1) contains

exactly ¢ columns that are identical to those in A,(ﬂt)
By Carathéodory’s Theorem (see e.g. [12]), if (12) has an optimal feasible solution, then it must have
an optimal feasible solution with at most M nonzero values across ijs, x and p. Therefore, if (12) has

, and therefore includes one new column.



an optimal value of 0, then (13) might also have an optimal value of 0, possibly for some ¢ much smaller
than 2.

The simplex method for solving linear programs (see e.g. [13]) iteratively searches precisely for such
solutions with a limited number of nonzero values. At each iteration, it selects a new column from
the coefficient matrix, which is currently associated with a zero-valued linear variable, to enter the
basis—that is, such linear variable is meant to possibly have nonzero value in the next iteration. This
operation replaces a column that is currently in the basis with the new one, potentially improving the
value of the objective function.

The decision to insert a column into the basis is guided by its reduced cost, which indicates whether the
replacement operation may improve the objective function value in the current solution. In minimization
problems, a negative reduced cost signals that introducing a column into the basis may lead to a lower
objective function value. In the context of linear program (12), the reduced cost of a column from A, is
given by

Cj = —CEB_I(AT)j, (14)

where ¢; is the reduced cost of (Ar) j» the jth column of A,; B is the basis—the submatrix of the
coeflicient matrix whose columns correspond to the only M linear variables allowed to have nonzero
values in the current solution—and cp is the column vector of the objective function coeflicients
associated with the columns of B, in order.

Our proposal is to solve the sequence of linear programs (13), increasing ¢ iteratively, until we either
obtain an instance with optimal value 0 or exhaust all columns with negative reduced cost in A,.. For

each linear program in the sequence, given by Agt), with optimal value greater than 0, we select a

column from A, with negative reduced cost and that does not appear in Aq(nt). This new column is added

to A@, so establishing A£t+1).

In order to a column vector A with entries in {0, 1} to be eligible to be added to ASf), it must
simultaneously satisfy equation

cEB7'A>0 (15)

and stand for a CPL-valuation for formulas 1, ...,1,. A possibility for searching for column A

is to encode inequality (15) as a (pseudo-)Boolean satisfiability instance and use (pseudo-)Boolean
satisfiability solving techniques to find a CPL-valuation for 1, . . ., 9 that satisfies (15).

5. Implementation, Experiments, and Results

In order to derive statistical properties of FP(L)-SAT and of our algorithm, we have developed a publicly
available* C++ implementation with the following specifications:

« The SoPlex callable library” is used to solve linear programs [14];

« Binary variables in ‘B are named according to the subformulas to which they are related, and the
choice in line 9 of Algorithm 1 follows the increasing lexicographic order of the variable names;

+ Column generation is performed by encoding equation (15) as a pseudo-Boolean instance and
calling an external pseudo-Boolean solver; in our experiments, we use MiniSat+°® [15].

Given the many possible formula structures in the FP(L) language, we focus on a simple fragment
based on known properties of CPL and L systems. We start from basic modal formulas of the form P,
where ¢ is in conjunctive normal form (CNF), and build modal FP(L)-formulas with the structure of
simple L-clausal form formulas [16], which are given by

A\ b . (16)

1<i<ly \1<5<b:1(3)

*https://github.com/spreto/fplsol
Shttps://soplex.zib.de
Shttp://minisat.se/MiniSat+.html
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Figure 1: Average running time and percentage of satisfiable instances.

Table 3
Percentage of satisfiable instances for ratios m/n > 4.25

m/n 425 45 475 5 525 5.5 5.75 6 6.25 6.5 6.75 7 725 7.5 7.75 8
%SAT 0.932 0.756 0.68 0.668 0.688 0.664 0.648 0.662 0.648 0.722 0.652 0.684 0.664 0.668 0.678 0.674

where i, j, ¢2,¢1(i) € N and the [;; are L-literals (positive or negated propositional variables in Ly).
Thus, instead of L-propositional variables in (16), we use basic modal formulas Py, where ¢ is a CNF
formula in Lcpr.

For the experimental evaluation, we randomly generate instances of the form (16), fixing ¢1 (i) = ¢y =
3 for all 7. The basic modal formulas Py (used instead of L-propositional variables) have a 50% chance
of being negated. Each CNF formula ¢ consists of m 3-clauses, where CPL-propositional variables are
chosen uniformly from a fixed set of n = 120 variables and have a 50% chance of being negated.

We run experiments on 500 randomly generated instances for each configuration, with m &
{30,60,...,960}, so that the ratio * varies in steps of 0.25. Each run is subject to a timeout of
two hours of user CPU time; instances exceeding this limit are reported separately.

While the satisfiability of CNF formulas is well known to be an NP-complete problem [17], the
satisfiability of simple L-clausal form formulas is solvable in linear time [16, Lemma 2]. Even under
this restriction on the class of FP(L)-formulas, we observe a clear phase transition and a well-defined
behavior of the average running time. This indicates that these phenomena already emerge in a simple
and controlled setting. The experimental framework introduced here therefore serves as a baseline for
future studies exploring richer structures and additional parameters.

Figure 1 reports the average running time of our solver (excluding timeout instances), together with
the percentage of satisfiable formulas (also excluding timeout instances), as a function of the ratio 7.
Timeout occurrences were rare in our experiments—only 21 out of a total of 16,000 instances—so their
exclusion does not impact the statistical validity of the results.

As the ratio 7" increases, the plot exhibits a well-defined phase transition behaviour. Throughout
the regime where almost all generated instances are satisfiable, the average running time follows an
approximately linear trend. Within this predominantly satisfiable regime, however, two values of **
stand out by exhibiting abrupt increases in the average running time.

The first such increase occurs at ” = 2.25, where the percentage of satisfiable instances slightly
drops for the first time, from nearly 100% to approximately 95%. After this point, the average running
time returns to its previous linear trend. As the ratio further increases, a second abrupt peak in the
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Figure 2: Timeout distribution and average running time considering timeouts.

running time is observed at * = 4.25, which corresponds to the last point at which the percentage of
satisfiable instances remains close to 95%. This is followed by a more pronounced transition, in which
the percentage of satisfiable instances decreases sharply to around 67% (see Table 3), while the average
running time drops abruptly.

We can give an explanation to as why, for * > 4.25, the percentage of satisfiable instances decreases
sharply to around 67%, and not to around 0% as in the classical 3-SAT problem, by the following
argument: remember that the basic modal formulas Py have 50% chances of being negated. Thus, when
 becomes unsatisfiable, Py will have value 0 and then — P will take value 1, whence an FP(L)-formula
of the form P, j <3(7) Pp;, will be satisfiable whenever there is at least one ¢; unsatisfiable and Py
occurs negated. Since our formulas are L-disjunctions of 3 literals, the probability that at least one basic
modal formula Py appears negated has probability 1 — (0.5)3 = 0.875. In addition, these formulas are
taken conjunctively (minimum operator), because the formulas we are checking are of the form

N | B Pei;),

1<i<3 \1<;<3

and therefore the probability of formulas like the above that are satisfiable because of the unsatisfiability
of some ¢; ; is (0.875)3 ~ 0.669.

The presence of two distinct peaks in the average running time suggests different sources of com-
putational hardness, with difficult instances already emerging in a pre-critical point, before the main
decrease in satisfiability.

Figures 2 and 3 further clarify the source of computational hardness. All timeout occurrences are
confined to the predominantly satisfiable regime, up to 7* = 4.25, with no timeouts observed during
or after the main decrease in satisfiability. This indicates that the hardest instances arise before the
transition, rather than in the regime where unsatisfiable formulas become more frequent.

A more detailed inspection separating satisfiable and unsatisfiable instances further shows that
the former are generally harder than the latter. As shown in Figure 3, the average running time for
satisfiable instances consistently dominates that of unsatisfiable ones across all values of “**. Although
the running time for satisfiable instances decreases after the phase transition, it remains higher than
that for unsatisfiable formulas. Unsatisfiable instances exhibit their highest average running time at the
point where they first appear (7 = 2), after which their resolution becomes progressively easier and
stabilizes.
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Figure 3: Average running times for satisfiable and unsatisfiable instances.

6. Conclusions and Future Work

In this work, we presented a detailed algorithm for solving the FP(L)-SAT problem via a translation of
instances into linear constraints. Moreover, we introduced a parameterized class of FP(L)-SAT instances
for which we were able to observe a phase transition phenomenon and distinctive running-time patterns.

As future work, further empirical experiments may be conducted by exploring different parameter
configurations and variations, as well as other formula structures. Other heuristics for the iterative choice
of binary variables in B (Algorithm 1, line 9), beyond the lexicographic order, may also be investigated.
In addition, algorithms for deciding validity and entailment in FP(L) deserve further investigation,
noting that in Lukasiewicz logic the entailment problem is not directly related to satisfiability as in
classical logic.

Lukasiewicz logic has been used to model neural network computations and to perform formal
verification of their properties [18, 19, 20]. Since FP(L) provides a natural framework for expressing
fuzzy notions of probability, the tools developed in this work may, from a practical perspective, play a
role in the interpretation and formal verification of probabilistic neural models.
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