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Abstract

Defeasible reasoning has been studied as a fundamental component of common-sense reasoning: different logic
based solutions have been proposed for its formal modelling. We recently proposed a non-monotonic Description
Logic (DL) framework, DLs with Prototype Descriptions, which deals with defeasible reasoning by combining
aspects from prototype theory, weighted logics, and justifiable exceptions. Prototype descriptions are weighted
characterizations of concepts that denote the typical features of prototype members in a quantitative way.

In this paper, we further develop the notion of prototype description by suggesting different directions for
combining prototypes and features. We consider a way to reason with conjunction of prototypes in defeasible
inclusions. On the other hand, we discuss how complex features can influence the definition of weights in
prototype descriptions. While preliminary, the directions we outline are worth exploring in order to increase the
flexibility of our formalisms, as shown through examples.
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1. Introduction

An important aspect for modelling common-sense reasoning is defeasible reasoning: this represents
the capability of a system to reason with general statements that may admit exceptions. The interest
in ways to model defeasible reasoning dates back to the earlier years of Artificial Intelligence [1,
2]. In logical formalisms, these have been studied in non-monotonic logics: in the area Knowledge
Representation, many approaches for representing non-monotonicity have been proposed also in the
context of Descriptions Logics (DL), like e.g. [3, 4].

In this regard, we recently introduced in [5] a formal approach for defeasible reasoning in DLs, namely
DLs with Prototype Descriptions, which satisfies desiderata extracted from the studies on Generics [6] and
insights from the philosophical and cognitive research on phenomena related to notions of exceptions
and defeasibility. The formalization of our approach combines ideas from prototype theory, weighted
DLs [7] and defeasible DLs with Justifiable Exceptions [8]. The main component of the framework
is the definition of prototype description, weighted characterisations of concepts denoting the typical
features of its members. Prototype descriptions provide a way to include into DL knowledge bases
quantitative similarity-based numerical characterisations of prototype instances. These weights are
then used to compute a “typicality score” of instances that is considered in defining a preference over
DL models. The framework has then been further developed in [9, 10] to include different solutions to
define model preference, propose an ASP encoding [11] and study its formal properties.

In this paper, we outline our current research direction to further develop the framework: we are
interested in understanding the possibilities to combine concepts in order to offer more complex and
refined representations of prototypes’ properties. In particular, there are two directions in which such
combination can take place: (i). TBox axioms asserting properties over conjunctions of prototypes; (ii).
prototype descriptions using combinations of features to denote the typical prototype instances. These

CILC 2026: The 41st Italian Conference on Computational Logic, June 23-25, 2026, Ferrara, Italy
Q gsacco@fbk.eu (G. Sacco); loris.bozzato@uninsubria.it (L. Bozzato); oliver.kutz@unibz.it (O. Kutz)
® 0000-0001-5613-5068 (G. Sacco); 0000-0003-1757-9859 (L. Bozzato); 0000-0003-1517-7354 (O. Kutz)

© 2026 Copyright for this paper by its authors. Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0).
5


mailto:gsacco@fbk.eu
mailto:loris.bozzato@uninsubria.it
mailto:oliver.kutz@unibz.it
https://orcid.org/0000-0001-5613-5068
https://orcid.org/0000-0003-1757-9859
https://orcid.org/0000-0003-1517-7354
https://creativecommons.org/licenses/by/4.0/deed.en

combinations ask for an extension of our current definitions of the framework: the first needs a way to
compute scores for typical elements of the conjunct prototypes (starting from the scores associated
to the “atomic” prototypes), while the second asks for a method to consistently associate weights to
features combinations (considering the weights of the base features).

These study directions are worth exploring in order to increase the flexibility of our framework:
on the one hand, the current definitions of prototype descriptions and axioms may be too limited to
capture some needed relations across prototypes (e.g. emerging from data); on the other hand, such
combinations allow us to link our work to studies on concept combinations [12] and show further
non-monotonicity properties on our formalization.

In the following, we first provide a brief summary of definitions for DLs with Prototype Descriptions
as defined in [10, 13]. We then discuss possible directions to extend this formalisms with combination
of prototypes and combinations of features, explaining the intuitions by means of examples.

2. DLs with Prototype Descriptions

We distinguish two parts in knowledge bases: (i). a DL knowledge base representing the knowledge of
interest: the knowledge base can include defeasible TBox axioms about specific base concepts called
prototypes and ABox assertions about prototype instances and their features; (ii). an additional set
containing prototype descriptions, weighted characterizations of prototypes, expressing the “degree of
typicality” of the features of their instances.

The following definitions are independent from the DL language used for representing the main
knowledge base: we consider a fixed concept language &5 based on a DL signature ¥ with disjoint
and non-empty sets NC of concept names, NR of role names, and NI of individual names. We identify
a subset of the concept names NP C NC as denoting prototype names. For simplicity, we call general
concepts the concepts composed only of concepts in NC \ NP (i.e., atomic or complex concepts which
do not include prototypes names).

The features associated with prototypes together with the degree of their importance are given in
prototype descriptions.

Definition 1 (Positive prototype description). Let P € NP be a prototype name, let Cy, ..., C,, be general
concepts of L5 and let w= (wy, ..., wy) € Q™ be a weight vector of rational numbers, where for every
i €{1,...,m} we have w; > 0. Then, the expression P(C; : wy,...,Cy, : Wy,) is called a (positive) prototype
description for P.

Intuitively, the weights associated with features can be combined to compute a score denoting the
degree of typicality of an instance w.r.t. the prototype.

In the knowledge part of the KB, we can use prototype names in DL axioms to describe properties of
the members of such classes.

Definition 2 (Prototype axiom). A concept inclusion of the type P C D is a prototype axiom of &, if
P € NP and D is a general concept of L.

Intuitively, these axioms are not absolute and can be “overridden” by prototype instances (cf. defeasible
axioms in [8]), also depending on the “degree of membership” of the individual to the given prototype
(i.e., the satisfaction of its features).

Thus, we consider knowledge bases which can contain prototype axioms and which are enriched
with an accessory KB, the PBox & providing prototype descriptions.

Definition 3 (Prototyped Knowledge Base, PKB). A prototyped knowledge base (PKB) in language £,
is a triple & =(T, 9, P) where:

- I =TpWw T is a DL TBox consisting of concept inclusion axioms of the form C T D, where Tp is the set
of prototype axioms and T is the set of general concept inclusions based on general concepts;



- o = ApW Ac is a set of ABox assertions, where Ap is the set of prototype assertions (of the form P(a)
with P € NP and a € NI) and Ac is the set of ABox assertions for general concepts and roles;

— Pis a set of prototype descriptions, exactly one for each prototype name P € NP appearing in Tp.
We present an example to clarify the notions and syntax introduced thus far.

Example 1. Consider the following prototyped knowledge base K = (7, o/, %) where NC = {Dog,
Wolf, Trusted, hasLegs, livesInWoods, isTamed, hasCollar, Hunts, livesInPack, livesInHouse}
and NP = {Dog, Wolf}:

9 ={Dog C Trusted, Wolf C —Trusted,Dog C hasLegs, Wolf C hasLegs },

o = {Dog(balto),Wolf(balto), Dog(cerberus),

livesInWoods(balto), hasLegs(balto), isTamed(balto),
—Trusted(cerberus)},

P ={wolf(livesInWoods : 10, hasLegs : 4, livesInPack : 8, Hunts : 11),
Dog(hasCollar : 33, livesInHouse : 22, hasLegs : 11, isTamed : 44)}

The weights in prototype descriptions are meant to represent how relevant the associated features are for a
typical instance of the prototype. Instances satisfying features with larger weights are interpreted as “more
typical” members of the prototype concept. Below we give a semantics for this kind of PKB which will entail
and justify the conclusion that balto is a trusted dog which is a wolf, without being inconsistent, and that
cerberus is an exceptional dog with respect to the property of dogs of being trusted.

Note that the conflict regarding balto has the same structure as the so called Nixon diamond [14]. <

Next, we define the semantic mechanism through which we manage conflicts in order to avoid
treating exceptions as contradictions, making the system inconsistent. The semantics of PKBs is
based on standard interpretations for the underlying DL . In fact, interpretations of a PKB are DL
interpretations for its knowledge base part (7, &).

Note that we are not giving a DL interpretation to the prototype description expressions in 2
However, we need to introduce additional semantic structure to manage exceptions to prototype
axioms in Tp, exploiting the prototype description expressions in &% We consider the notion of axiom
instantiation as defined in [8]: intuitively, for an axiom « € Ly the instantiation of ¢ with e € NI, written
a(e), is the specialisation of a to e.

Definition 4 (Exception assumptions and clashing sets). An exception assumption is a pair (a, ) where
a € Tp is a prototype axiom, e € NI is an individual name appearing in &f and such that a(e) is an axiom
instantiation of . A clashing set for (a,e) is a satisfiable set S, oy of ABox assertions s.t. S ¢\ U {a(e)} is
unsatisfiable.

Intuitively, an exception assumption (P C D, e) states that we assume that e is an exception to the
prototype axiom P C Din a given interpretation. Then, the fact that a clashing set S;p-p . for (P C D, e)
is verified by such an interpretation gives a “justification” of the validity of the assumption of overriding
in terms of ABox assertions. This intuition is reflected in the definition of models: we first extend
interpretations with a set of exception assumptions.

Definition 5 (y-interpretation). A y-interpretation is a structure .5, = (S, x) where Jis an interpretation
and y is a set of exception assumptions.

Then, y-models for a PKB K are those y-interpretations that verify “strict” axioms in To U & and
defeasibly apply prototype axioms in Tp (excluding the exceptional instances in ).

Definition 6 (y-model). Given a PKB &, a x-interpretation .7, = (7, ) is a y-model for & (denoted
Iy E &), if the following holds:

(i) foreverya € Tru A of L5, F k a;



(ii) for everya = PC D € Tp, if (@, d) & y, then .7 £ a(d).

Two DL interpretations .%; and .%, are Nl-congruent, if ¢t = ¢”2 holds for every ¢ € NL This
extends to y-interpretations .%, = (.7, ) by considering interpretations .7. Intuitively, we say that a
x-interpretation is justified if all of its exception assumptions have a clashing set that is verified by the
interpretation (and all its NI-congruent interpretations).

Definition 7 (Justifications). We say that(a,e) € y is justified for a y-model .7,, if some clashing set
S(aey exists such that, for every Sy = (I, x) of & that is NI-congruent with .7, it holds " & S(4 o).
A y-model .7, of a PKB R is justified, if every (a,e) € y is justified in K.

We consider the notion of logical consequence from justified y-models (i.e. axioms that are valid in all
x-models that are justified): we write & k; aif ., F a for every justified y-model .7) of &.

A second part of the semantics takes care of defining a preference over exceptions in case of conflicts
between different prototype axioms. The main intuition of prototype descriptions is that each individual
which is an instance of a prototype is associated with a score which denotes the “degree of typicality”
of the individual with respect to the concept described by the prototype. Ideally, the prototype score of
an individual allows us to determine preferences over models: for an individual, axioms on prototypes
with higher score are preferred to the ones on lower scoring prototypes; thus the measure needs to be
comparable across different prototypes.

Given the set NP(%) of prototype names of P € NP appearing in & a family of prototype score
functions { fp}penp(gr) is composed of functions fp : NI — R for each prototype name P appearing in &
such that every function of the family has range in a fixed interval [x, ..., y] C R.

In general, a preference between exception assumption sets is some relation between sets y for K,
denoted y; > y,. Given two y-interpretations f)} = (51, y;) and J)? = (72, y,), we then say that J)}
is preferred to J)? (denoted J)} > Jf) if y1 > xo.

Finally, we define the notion of PKB model as a minimal justified model for the PKB.

Definition 8 (PKB model). An interpretation ¥ is a PKB model of & (denoted .7 £ &) if
— & has some justified y-model .7, = (.7, x).
— there exists no justified .y = (5", x’) that is preferred to .%,.

The consequence from PKB models of & (denoted & F @) characterises the “preferred” consequences of
the PKB, on the basis of the degree of typicality of instances.

The above definitions are provided for any score function and preference: a simple score function
can be defined by considering the features that are inferable from the KB (in all justified models):

Definition 9 (Model independent prototype score). Given a prototype description P(Cy : wy, ...,Cp, = W),
we define the (model independent) score function scorep : NI — R for prototype P as: scorep(a) =

This measure, however, depends on the value interval over which the prototype weights have been
defined: in order to compare the score of an individual with scores relative to other prototypes, this
value needs to be normalised. We do so by computing the maximum score maxp and minimum score
minp for all prototypes.

The maximum score maxp denotes the score of the maximum value of scorep obtainable from
the weights of consistent subset of features of P. Formally, given a prototype description P(C; :
Wi, ..o .Gy ¢ W), let Sp be the set of sets Sp C {Cy,...,C,} s.t. Sp U K is consistent. Then:
maxp = max(zciespwi | Sp € Sp). The minimal score minp denotes the sum of the weights for “un-
avoidable” features, namely those that are strictly implied by the membership to the prototype con-
cept. Formally: minp = ) £, PG, Ve A normalised score function nscorep can be derived from scorep

as: nscorep(a) = (scorep(a) — minp)/(maxp — minp).



Note that with such a normalisation we obtain a family of prototype score functions with range in
the same interval [0, 1], allowing for comparison of prototype scores on the same individual.

We can then define a simple preference using the model independent score as defined above: we
thus prefer justified y-models where the exceptions appear for elements of the lower scoring prototypes.

Definition 10 (Preference MIP). y; > x» if; for every (P C D,e) € y; \ xo such that there exists a
(QC E,e) € yo \ 1 with & U{D(e), E(e)} unsatisfiable, it holds that nscorep(e) < nscoreg(e).

The intuition behind the condition “RU{D(e), E(e)} unsatisfiable” is that we want to make the comparison
between the exception assumptions that are directly in conflict.

Example 2. Considering the PKB reported in the example above, assume to have two PKB interpretations
F' and 7?2 associated respectively with the following two sets of exception assumptions:

x1 = {{(Wolf C —Trusted, balto),(Dog C Trusted, cerberus)}
x> = {{Dog C Trusted,balto),(Dog C Trusted, cerberus)}

We have now two y-interpretations corresponding to (7, y;) and (72, y,). Assuming that they are also
x-models, we can check if the two are also justified. Since, the exception assumptions have the following
clashing sets, respectively{wolf(balto), Trusted(balto), Dog(cerberus), “Trusted(cerberus)} for the
exception assumptions in y; and {Dog(balto), "Trusted(balto), Dog(cerberus), “Trusted(cerberus)}
for those in ), they are both justified.

In order to decide which model is preferred, we need to compute the pro-
totype  scores for balto and for cerberus: we  have  scorey,ie(balto) = 14,
scorepqg(balto) = 55, scorep,g(cerberus) = 11. After normalization, we obtain: nscorey,,(balto) = 0.4,
nscore,q;¢(balto) = 0.3, nscorey,,(cerberus) = 0. Then, scorey,i¢(balto) < scorep,g(balto) and, since
(Dog C Trusted, cerberus) is present in both y; and y, so it does not influence the preference order,
then we can conclude that y; > y,. Hence, we obtain that the preferred model, i.e. the PKB model, is
J! wherebalto is an exception to Wolf C —Trusted and cerberus is an exception to Dog C Trusted.
Consequently, it holds that & ¢ Trusted(balto) and & £ —Trusted(cerberus). O

3. Combining Prototypes and Features

In the following sections, we discuss two possible refinements to the presented framework: the first
concerns the use of complex of prototypes in prototype axioms, the second proposes restrictions in the
use of dependent features in prototype descriptions.

3.1. Conjunction of Prototypes in Prototype Axioms

In the current formalization of PKBs, we only allow for atomic prototypes to appear on the left of
prototype axioms, that is only axioms of the form P C C with P € NP are permitted. Of course, it would
be interesting to allow for complex concepts to appear on the left-hand side of such inclusions, so to
provide more articulated axioms over prototypes.

While complex antecedents can be allowed by preserving the interpretation of prototype axioms as
defeasible axioms (as shown in [8]), the problem that arises is how to manage the model preference in
the case of complex prototypes. We note that, in general, this can be solved by treating the case of such
combined prototypes in formulating the prototype score function: that is, the score of an instance for
the combined prototype can be obtained from the score of the atomic prototypes with some aggregation
criteria.

For example, a first combination we can consider is the conjunction of prototypes: that is, we can
allow prototype axioms of the kind P; M P, C C (and, more in general, P; 1 --- 1 P, C C). The problem
then is how to associate a score to the complex prototype given by the conjunction. A simple possibility



for defining such score function is to consider the scores of the conjuncts and equally combine their
(normalized) score. Namely, one can define:

> nscorep,(a)

nscorep,r..np,(@) = "

Even with this naive score combination function, we can already solve situations like the one shown in
the following example.

Example 3. Consider the following PKB, in which we introduce a conjunction in the previous prototype

axioms:
9 = {Dog M Puppy C Trusted, Wolf M Puppy C —Trusted,Dog C hasLegs, Wolf C hasLegs },
o = {Dog(balto),Wolf(balto), Puppy(balto),
livesInWoods(balto), hasLegs(balto), isTamed(balto),
isFluffy(balto)},
P ={wolf(livesInWoods : 10, hasLegs : 4, livesInPack : 8, Hunts : 11),
Dog(hasCollar : 33, livesInHouse : 22, hasLegs : 11, isTamed : 44),
Puppy(isFluffy : 5,isSmall : 5)}
We obtain the following normalized scores for the atomic prototypes: nscore,,(balto) = 04,
nscorey, ¢(balto) = 0.3, nscorep,,, (balto) = 0.5. Thus, if we consider the combined score defined
above for prototypes conjunction we obtain: nscorepygrpuppy(balto) = 0.4 + 0.5/2 = 045 and
nscoreyo 1 ¢rpuppy(balto) = 0.3 +0.5/2 = 0.4. We still have that balto is a more typical Dog than a
Wolf: thus, also in this case, the first axiom is preferred and we can obtain & k Trusted(balto). <&

Note that in this simple combination of scores, all of the prototypes are given the same “importance”
in the combination: if we want to define a priority on the prototypes (e.g., in the order in which they
appear in the axiom), the arithmetic mean can be substituted with a weighted mean (e.g., with a weight
that depends on the order).

The definition of different methods for combining prototypes leads to a direct comparison to the
works in Concept combinations [12]: we need to further investigate these aspects, both to understand
how to relate to them from a formal point of view, but also to understand the meaning of combinations
within the field of cognitive science. We note that a definition for the combination of prototypes
on the left-hand side of prototype axioms is also needed to prove in our context some of the KLM
properties [15] (in particular, Or and Cautious Monotonicity) that, for the moment, can not be formulated
in our framework [10].

3.2. Combination of Features in Prototype Descriptions

Another current limitation of our framework is the assumption of independence of features in the
definition of a prototype description: for example, if a prototype description has features hasTail and
hasWhiteTail, there is no definite relation across the weights of such related features.

We note that a way to characterize such relations is to impose a restriction on the use of the weights.
A first sketch of such restrictions can be the following: given A, B features appearing in a prototype
description for P with weights w; and wy, if To ¥ A C B, then w; < wy. The idea is that, since
being A implies being B, then the weights of the two are added up when computing the score for an
instance having the more specific feature. Note that this also directs how complex features obtained
by conjunction and disjunction of concepts behave in this context: since AC AuLIBand BC AU B,
then the weights of A and B need to be less that the one of their union; since AmMBE Aand AN BEC B,
then the score of the intersection of features needs to be less that the one of both features. For disjoint
features (A and —A), then one can assign independent scores: intuitively, this means that an optional
feature can have a score in case it is not present in the instance, but can have another score if it is not.



Example 4. We can consider to describe typical features of a racing bycicle by using complex features

RacingBycicle( JhasHandle.CurvedHandle : 5,3hasHandle.StraightHandle : 3,
JhasHandle.T : 10,hasRearlight : 5,—hasRearlight : 2,...)

Intuitively, since FhasHandle.CurvedHandle C JhasHandle.T and JhasHandle.StraigntHandle C
JhasHandle.T, then the features have a lower score than the concept they subsume. If an element is
recognized to have an handle, then the shape of the handle adds further information (i.e. adds up to the
base score) to the more general feature. On the other hand, hasRearlight can be seen as an optional
feature and we assign different typicality weights in case it holds or not. <&

Of course, a more precise definition of such relations is needed, also considering the consistency with the
common-sense notion of prototypes and typicality we are adopting. The idea of feature combinations
has been discussed in the context of perceptron operators: for example, the topic of computing scores
for R-successors in the case of weighted DLs with perceptron operators has been discussed in [16] and
some complexity results have been presented in [17]. These works can provide some insights in how to
manage roles also for the combination of features in our formalism.

4. Conclusions and Future Work

In this paper we introduced the problem of combining prototypes and features in DLs with prototype
descriptions, providing some initial insights on these problems by means of examples and defining a
direction for their solution.

Indeed, this paper represents only a first step in providing a well-structured solution to such problems:
to further develop the presented ideas, it is necessary to include the suggested solutions in the formal
definitions of score and prototype description of our framework and show that the framework properties
hold for the new score criteria. Introducing a more complex combination of prototypes will also ask for
an extension of the current implementation for PKBs via ASP [11], which is limited to the base language
of DL-Liteg. More in general, in formulating such solutions we need to consider the interpretation of
these also from a cognitive perspective, to better fit the general research line that led to the definition
of our framework.
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