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Abstract

Answer Set Programming (ASP) is a declarative paradigm for modeling and solving complex combinatorial
problems, where solutions are represented as stable models of logic programs. Modern ASP systems support
optimization constructs, such as MAXIMIZE, to guide the search toward preferred solutions. Taking advantage of
AMOSUM constraints, a recently introduced construct combining sum and at-most-one (AMO) reasoning to enable
stronger inference during search, we introduce AMOMAXIMIZE, a novel maximization statement that integrates
AMO constraints directly into the objective function. Although AMomAaxIMIZE does not extend the expressive
power of ASP, it represents additional structural information that can be exploited by the solver to improve
propagation and reduce the search space. Our implementation of AMOMAXIMIZE relies on a reformulation of the
objective into a sequence of AMOSUM constraints handled under a Linear SAT-UNSAT (LSU) optimization scheme,
progressively tightening the bound until optimality is reached. An experimental evaluation on a multifaceted set
of benchmarks shows that, in specific scenarios, our approach improves performance compared to CLINGO.
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1. Introduction

Answer Set Programming (ASP) is a well-established declarative programming paradigm widely used
for knowledge representation and reasoning [1, 2]. ASP allows complex problems to be encoded as logic
programs, whose solutions are called stable models or answer sets. Over the years, ASP has been adopted
in several industrial applications [3, 4, 5, 6], thanks to an intuitive syntax and semantics [7, 8, 9, 10] and
the availability of efficient solvers [11, 12].

Classical ASP programs are defined by rules of the form head « body, where the head is a propositional
atom derived whenever the body (a conjunction of literals) is satisfied. Rules with an unsatisfiable
head are called constraints, and their body must be falsified in every stable model. To improve the
succinctness and expressiveness of the language, several new linguistic constructs have been proposed
over the years, including sum aggregates, which allow weighted sums of literals to appear in rule bodies.
In practice, sum aggregates are frequently used as sum constraints to filter stable models whose weighted
sum falls below a given bound.

A well-established technique for handling aggregates in ASP solvers is the use of dedicated procedures
called propagators, which derive deterministic consequences from partial interpretations to ensure that
the semantics of the aggregate is respected. The earlier a propagator can detect such consequences, the
more effectively the search space is pruned. A particularly useful special case is the At-Most-One (Am0)
constraint, which enforces that at most one literal in a given set is true. In many real-world problems,
sum constraints and AMo constraints naturally co-occur. Consider, for instance, the Traveling Salesman
Problem (TSP), where a tour must visit all cities exactly once while reaching a given revenue: a sum
constraint ensures the revenue exceeds a threshold, while an AMo constraint ensures that each city has
at most one successor in the tour.
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Recently, Alviano et al. 2024 proposed AMOsUM, a new ASP construct that combines a sum constraint
with a set of AMO constraints into a single formulation [13]. The authors devised a dedicated AMosuM
propagator and proved that it can detect certain deterministic consequences earlier than treating the
two constraints separately, yielding significant improvements in solving time on challenging instances.
A similar case arises in the context of optimization: ASP supports the expression of preferences over
stable models through optimization statements, and in particular the MAXIMIZE statement, which directs
the solver to find stable models that maximize a weighted sum of soft literals. As with sum constraints,
soft literals are frequently subject to AMO constraints in practice, suggesting that the insights behind
AMOSUM can be naturally carried over to the optimization setting. Returning to the TSP example: if
stable models with higher revenue are preferred, the objective function inherits an Amo constraint,
since at most one successor city can be chosen per city in the tour.

In this work, we present the AMOMAXIMIZE statement, a new maximization construct that extends
MAXIMIZE by embedding AMo constraints directly into the objective function. Although the expres-
siveness of the language is preserved, the additional structural information provided by AMOMAXIMIZE
enables the solver to perform stronger propagation and more aggressive search-space pruning, with
particular benefits when certifying optimality. From an implementation standpoint, AMOMAXIMIZE is
realized on top of the AMosuMm propagator via a Linear SAT-UNSAT (LSU) strategy: the statement is
translated into a sequence of AMOsUM constraints with a progressively tightened bound, each demanding
a strictly better solution, until no further improvement can be certified.

The empirical evaluation on a range of benchmarks confirms that in some cases AMOMAXIMIZE
improves the performance of the state-of-the-art solver cLINGo [11].

The reminding of this paper is structured as follows. Section 2 introduces the necessary preliminaries.
Section 3 recalls the AMOsuM constraint. Section 4 presents the AMOMAXIMIZE statement and its
implementation. Section 5 reports the empirical evaluation. Section 6 discusses related work. Section 7
concludes the paper.

2. Preliminaries

2.1. Syntax and Semantics

Let A be a set of propositional atoms. A literal is either an atom or its default negation, denoted by ~.
For a literal £, we denote by Cits complement, defined as follows: p = ~p and ~p = p for every p € A.

For aset L of literals, let L = € | £ € L. Given two sets of literals L and X, we define L U X = (L\X)UX.
A rule is an expression of the form

p<—£1,...,€n (1)
where n > 0, p € A, and each ¢; is a literal. A sum constraint (or simply constraint) has the form
sum{wy :€1; s wy byt 2 b (2)

where n > 0, the literals ¢4, . . ., {, are pairwise distinct and satisfy ¢; # E forall1 <i < j <n, and
Wi, ..., Wy, b are nonnegative integers.
A program is a set of rules and constraints.

Example 2.1 (Running example). Let I1,,, be the following:

Fo @ @ «—~a a € {a,b,c,d}
Fo: @ «—~a a €{a,b,c,d}
or: sum{l:a; 1:b }>1
oy sum{l:¢ 1:d }>1
o3: suM{l:a;2:b;2:c;2:d} >4

Note that there are eight atoms (a, b, c,d,a’, b’, ¢’, d’), eight rules and 3 constraints.



For a program I1, we denote by atoms(I1), rules(I1), and constraints(II) the sets of atoms, rules, and
constraints occurring in I1, respectively. For a rule r of the form (1), we define: H(r) := p (the head
atom of r), B(r) :={{1,...,{,} (the body literals of r), B*(r) := B(r) N A (the positive body atoms of
r), and B~ (r) := B(r) \ A (the negative body atoms of r). For a constraint o of the form (2), we define:
bnd(o) = b (the bound of o), whs(¢{;) := w; (the weight of literal ¢; in o, for each i € [1..n]), and
lits(o) = {{1, ..., €, } (the set of literals occurring in ¢). When o is clear from the context, we may
omit it from the above notation. Finally, we write (w; : {;) € o to denote that (w; : £;) is an element of
the aggregation set of o, for i € [1..n].

Example 2.2 (Continuing Example 2.1). Rule r, is such that H(r,) = a, B*(r,) = 0 and B (r,) = {a’}.
Regarding o3, bndr, = 4, wh(b) = 2, b € lits,,, and (2 : b) € 0.

An assignment [ is an ordered set of literals such that 7 N 1 = 0; literals in [ are true, literals in 7
are false, and all other literals are undefined. By abuse of notation, we define I({) := 1if £ € I and
0 otherwise, and IT(¢£) := 1if £ ¢ I and 0 otherwise; intuitively, (£) assigns 1 to true literals only,
while I7(£) assigns 1 to both true and undefined literals. Moreover, since we will iteratively construct
assignments as lists, we occasionally consider their prefixes, i.e., the assignments obtained at previous
iterations. An assignment I is a (total) interpretation of a program ITif I U T = atoms(I1) U atoms(IT).
For total interpretations, the satisfaction relation = (is model of) is inductively defined as follows:

« foraliteral £, I E{if € € I

« for arule r of the form (1), I E B(r) if [ E ¢ forall{ € B(r),and I  r if I E H(r) whenever
I E B(r);

« for a constraint o of the form (2), I = o if )7, w; - I({;) = bnds; and

« for a program I, I ETTif I |= r for all r € rules(IT) and I |= o for all o € constraints(IT).

The reduct I1! of a program IT with respect to an interpretation / is defined as {H(r) < B*(r) | r €
rules(I1), I [ r}; note that constraints(I17) = (. An interpretation [ is a stable model of I1 if I |= IT and
no J c I satisfies J |= I1? [14]. We denote by SM(IT) the set of all stable models of 1.

Optimal Stable Models. ASP also supports optimization problems, where some stable models are
preferred over others. An optimization problem is defined by a pair (I1, u), where IT is an ASP program
and u is an optimization statement. An optimization statement has the form

MAXIMIZE{w{ : {15 - -+ ; wp : {n} (3)

where n > 0, {y,...,{, are distinct literals with ¢; # Z forall1 <i < j < n,and wy,...,w, are
nonnegative integers. Intuitively, each true literal {; contributes its weight w; to the objective function,
which is to be maximized. The objective value of an interpretation /, denoted by obj(I, tt), corresponds
to 27, I(£;) - w;. A stable model M € SM(II) is optimal if no other stable model achieves a strictly
higher objective value. The set of optimal stable models is defined as follows

OSM(TL, i) == {M € SM(TT) | VM’ € SM(TT), obj(M’, 1) < obj(M, 1)} (4)

Example 2.3 (Continuing Example 2.1). Let IT,5max be (I, \ {03}) U {11} where p is the following
maximization statement:

uy: MAxiMIzE{l:a; 2:b; 2:¢; 2:d}
Let I = {a, c}, I is a stable model for I1,,nmax, i-€., I € SM(I1,ynmax) but is not an optimal model given

that I’ = {b, c} € SM(I1,unmax) and obj(I) < obj(I’), in particular, obj(I) = 3 and obj(I’) = 4. Given
that there is no model with higher objective value then I’ € OSM(I1,ynmax)-



2.2. Clauses and AMO as a Special Instance

Given a set {£1,...,{,} of n > 0 literals, an at-least-one (ALO) constraint requires at least one literal in
the set to be true. This is also commonly known as a clause, and can be expressed as the following sum
constraint:

sum{1l:{y; -+ ; 1:6,} > 1 (5)
Clause (5) is also written (if not ambiguous) as

{€1,...., 0} (6)

Given two clauses C and D of the form (6) and a literal £ such that £ € C and ¢ € D, the resolution
step [15, 16] of C and D upon ¢, written C ®; D, is defined as (C \ {€}) U (D \ {£}). Intuitively, since
no interpretation can simultaneously satisfy both ¢ and ¢,if C, D € I then either C \ {£} or D \ {¢}
must be satisfied, and hence so must their union (C \ {£}) U (D \ {€}). Note that any interpretation /
satisfying both C and D also satisfies C ®, D. Given a set {{1, ..., {,} of n > 1 literals, an at-most-one
(AMO) constraint requires that at most one literal in the set be true. It can be expressed as the following
SUM constraint:

sum{1:0p; ---;1:6,} >n—1 (7)

Equivalently, it requires all but at most one literal in the set to be false. Formally, given an interpretation
I, we have I = (7) iff })I_, I(£;) < 1, or equivalently )i I(£{;) > n — 1. The AMO constraint (7) is
compactly written amo{¢y, ..., 0, }.

Example 2.4 (Continuing Example 2.1). Note that o is the clause {a, b}, or also the AMO constraint
Amo{a, b}.

2.3. (Optimal) Stable Model Search and Propagators

Stable model search in state-of-the-art ASP solvers is implemented via conflict-driven clause learning
(CDCL) [17, 18], following the choose—propagate—learn pattern. The key idea is to incrementally
construct a stable model starting from an empty assignment /. At each step, a literal is chosen according
to a branching heuristic and added to /. It is then propagated: any literal £ that becomes a deterministic
consequence is added to I together with its reason, i.e., the clause comprising ¢ and the false literals
that forced its inclusion. A conflict arises if the complement of a deterministic consequence is already
in I, and its analysis leads to learn new clauses via (backward) resolution starting from the reasons of
the conflicting literals. (Recall that resolution combines two clauses {p} U L and {p} U L’, written
({p}UL)®, ({p} UL’), to obtain a new clause L U L’, where II is an atom, and L, L’ are sets of
literals.) During backward resolution, previously added literals are removed from [ until the learned
clause results in the inclusion of a new deterministic consequence, driving the search into a different
branch. This process is repeated until either / represents a stable model or the empty clause is derived,
the latter indicating that the program admits no stable models.

A propagator is a procedure that computes deterministic consequences of a given assignment. The
most basic one is unit propagation: a literal ¢ is added to I whenever there exists a clause {¢} U L with
L C I, ie., whenever £ belongs to a clause that can only be satisfied by extending I with £. In this case,
reason(€) := {€} U L. Modern ASP solvers augment the input program with clauses that enforce I to be
a model of each rule of the form (1) (i.e., {p, {1, . .., Cn}), along with further clauses enforcing additional
properties of stable models (whose details are beyond the scope of this article).

Example 2.5. Let I1 have, among others, the rules

a«—~c b~ d<a,b



Hence, a modern ASP solver materializes the clauses
{a,c} {b,c} {d,a, E}

If the current assignment / is the list [d] and € is selected as the branching literal, I is updated to [d,c];
unit propagation infers a, b from the first two clauses and then b (a conflict) from the third clause.
Hence, we have I = [d, ¢, a, b, b], reason(a) = {a, c}, reason(b) = {b, ¢}, and reason(b) = {d, a, b}.
By resolving reason(b) and reason(b), we obtain {d, @, ¢}, which still contains more than one atom
inferred from the branching point (namely, a and c). By resolving {d, a, c¢} and reason(a), we obtain
{d, ¢}, which contains only one atom inferred from the branching point (namely, ¢). CDCL therefore
continues with I = [d, ¢] and reason(c) = {d, c}.

For a sum constraint o of the form (2), solvers typically employ a dedicated aggregate propagator [19,
20], which adds ¢; (i € [1..n]) to I whenever ¢; is required to potentially reach the bound b, i.e.,
whenever

> wi ) <b (8)

jell.n], j#i

where J is the earliest prefix of I satisfying (8). In this case, reason(£;) = {€;} U (lits(c) N J), i.e.,
the false literals of o are those forcing ¢; to be true. In the special case of an AMo constraint (7), i.e.,
o = amo{ly, ..., ¢}, the literal ¢; (i € [1..n]) is added to I whenever there exists tj € I with j # i,
with reason(&;) = {€;, E}

Example 2.6 (Continuing Example 2.1). If / is empty, no literal can be inferred from o, 0 and 3. If
I is [a], also in this case no literal is inferred from any constraints. If / is extended with b then the
application of (8) to the literals of o7 gives

2-[a,b]"(c)=2-1=2<4
2-[a,b)"(d)=2-1=2<4

Hence, ¢ and d are inferred with reason(c) = {c,a, b} and reason(d) = {d,a,b}. Note that, once
I = [a,b,c,d], the application of (8) to o> gives

1-[@,b,c,d]'"@)=1-0=0<1
1-[a,b,c,d]"(d)=1-0=0<1

Therefore, a conflict is raised, say because ¢ (or similarly d) is added to I with reason(¢) = {c, d}.

Optimal Stable Model Search. Two main algorithmic strategies are employed to search for optimal
stable models in ASP. Linear SAT-UNSAT (LSU) search [21] starts from a stable model and iteratively
strengthens the objective bound, adding a constraint that rules out any solution with objective value
no greater than the current best, until no further improvement is possible and optimality is certified.
Unsat-core based search [22], instead, starts without requiring a feasible solution and iteratively relaxes
the problem, raising a lower bound on the objective value by analyzing unsatisfiable cores until a
satisfying solution is found at the current bound.
In the following, we focus on LSU strategy.

3. Amosum

In this section, we briefly recall how sum constraints of the form (2) can be replaced by the more general
AMOSUM constraints, introduced in [13]. An AMOSUM constraint combines a SUM constraint with a set of
AMO constraints into a convenient syntax that also results in a more effective propagator.



3.1. Syntax and Semantics

An AmMosUM constraint (or simply constraint from this point) o has the form

AMOSUM{wy : € [s1]; -+ 5 wn i €y [sn]} = b 9)

b,wi,...,Wy,s1,...,8, are nonnegative integers.
The notation introduced in Section 2.1 is extended as follows:

where n > 0, ¢i,...,{, are distinct literals such that {; # E forall1 < i < j < n, and

« parts, = {s1,...,5,} denotes the set of parts, where the literals of o are partitioned into at most
n parts s1,...,8,;

« part({;) = s; denotes the part of ¢; in o, for all i € [1..n], with the symmetry condition
part(r({T,-) = part . (4;);

« litsy|s denotes the set of literals in o belonging to part s.

Moreover, the membership relation € is defined as (w; : ¢; [s;]) € o for alli € [1..n]. Regarding the
satisfaction relation, for o of the form (9), I | o if 7L, w; - I(£;) 2 bndy and ¥y, |, 1(€) < 1 for
all s € parts .. Essentially, the satisfaction condition of (2) is extended by enforcing an AMo constraint
on each part of .

Example 3.1 (Continuing Example 2.1). I1,,, is rewritten by replacing o, 0 and o3 with
oy: amosuMm{l:a [1]; 2:b[1]; 2:¢[2] 2:d[2]} = 4

Note that parts,,, = {1,2}, part, (a) = part, (b) = 1, part, (c) = part, (d) = 2, litss,|1 = {a, b},
and lits., |, = {c, d}.

Given an interpretation / and a constraint o, its maximum possible sum mps . (I) is the maximum
possible value of

z”: wi - 1'(6;)
f

such that

Z I'(€) <1 Vs e parts,

Celitsy ()

and I’ is a total interpretation such that I’ 2 I. In other words, it is the maximum possible sum reachable
starting from [ that satisfies all the at most one constraints for o. Given a literal ¢, the maximum
possible sum reachable assuming ¢ true is

mpse(1,6) = Z mwhe (I U {£}, 5) (10)
sEeparts
where
R4 if litso-|s N T ={{'}
mwhe (1, ) = { max{w - IT(¢') | (w: ¢ [s]) € 0} otherwise.

Above, the intuitive reading of the second case is “the maximum weight that part s can contribute to
the overall sum.” Note that mps_.(I) can be equivalently defined as follows:

mpsq(I) = Z mwhg (1, s) (11)

SEparts



3.2. Propagation

A constraint o of the form (9) is associated with 2 different inference rules; for each inference rule
we assume to start with an interpretation / that is consistent with the at most one constraint, that is,
Deelitsy (s) [(€) < 1forall s € parts,,.

« First of all, the Amo inference given by the parts of o: (AMO Rule (AMR) ) The literal £ is added
to I if there is ¢’ € litsy | part, (¢) such that ¢’ € I. In this case, reason({) is {, €'}.

« The second inferece rule is based on the sum inferece rule but with more capability, given by the
information of the AMO constraint; it is named Amosum Rule (ASR). With ASR a literal ¢ can
be inferred to true when assuming it is false would lead the max possible sum to be under the
bound. Formally, let o be a constraint of the form (9), and let I be an interpretation such that
Deelits, (s) 1(€) < 1for all s € parts,. Aliteral is inferred true if it is required in order to reach
the bound by the following inference rule: (ASR) An undefined literal ¢ is added to [ if € € lits,
and J is the first prefix of / such that

mps, (J,€) < bnd, . (12)
In this case, reason(f) is
{€}u U rsng(J, €, s) (13)
separts

where rsny (J, €, s) = {_F} if lits|s NJ = {€'} (i.e., a true literal in lits, |5), and {¢’ € lits|s N J |
wh(€) > mwh'(J U {€},s)} otherwise (i.e., the false literals in the part of £ that could have
increased the overall sum).

Example 3.2 (Continuing Example 3.1). Let us consider the constraint oy and let / = [] be the current
assignment. The inequality (12) of rule ASR is able to detect that b is needed to reach the bound and
reason(b) = {b}. Furthermore inequality (12) of rule ASR is also able to detect that a is needed, given
that mps([], a) = 3 < 4, with reason reason(a) = {a}. Please note that after b is added to I also AMR
rule is able to infer a.

4. Amomaximize

In this section we explain the new construct, referred to as AMoMAXIMIZE, and how an optimal stable
model w.r.t. a maximization statement is computed.

4.1. Syntax and Semantics

Let’s assume to have a program I1 with a maximization statement of the form (3) and literals in lits
are split in partitions, such that literals in the same part are subject to an at most one constraint. We
can compactly write this maximization statement using an amomaximize statement. An amomaximize
statement u has the form

AMOMAXIMIZE{W1 : €1 [$1]; +-- 5 wn : &n [Sn]}. (14)

where m > 0,(;,...,¢{, are distinct literals such that ¢; # E forall1 < i < j £ n, and
b,wi,...,Wp,S81,...,5, are nonnegative integers. Each s; denotes the part of literal ¢;, and liter-
als sharing the same part as subject to an at-most-one constraint. The syntax mirrors that of AMosum

(Section 3), with the only difference being that no explicit bound is specified. Formally, we have:
. parts, = {s1,...,8n}: the set of parts;
« part, (£;) := s; foralli € {1,...,n}, with symmetry part,, ({;) = partﬂ({?);
o lits,|s = {C | part#(f) = s}: the set of literals in part s.

Note that u is a special case of (3), so the objective function obj from Section 2 applies directly to
compute the objective value of any interpretation.



Algorithm 1: Amomaximize - Linear SAT-UNSAT Optimization
Input: Program I1, amomaximize statement u
Output: An optimal stable model, or L if I is unsatisfiable

1 M « Solve(Il);

2 if M = 1 then return 1 ;

3 while M # L do

4 O «— M,

5 b «— obj(M, u) +1;

6 o « const(u, b);

7 M «— Solve(ITU {o});

8 return O;

From Amomaximize to Amosum. A central operation in our approach is converting an AMOMAXI-
MIZE statement into an AMOSUM constraint given a target bound. This is defined as follows. Given an
amomaximize statement y of the form (14) and an integer b > 0, we define:

const(u, b) = AmosuM{wy : €1 [s1]; -+ ; wn : € [sn]} = b, (15)

where parts, = parts, and part, = part,. Optimality check of a candidate model M can then be
checked by solving I1" = TT U const(u, obj(M) +1): if SM(I1") # 0, a strictly better model than M exists
and M is not optimal. Otherwise, M is optimal. While feasibility check can be done using a classical
sum constraint of the form (2), using const(u, b) is strictly more efficient. The presence of the amosum
constraint gives the possibility to use the efficient propagator defined in Section 3. This propagator has
been showed in [13] to be able to effectively prune the search space and we would like to adopt it to get
a better lower bound in a smaller time-slot.

Example 4.1 (Continuing Example 2.3). I1,,,max is rewritten by replacing o, o and p; with
Uz : AMOMAXIMIZE{l:a [1]; 2: b [1]; 2:c[2] 2:d [2]}

Note that parts,,, .., = {1,2}, partﬂz(a) = partﬂz(b) =1, partﬂz(c) = partyz(d) = 2, lits,, |1 = {a, b},
and lits,, |, = {c,d}.

4.2. Implementation of AMOMAXIMIZE statement

To find an optimal stable model M € OPT(I1, u) we adopt a Linear SAT-UNSAT (LSU) search strategy:.
The idea is to iteratively search for models with strictly increasing objective values: each iteration
raises the lower bound by one until the solver returns UNSAT (there are no stable models for the given
program), certifying that the last satisfiable bound is optimal. Algorithm 1 shows this procedure.

In particular, it defines how an optimal stable model is found leveraging an AMosuM constraint. At
line 1, a first call to the solver is made, with no constraint. If IT does not admit any stable model, i.e., L
is returned at line 2. Otherwise, a stable model M is found, and it represents a valid solution, which is
not guaranteed to be optimal. Then, the algorithm iterates for finding better solution. In particular, the
algorithm takes advantage of the set O to store the best solution found so far 4. Then, the objective value
of O is computed and its value, incremented by 1, is stored in b (line 5). Subsequently, the algorithm
converts the maximization statement u using the const function using b as bound, thus creating the
constraint o (line 6). Finally, the solver is invoked on input program I1 extended with the constraint
o (line 7), a new stable model M is computed. If the program does not admit any new stable model, the
algorithm terminates returning O.

Indeed, since at each iteration the algorithm tightens the lower bound on the minimum achievable
quantity, when M = L we can conclude that the last computed bound is in fact optimal.



Correctness and Termination. We now discuss that Algorithm 1 is both correct and terminating.

Proposition 4.1. For a program I1, Algorithm 1 terminates and satisfies the following

1. If SM(IT) = 0, it returns L.
2. Otherwise, it returns O € OPT(I1, u).

Proof. Termination. At each iteration, b strictly increase by 1. Since the objective value is bounded
by obj is bounded above by ;¢4 n] Wi before returning
UNSAT.

Correctness. Let O be the stable model returned by 1. It means that the last call gave as output
M = 1 with input IT U const(u, O + 1). Given that M = L it means that for all M’ € SM(IT) then
obj(M’, 1) < obj(O, u). Hence, O € OSM(I1, u). O

..........

Example 4.2 (Continuing Example 4.1). Let I = {a, c}, then I € SM(I1,yumax) and obj(I) = 3. Define
Iy = Mrunmax \ {12} U {const(uz,4)} and consider an initially empty interpretation I’ = []. As shown
in Example 3.1, I’ is extended with [a, b]. Assuming the branching literal is ¢, the AMR rule infers
d, yielding a final interpretation I’ with obj(1’) = 4, which witnesses the existence of a better stable
model.

We then construct IIs = Iypmaex \ {t2} U {const(uz,5)}. Applying Asr to const(uz,5) with an
empty starting interpretation I”’ infers the literals [a, b, ¢, d, a, b,C, 3], each with a reason equal to
the singleton of the literal itself (i.e., each literal is unconditionally true). Applying resolution to
reason(a) and reason(a) yields an empty clause, proving that no stable model of I15 exists. Therefore,
1" € OSM(ITrunmax)-

Finally, we note that, from a semantic perspective, the AMOMAXIMIZE statement does not increase the
expressive power of the language.

Proposition 4.2. Let u be an AMOMAXIMIZE statement of the form
AMOMAXIMIZE{w1 : €1[s1]; ... Wn : €nlSn]}. (16)

Then u can be equivalently expressed using a MAXIMIZE statement in combination with a standard Am0
constraints as follows:

MAXIMIZE{w1 : €15 -+« ; wy : €y}
Aamo{lits,|s,} Vi€ [1..n]

Therefore, the advantage of extending the language with the AMOMAXIMIZE statement lies in the
ability to employ the AMosum propagator, which is particularly beneficial in cases where proving
optimality is difficult.

5. Experiments

This section presents an empirical evaluation of the proposed propagator against the state-of-the-art
ASP solver cLiNGo [11] (version 5.8.0) on a set of benchmark instances. We begin by describing the
selected benchmarks and the experimental setup, including the systems and configurations used. We
then analyze and discuss the results obtained.

The solver introduced in Section 4 is implemented on top of cLINGO (version 5.8.0) via its C interface,
and is hereafter referred to as AMOMAXIMIZE.

All experiments were conducted on a machine equipped with an Intel® Xeon® Gold 5118 CPU
(2.30 GHz), 512 GB of RAM, running Ubuntu 20.04.2 LTS (Linux kernel 5.4.0-137, x86_64). Each solver
run was subject to a time limit of 20 minutes and a memory limit of 8 GB.



AMOMAXIMIZE CLINGO

Benchmark O  Score Win O Score Win
GC 0 1.0 289 0 0.885 11

K 0 0.912 21 0 0.996 79
TSP 5 0.995 82 2 0942 20
wWOD 6 0.703 53 0 0.969 92
Total 11 0935 445 2 0.927 202

Table 1
Comparison of AMOMAXIMIZE and CLINGO across all benchmarks in terms of Optimum Found (O), Score, and Win.
Bold values indicate the best result for each metric and benchmark.

5.1. Benchmarks

The experimental analysis is based on a set of benchmarks partly derived from those used by [13] and
partly newly introduced to broaden the scope of the evaluation. The newly introduced benchmarks,
namely Traveling Salesman Problem and Weighted Operator Dispatch, are either directly based on or
inspired by real-world problems, allowing us to assess the performance of the proposed propagator in
more practical settings.

Weighted Graph Coloring (WGC). This benchmark is based on the graph coloring problem.
Instances are generated from those employed in the ASP competition [23], with the colors red, green,
blue, yellow, and cyan associated with the weights 2, 4, 8, 16, and 64, respectively. The objective is to
maximize the sum of weighted nodes. Here the At Most One constraint is derived from the fact that for
each node n we must choose at most one color.

Knapsack (K). This benchmark is based on a variant of the classical knapsack problem. A set of item
types is given, each associated with a specific weight and value. Given a knapsack with a fixed capacity,
the task is to maximize the total value of the selected items such that their combined weight does not
exceed the capacity. Instances are randomly generated as follows. The number of item types, denoted
by n, ranges from 10 to 505 in increments of 5, and the maximum number of selectable items per type is
fixed to k = 20. We refer to [13] for a more detailed description of the instances.

Traveling Salesman Problem (TSP). Given a weighted graph representing a map, the task is to
find a tour visiting each city (node) exactly once while maximizing the total revenue collected along
the traversed edges. The At Most One constraint arises from the fact that for each city, at most one
successor city can be selected. Instances are randomly generated with edge revenues drawn uniformly
from [1, 100] and a map density (i.e., the probability that an edge exists between any two cities) of 0.5.

Weighted Operator Dispatch (WOD). Given a set of workers and tasks, where each worker has a
maximum workload and varying efficiency per task, and tasks may depend on one another, the goal is
to assign workers to tasks across discrete time slots, respecting capacity and precedence constraints,
so as to maximize the total efficiency of the assignment. The At Most One constraint arises from the
requirement that each worker can be assigned at most one task per time slot. Instances are randomly
generated according to the following parameters:

« Number of units (nu): the number of available workers, sampled uniformly from [50, 500].
« Number of tasks (nt): the number of tasks, sampled uniformly from [nu- 0.2, nu- 1.2].
« Number of slots (ns): the number of time slots, sampled uniformly from [5, 100].
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Figure 1: Per-benchmark scatter plots of the score metric. Each point represents an instance; the x-axis and
y-axis reports the value of the objective of AMomMAXIMIZE and cLINGO, respectively. Points below the diagonal (red
dashed line) indicate instances where AMOMAXIMIZE outperforms CLINGO, and vice versa.

5.2. Results

Results are reported in Table 1. For each benchmark, the column O indicates the number of instances
for which the optimal solution was found, Score denotes the average score over all instances, and Win
represents the number of instances in which a solver achieved the best solution among all considered
solvers. More precisely, for each solver s and instance i, the Score metric is defined as Score} = o} /m;,
where 07 is the objective value returned by solver s on instance i, and m; is the best objective value
obtained for instance 7 across all solvers. In addition to the metrics reported in Table 1, we also computed
the number of memory-outs, the number of timeouts, and the mean PAR1 score. The PAR1 score for a
given instance is equal to the actual solving time if the solver terminates within the resource bounds,
and is set to the time limit (1200 seconds) otherwise.

Optimum Found. amomaxiMize found significantly more optimal solutions (11) than cLINGoO (2), and
this holds consistently across all benchmarks where at least one solver proved optimality. Notably, even
in the WOD benchmark, where cLINGO obtains better results in terms of Win and Score, AMOMAXIMIZE
was able to prove optimality for 6 instances, while cLINGO did not find any optimal solution.

Par1, Memory and Time out. For the GC and K benchmarks, both solvers always reach the timeout.
In contrast, AMOMAXIMIZE obtains better results on TSP and WOD, with mean PAR1 scores of 1144.92
and 1156.46, compared to 1177.73 and 1200 for cLINGO, respectively. Concerning memory usage on
the WOD benchmark, we observe that AMOMAXIMIZE exceeds the memory bound on 85 instances,
compared to 83 for cLINGO, suggesting that the AMosuM propagator introduces memory overhead on



some instances, potentially reducing the number of optimal solutions found.

Win. aAmMoMAXIMIZE performed particularly well on the GC and TSP benchmarks, achieving 289
and 82 wins, respectively, compared to only 11 and 20 for cLiNGo. Conversely, CLINGO outperformed
AMoMAXIMIZE on the K and WOD benchmarks, recording 79 and 92 wins, respectively, against 21 and
53 for AMOMAXIMIZE.

Score. AMOMAXIMIZE performs better than cLINGO on the GC and TSP benchmarks, achieving scores
of 1.0 vs. 0.88 and 0.99 vs. 0.94, respectively. The results are again reversed on the remaining two
benchmarks; notably, AMomaximIZE performs significantly worse on K and WOD. To gain deeper insight
into the score distributions, we provide per-benchmark scatter plots in Figure 1. Each point corresponds
to a single instance. The x- and y-axes report the objective values obtained by the corresponding solvers
on that instance, where the x-axis refers to AMOMAXIMIZE, and the y-axis refers to cLINGO. The red
dashed diagonal represents the line of equal performance, points below the line indicate instances where
AMOMAXIMIZE obtains a better objective value than cLINGO, whereas points above the line favor cLiNGo.
In the GC benchmark, the vast majority of points lie below the diagonal, confirming the effectiveness
of AMoMAXIMIZE. Interestingly, CLINGO consistently approaches the solution found by AMomaximIZE
but rarely matches it, suggesting that improving upon a given solution is inherently difficult in this
benchmark, even at relatively low objective values. The TSP benchmark exhibits a similar pattern,
with most instances falling below the diagonal. The key difference with respect to GC is that solutions
are more spread across the objective value range rather than clustered around a specific value. In the
K benchmark, a large portion of instances lie on the diagonal, indicating that both solvers achieve
identical scores. However, as the objective value grows, AMOMAXIMIZE progressively underperforms
CLINGO, suggesting that the propagator introduces overhead without yielding sufficient pruning benefit
on larger instances. Finally, WOD is the most scattered benchmark. Instances cluster near low objective
values, and the results are mixed across the range. Notably, given the high magnitude of the objective
values, instances where AMOMAXIMIZE achieves a low score contribute disproportionately to the mean,
penalizing the overall score despite competitive performance on many instances.

The observed performance gap can be explained by the structural properties of the benchmarks. In
GC and TSP, optimality is relatively easy to certify: in GC, no improved coloring may exist beyond a
certain bound, and in TSP, no better tour may be reachable from a given solution. As a result, solutions
tend to cluster near the optimum, which amplifies the effectiveness of the propagator. In contrast, the K
and WOD benchmarks do not share this property. In K, incrementally better knapsack solutions can
often be found, which delays the hard unsatisfiability calls and reduces the impact of the propagator.

These observations support the hypothesis that AMoMAXIMIZE is most effective when candidate solu-
tions are tightly clustered near the optimum, as this maximizes the impact of near-optimal propagation.
This is further confirmed by the fact that AMOMAXIMIZE consistently proves more optimal solutions
than cLINGO, even on benchmarks where its overall score is lower.

6. Related Work

AMOMAXIMIZE statements, as introduced in this work, extend the propositional language of Answer
Set Programming (ASP). Their applicability is, however, not limited to ASP: they can in principle be
integrated into any logic-based formalism that supports propositional reasoning, including Maximum
Satisfiability (MaxSAT) [24]. Indeed, several algorithmic techniques have been transferred between
MaxSAT and ASP, giving rise to a rich cross-fertilization between the two areas [25, 26]. This generality
opens the door to broader adoption of AMOMAXIMIZE statements across a variety of automated reasoning
paradigms. Two main strategies have emerged for solving optimization problems in such settings,
namely Linear SAT-UNSAT and core-guided search.



6.1. Linear SAT-UNSAT

Linear SAT-UNSAT (LSU) is one of the most natural and effective strategies for solving optimization
problems in ASP. Starting from an initial feasible solution, the approach iteratively checks whether a
strictly better solution exists by asserting a constraint that rules out any solution no better than the
current one. If such a check yields UNSAT, the current solution is certified as optimal. As discussed in
Section 2.3, this corresponds to a sequence of satisfiability checks, each tightening the bound by one
unit, hence the term linear. LSU is implemented in state-of-the-art ASP solvers such as cLiNnGo [17, 27]
and wasp [28]. The approach is well-suited to settings where feasible solutions are easy to find and
improvements are expected to be frequent. Our approach falls within the LSU paradigm. Specifically,
we extend the standard LSU strategy by exploiting AMOMAXIMIZE statements to propagate tighter
bounds during search, reducing the number of iterations required to reach optimality. We compare
directly against the LSU implementation of cLINGO to isolate the contribution of AMOMAXIMIZE-aware
propagation over the baseline technique.

6.2. Core-Guided Search

Core-guided approaches take a dual perspective: rather than starting from a feasible solution and
improving it, they begin from an infeasible bound and progressively relax it. At each iteration, the
solver identifies an unsatisfiable core a minimal subset of weighted literals that cannot be simultaneously
satisfied at the current bound and uses it to derive a tighter lower bound on the optimal objective value.
This process continues until the lower bound meets a feasible solution, at which point optimality is
certified. Core-guided methods have proven particularly effective in pseudo-Boolean optimization and
Maximum Satisfiability (MaxSAT) [29]. In the ASP setting, many core-guided strategies have been
proposed (e.g. [22, 25, 30, 31]). While our work adopts an LSU strategy, the AMOMAXIMIZE construct
could in principle be integrated into core-guided frameworks as well.

7. Conclusions and Future Work

In this work, we presented the AMOMAXIMIZE statement, a new maximization construct for ASP that
enables efficient solving of optimization problems in which an at-most-one constraint is embedded in
the objective function. While the construct does not increase the expressive power of the language,
it provides the user with additional means to guide search-space pruning in ASP solvers. By adopting
AMOMAXIMIZE in place of the classic MAXIMIZE statement, the solver gains richer information about the
objective function, improving reasoning and the ability to determine whether a better solution exists.

AMOMAXIMIZE is built upon the AMosuM propagator of Alviano et al. 2024 which ensures that a
weighted sum exceeds a given bound by exploiting the combined information from both the sum and
AMO constraints to strengthen propagation. AMosuM has shown promising results in settings where the
maximum achievable sum is close to the bound, i.e., when satisfying the constraint is hard. We reduce
the AMOMAXIMIZE statement to an AMOSUM constraint with a dynamic bound, iteratively demanding a
strictly better bound until no such bound exists, thus identifying the optimum. The empirical evaluation
confirms the potential of AMoMAXIMIZE to deliver performance gains in specific scenarios.

As future work, a possibility is to investigate alternative optimization strategies. Indeed, this work
adopts a LSU approach, but a core-based approach could be also explored, where unsatisfiable cores
explicitly account for Amo constraints, potentially improving search-space pruning further. Another
direction is to relax the strict linearity of the LSU scheme by adopting a progressive bound-increase
strategy (e.g., exponential steps), which would trade the guarantee that the first UNSAT call proves
optimality for the ability to skip useless SAT calls.

Finally, we mention that all code, encodings, and data used in our experiments are publicly available
at https://github.com/instafiore/ AMOSUM/tree/amomaximize-cilc26.
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