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Abstract

We present a sequent calculus and a proof-search procedure for the Kuznetsov—Muravitsky Logic KM, an in-
tuitionistic modal logic extending the Intuitionistic Strong Léb Logic with the Cantor-Bendixson axiom. The
proof-search procedure is based on a sequent calculus that ensures strong termination and supports countermodel
extraction. To support practical experimentation, we provide an implementation of both the proof-search and
countermodel-extraction procedures.

1. Introduction

Within the framework of intuitionistic modal logics, systems that consider only the [] modality and
satisfy the normality principle (k) O(¢ — ) — (O¢ — [Ot) and the coreflection principle (c)
0 — Uy have attracted considerable attention due to their connections with provability interpretations
[1, 2, 3, 4, 5] and epistemic interpretations [6, 7, 8], as well as their applications in formal verification [9,
10, 11]. Fig. 1 provides a schematic overview of these systems, including their axiomatizations, mutual
relationships, and the main references in the literature; see [12] for a systematic review. Adopting the
normality and coreflection principles has important consequences for the usual Kripke birelational
semantics of intuitionistic modal logics. In the resulting models, called strong, the modal accessibility
relation R is constrained by the intuitionistic one (R C<); as a consequence, the persistence of forcing,
which characterizes the < relation in intuitionistic Kripke models, also holds for R.

Within this landscape, we aim at developing terminating sequent calculi that support constructive
reasoning for all the logics in Fig. 1, within the framework of labelled calculi for intuitionistic logic
developed in [13, 14]. In this direction, we have already treated the minimal coreflection logic iCK4 [15]
(also known as IEL™ in the epistemic setting) and the Intuitionistic Strong Lob Logic iSL [16]. The
latter extends iCK4 with the Godel-Lob axiom [(J(Clg — ¢) — Oy and is a natural candidate for the
Y1-provability logic of Heyting Arithmetic [5, 17].

In this paper, we study the Kuznetsov—Muravitsky Logic KM, obtained by extending iSL with the
Cantor-Bendixson axiom [l — ((¢ — ¢) V 1), and semantically characterized by Kripke models in
which the modal accessibility relation R coincides with < (the strict order included in the intuitionistic
relation <). This logic has been extensively investigated in the literature for its connections with the
provability logics [18, 19]; for a comprehensive survey on KM, see [20].

We present a sequent calculus £-KM that is strongly terminating, meaning that backward proof
search terminates, regardless of the strategy employed. The calculus also supports countermodel
extraction: when a formula « is not provable, a model witnessing that o does not belong to KM can be
extracted from a failed proof search. Following [13, 14, 16], our approach relies on decorating sequents
with suitable labels to control termination and on equipping the calculus with an evaluation relation
guiding rule application. Completeness of £-KM is established via a dual refutation calculus, R-KM,
which enables countermodel extraction whenever proof search in £-KM fails.

In the literature, some calculi for KM have been proposed. The sequent calculus introduced in [25] is
not terminating and is therefore unsuitable for proof search. The calculus presented in [26] is multi-

CILC 2026: The 41st Italian Conference on Computational Logic, June 23-25, 2026, Ferrara, Italy

*Corresponding author.

& mauro ferrari@uninsubria.it (M. Ferrari); fiorentini@di.unimi.it (C. Fiorentini); pcgiardini@uninsubria.it (P. Giardini)
® 0000-0002-7904-1125 (M. Ferrari); 0000-0003-2152-7488 (C. Fiorentini); 0009-0004-6857-9095 (P. Giardini)

© 2026 Copyright for this paper by its authors. Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0).
B


mailto:mauro.ferrari@uninsubria.it
mailto:fiorentini@di.unimi.it
mailto:pcgiardini@uninsubria.it
https://orcid.org/0000-0002-7904-1125
https://orcid.org/0000-0003-2152-7488
https://orcid.org/0009-0004-6857-9095
https://creativecommons.org/licenses/by/4.0/deed.en

Kp

k) O(p =) = (Op — 0Oy) ©

(

() ¢ =0y icka —2 b1
(cb) Op = (% = 9) V) '

(it) DO — = (@) (CN
(g1) B0¢ = ¢) = Oy iSL mHC IEL
(

b) OOp — Op ‘CN %I)
KM

IPL Intuitionistic Propositional Logic

Ko = IPL + (k) Smallest IML (O-fragment)

iCK4 = |[EL™ = K + (¢) Minimal Coreflection Logic [6, 8, 21, 22]
mHC = iCK4 + (cb) Modalized-Heyting Calculus [11, 23]

IEL = iCK4 + (it) Logic of Intuitionistic Knowledge [6, 21, 22]

iSL = iCK4 + (gl) Intuitionisitic Strong-Léb Logic [1, 2, 4, 5, 11, 24]
KM = iSL + (¢b) = mHC + (gl) Kuznetsov-Muravitski Logic [7, 11, 20]
PLL = iCK4 + (b) Lax Logic [9, 10, 11]

Figure 1: Coreflection logics diagram

succedent and introduces two types of implication. Note that the presence of multiple formulas on the
right-hand side increases the nondeterminism, and hence the complexity, of proof search. The system
proposed in [27] is based on the terminating multi-succedent sequent calculus G4i for intuitionistic
propositional logic [28] and lacks the subformula property.

To complement our theoretical results with an applied contribution, we have implemented both
the proof search procedure and the countermodel extraction in the Java framework JTabWB [29]; the
implementation is available online at [30].

2. The Logic KM

Formulas, denoted by lowercase Greek letters, are built from an enumerable set of propositional variables
V, the constant L and the connectives A, V, — and [J; —« is an abbreviation for « — L. Let « be
a formula and I" a multiset of formulas. By OI" we denote the multiset {Ta | « € T'}. By Sf(«) we
denote the set of the subformulas of «, including « itself; Sf(I") is the union of the sets Sf(«), for every
a in T'. The size of o, denoted by |«/, is the number of symbols in «; the size of I', denoted by |T'|, is the
sum of the sizes of formulas « in I, taking into account their multiplicity.

A KM-(Kripke) model K is a tuple (W, R, r, V') where W is a finite non-empty set (worlds), R (the
modal accessibility relation) is an irreflexive and transitive relation over W, r (the root) is the minimum
element of W w.rt. R, V (the valuation function) is a map from W to 2V such that V is persistent,
namely: woRw; implies V (wp) C V(wy). Let < be the reflexive closure of R; one can easily check that
< and R satisfy the following properties:

(M1) if wg < wy and w1 Rwy, then wyRws (normality);
(M2) R C< (strongness);
(M3) R =<, namely: wRw' iff w < w' and w # w'.

Conversely, if < and R satisfy properties (M1)-(M3), then R is irreflexive and transitive and < is
the reflexive closure of R. Accordingly, KM-models characterize the logic KM [11, 7, 20, 4]. Given a
KM-model K, the forcing relation IF between worlds of K and formulas is defined as follows:



wlFpiffp € V(w), Vp € V; wF L;
wlFaABiffwl-aand K, w - 5; wlFaVpiffwlFaorwl- G
wlk o — Biff V' > w, if w’ I+ a then w' IF 3; w IF Do iff V' € W, if wRw' then w' IF «.

One can easily prove that forcing is persistent, i.e.: if w |- ¢ and wRw', then w’ I+ . Let I be a
(multi)set of formulas, by w | I' we mean that w |- ¢, for every ¢ in I'.
Since KM-models are finite, the following property holds:

Lemma 1 Let K = (W, R,r, V) be a KM-model and w € W. Ifw ¥ Oa, then there exists w' such that
wRw" and w' ¥ o and w' I+ O

The KM-consequence relation =k is defined as follows:
F'Ekmp iff VEVweK (whFD = wlFg).

The logic KM is the set of formulas ¢ such that ) F=xm ¢. Accordingly, if ¢ ¢ KM, there exists a
KM-model K such that r ¥ , with r the root of K; we call IC a countermodel for .

As discussed in [20] and originally proved in [7], the logic KM is axiomatized as described in Fig. 1.
Note that [7, 20] refer to a different formulation of Kripke semantics, which is nevertheless equivalent
to our definition of KM-models.

3. The Sequent Calculus £-KM

Following the approach introduced in [13, 14, 16], our calculus for KM makes use of an evaluation
relation to control termination. The evaluation relation is a purely syntactic relation that allows us to
make explicit some information that is implicitly contained in a set of formulas.

Definition 2 (Evaluation) Let " be a multiset of formulas and ¢ a formula. We say that I' evaluates ¢,
written I' > ¢, iff ¢ matches the following BNF:

e=yleNp|leValaVey|a—e|Op withy €l anda any formula.

By I' > A we mean that I' > §, for every § € A. We state some properties of evaluation which can be
easily proved by induction on the structure of ¢ (see [16]).

Lemma 3
(i) IfT'> ¢ andT C T, then " > . (iii) If T >, then T' N Sf(p) > .

(ii) [ TUAD> @ andT'> A, thenT UT' > . (iv) IfT'> @ andw IF T, thenw |- .

The sequent calculus £-KM acts on labelled sequents having either the form "= § or T’ L5, 1, where
I' is a multiset of formulas and d, 1) are formulas. The set I is called the lefi-hand side of o and is also
denoted by lhs(o); the formula ¢ is called the right-hand side of o; the formula v of b-sequents is called
context formula.

The rules of calculus £-KM are displayed in Fig. 2. The calculus consists of the axiom rules Ax”
and L1, together with left/right rules for each propositional connective and right rules for [J; left
occurrences of [J are implicitly treated by the right rules for [J and by the rules R % and R’,. With
'L §; ) we denote a generic [-sequent, with [ € {b, u}, that can be concretized as an u-sequent or a
b-sequent. In particular, if [ = u then ¢ is missing. As an example, the possible applications of rule RA
are:

4o TX8 ., F2aiyp T8¢
F2aAp T2 anp;
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Figure 2: The calculus £&-KM (I € {b,u}, k € {0,1}).

For calculi and derivations we use the definitions and notations of [31]. Applications of rules are
depicted as trees, called £ -trees, whose nodes are sequents. Moreover, given an £-tree D, we call the root
sequent of D the sequent o at the root of D, and the root rule of D the rule having o as its conclusion.
An E-derivation is an £-tree in which every leaf is an axiom sequent, that is, a sequent obtained by the
application of a zero-premise rule. A sequent o is provable in £-KM, denoted Fg¢.xm o, if there exists
an £-derivation whose root sequent is o.

The calculus £-KM is oriented to backward proof search, where rules are applied bottom-up. If the
conclusion of a rule has label b (where b stands for blocked and u for unblocked), the (bottom-up)
application of left rules is blocked. There are three rules for right implication, namely R >, R and
Rg; the choice between them is settled by the evaluation relation > and the label of the conclusion.
Right O-formulas are handled by rules R and RE; here the choice is determined by the label of the

conclusion. We remark that if o = I', JO L ; ¢ and I' U OO > O, then o is an axiom sequent
(see rule Ax") and an application of rule RE to o is prevented by the side condition of RE. Rule RE
introduces in the left-hand side of the premise a copy of the main formula U« (also called diagonal
formula); in rule RY such a duplication is not required. In backward proof search, a b-sequent starts
the construction of a branch only containing b-sequents, where only right rules are applied. This phase
ends either when an axiom sequent is obtained or when no rule can be applied or when one of the rules
turning a label b into u is applied (namely, rules R 2, and RY)).

Example 4 Let « = Op — ((¢ — p) V ¢) be an instance of Cantor-Bendixson axiom and 5 = (Cp —
p) — p an instance of the strong Gidel Léb axiom [4]; in Fig. 3 we show an £-derivation of the u-sequent
09 = = a A 3. Sequents in the derivation are marked with an index (n) so that they can be referred
to as 0. In the applications of rule R % having conclusions o1 and o¢ respectively, the left and right
premises coincide, hence only one of them is displayed. This example illustrates some of the key
features of £-KM. In particular, it shows how the presence of the context formula in the premise o3
of rule R\l}o, together with the treatment of context formulas in rule Rg, is crucial for deriving the
Cantor-Bendixson axiom. Both disjuncts of (p — ¢) V ¢ are essential. o5 is an axiom due to the first
disjunct which is stored in the left hand side of 03, whereas 04 is an axiom due to the second disjunct,
which is stored in the context of o3 and moved to the right-hand side by the application of R,. An
analogous result can be obtained using a standard multi-succedent calculus, as shown in [27]. However,
the presence of multiple formulas on the right-hand side increases the nondeterminism, and hence
the complexity, of proof search. As for the role of b labels, note that in backward proof search og is



AX[> _— AXD

Op,Op — p2 Op; pio) Op,p =2 painy
- A ———— AX” - L
¢,0p= (¢ —p) Vau $PSPe) Op,Op = p2pe)
b R—> b Rb u IAXl>
Op=q—p;(@—p)Vqp) R Op — p=0p; ps) P=pay
u v u %
Op2 (¢ —p) Ve 0 Op = p2 pery
RY RY

20p—((¢—=p) Vo = (Op — p) = pees)
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Figure 3: The E-derivation D of 0p = = (Op — ((¢ = p) V ¢)) A ((Op — p) — p) (see Ex. 4).

obtained by an application of rule L — to o7. The label b in o3 is crucial to block further applications of
rule L —, which would otherwise generate an infinite branch. The sequent oy is obtained by applying
rule RE to og. In this case, the key feature is the presence of the diagonal formula Up; without it, og
would be Op — p = p and, after applying L — (the only applicable rule), the left premise would be

olo=0p—p LN Op; p, yielding a loop (i.e., oy = 03). O

The calculus £-KM is terminating, that is: there exists a well-founded relation < such that every rule
of £-KM is decreasing with respect to <. More precisely, for every application p of a rule of £-KM, if &
is the conclusion of p and ¢’ is any premise of p, then o/ < o. In the following we associate to the right
part of a sequent I' ) ; 1 the formula § V v; if | = u we stipulate that § V ¢ coincides with § (the
formula ¢ is missing).

We state the main properties of £-KM.

Theorem 5
(i) £-KM has the subformula property.
(ii) £-KM is terminating.
(iii) Fexm DLd: 9 implies T =M 0 V ) (Soundness).
(iv) T Exm 0 implies Fexm T = 6 (Completeness).

We remark that in soundness [ is any label; instead, in completeness the label is set to u. For instance,
since p V ¢ Ekm ¢ V p, completeness guarantees that the u-sequent o = p \VV ¢ = ¢ V p is provable in
E-KM. A E-derivation of 0" is obtained by first (upwards) applying rule LV to ¢" and then one of the
rules R\l}o or R\l}l; if we first apply a right rule, we are stuck (e.g., if we apply R\L}O to o, we get the

unprovable sequent p V ¢ b, q; pV q). On the contrary, the b-sequent p V ¢ b, qV p; v is not provable
in £-KM, since the label b inhibits the application of rule LV and forces the application of a right rule.

The subformula property of £-KM can be easily checked by inspecting the rules; termination is
discussed below and completeness in the next section. Soundness can be proved relying on the fact that
rules preserve the consequence relation F=km:

Lemma 6 Let p be an instance of a rule of E-KM and let T’ L & 4 be the conclusion of p. If, for every
premise T l:l> 85 ' of p, it holds that T =k 6" V4, then T gm0 V 1.
Proof. The proof goes by a case analysis on p. We only consider the most relevant cases.

The case of the axiom rules Ax” immediately follows from Lemma 3(iv), while the case of L L trivially

holds since L occurs in the left-hand side.
Let p be an instance of R 2, i.e.:

ol 004y ol 048
r,00%a— 8;

b TUOO K«



We assume 'UCIO (km (o — B) V1) and we show that either {a}UT'UOO [Ekm 1 or {a}UTUO HFkm
B. Since ' U OO [Ekm (o — B) V 1, there exists a KM-model £ = (W, R,r, V) and a world w € W
such that w IF T U OO, w K ¢, and w ¥ o — B. The latter implies that there exists a world w’ such
that w < w', w' Ik o, and W' ¥ . If w = w’, we immediately get {a} UT UOO [Ekm 1. Otherwise, it
holds that wRw'; since w I+ 0O, we get w’ IF O. It follows that w’ IF {a} UT U © and w’ ¥ j3, hence
{Oé}UFU@ %KM 5.

Let p be in instance of RE, ie.

Oa,T,0 2 «
002 da; v
We assume I' U O gy Do V 9 and we show {Oa} UT' U O Fkm a. Since I' U OO kv Da V 1,
there exists a KM-model £ = (W, R, r, V') and w € W such that w IF T' U 0O and w ¥ Oa V 1). Since

w ¥ Oa, by Lemma 1, there exists w’ such that wRw’ and w' I Oa and w’ ¥ «. Since w’ IF T'U O,
we conclude {a} UT' U O fEkm a. O

RY  Tude ¥ Oa

To prove termination of £-KM, we introduce a suitable well-founded relation <j,, on labelled sequents.
The main difficulty arises from rule L —, which admits applications where the sequent & — 3,T" 2 «v is
the conclusion and v — 3, ' «v; « is the left premise. The labeling mechanism is designed precisely
to prevent such configurations from causing loops in backward proof search (see, e.g., [16] for details).
So, let 0 and ¢’ be the conclusion and the left premise of an application of rule L —, we stipulate that
o' <pu 0, since ¢’ has label b while o has label u; thus, b is assigned a lower weight than u. Now, we
need a way out to accommodate rules Rg and RE that, read bottom-up, switch b with u. In both cases,
we observe that the left-hand side of the premises evaluate a new formula; e.g., in the application of rule
R, having premises o, ', JO 2 ¢ and «, T, © 2 3 and conclusion T, JO b B 1, it holds that
I'U0e ¥ «(side condition) and TUOO U {a} > avand I' U O U {a} > o (definition of >); this suggests
that we can exploit the evaluation relation to define <y, in these cases. Let Ev be defined as follows:

Ev(TL6;49) = {@lpeSi(TLé;¢)andToep}

where Sf(I' L 6 ; ¢) = SF(I'U {6, 4}). Note that Ev(c) C Sf(c). Finally, to treat the other rules we
have to take into account the size of a sequents, where |I'%. §; 1| = |T'| + |6] + |4|. This leads to the
definition of <:

Definition 7 (<1,) ¢ <pu o iff one of the following conditions holds:
(a) Sf(o’) C Sf(o);
St(o)
Sf(o) and Ev(o’) = Ev(o) andlabel(c’) = b and label(o) = u;
St(o)

Proposition 8 The relation <y, is well-founded.

(b) Sf(o’

and Ev(o’) D Ev(o);

(o")
(o”)
(c) Sf(o")
(d) Sf(o’) and Ev(c') = Ev(o) andlabel(o") = label(c) and 0’| < |o].

Proof. Assume, by contradiction, that there is an infinite descending chain of the kind . . . <y, 01 <py 00.
Since Sf(0g) 2 Sf(o1) 2 ... and Sf(0yg) is finite, the sets Sf(o;) eventually stabilize, namely: there
is k > 0 such that Sf(o;) = Sf(oy,) for every j > k. Since Ev(o;) C Sf(o;), we get Ev(oy) C

Ev(ogt1) € ... C Sf(oy). Since Sf(oy) is finite, there is m > k such that Ev(o;) = Ev(o,,) for
every j > m. This implies that there exists n > m such that all the sequents 0,,, 0,11, ... have the
same label; accordingly |0y, | > |oy41| > |ont2| > ... >0, a contradiction. We conclude that <y, is
well-founded. 0

The next lemma shows that, given a rule R of £-KM, the set of formulas evaluated by the left-hand
side of the conclusion is a subset of the set of formulas evaluated by the left-hand side of any of the
premises.



Lemma 9 Let p be an instance of a rule of £-KM, let o be the conclusion of p and o’ any of its premises.
For every formula o, if Ihs(c) > ¢ thenlhs(c”) > .
Proof. The assertion can be proved by applying Lemma 3. For instance, let us consider an instance of
the rule R
reta -
rooedda "
and let us assume that I' U JO > ¢. Since © > 1O, by Lemma 3(ii) we get ' U © > (. (|

Proposition 10 Every rule of the calculus £-KM is decreasing w.r.t. <y,,.

Proof. Let p be an instance of any of the rules of £-KM and let o and ¢’ be the conclusion and one of
the premises of p. Note that, by the subformula property, Sf(¢") C Sf(¢); moreover, if Sf(o’) = Sf(0),
by Lemma 9 we get Ev(c’) 2 Ev(c). We can prove ¢’ <y, o by a case analysis on p; we only detail
two significant cases.

Let p be an instance of rule L —:

od=a—BT2a;s B, x6
c=a—B,TXx}

L—

If Sf(o’) C Sf(0), then ¢’ <}, o by point (a) of Def. 7. Otherwise, it holds that Sf(¢’) = Sf(o) and
Ev(c’) 2 Ev(o). If Ev(c’) D Ev(o), then ¢’ <y, o by point (b) of Def. 7; otherwise, it holds that
Sf(o’) = Sf(0) and Ev(o’) = Ev(0), hence ¢’ <y,, o follows by point (c) of Def. 7.

Let p be an instance of rule RE:

o = 0o, T,02 «
o =T,0040a; ¢

RY  Tule i Ua

If Sf(o’) C Sf(c), then ¢’ <}, o by point (a) of Def. 7. Otherwise, Sf(¢’) = Sf(c) and Ev(c’) D Ev (o)
since Da € Ev(o’) and, by the side condition, Do ¢ Ev(o). Hence ¢’ <y,, o by point (b) of Def. 7. [J

By Prop. 8 and 10, we conclude that the calculus £-KM is terminating (point (iv) of Th. 5).

4. The Refutation Calculus R-KM

A common technique to prove the completeness of a sequent calculus consists in showing that, whenever
a sequent ¢ is not provable in it, then a countermodel for ¢ can be built; we prove the completeness
of £-KM according with this plan. Following the ideas in [32, 13, 14, 33], we formalize the notion of
“non-provability in £-KM” by introducing the refutation calculus R-KM, a dual calculus to £-KM.

Sequents of R-KM, called antisequents, have the same form of the sequents of £-KM where the
sequent symbol = is replaced by #-. The notations and terminology we introduced for sequents
is extended to antisequents. Given a sequent ¢ (an antisequent, respectively) we denote with & the
corresponding antisequent (sequent, respectively). Intuitively, a derivation in R-KM of T' UNFY Y
witnesses that the sequent I' é> d ; 1 is refutable, that is, not provable, in £-KM.

Henceforth, I'*" denotes a finite multiset of propositional variables, ' denotes a finite multiset of
—-formulas (i.e., formulas of the kind o — ). The axioms of R-KM are the irreducible antisequents,
namely the antisequents I s ; ¥ such that the corresponding dual sequents I Ly ; 1 are not the
conclusion of any of the rules of £-KM; formally:

Definition 11 An antisequent o is irreducible iffo = I'* ' (00 L §; 4 and: (i) € (VU{L})\I*;
(ii)l=borT'7 = (.



I is a multiset of propositional variables, ' is a multiset of —-formulas
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Figure 4: The refutation calculus R-KM (I € {b,u}, k € {0,1}).

The rules of R-KM are displayed in Fig. 4. The definitions of R-trees and R-derivations for the calculus
R-KM are similar to the corresponding notions of the calculus £-KM. An antisequent o is provable in
R-KM, and we write Fr.xm o, if there exists an R-derivation having the antisequent o as root. Rules
SAt SV S and S are called Succ rules since in countermodel construction generate new worlds. In
Succ rules, the notation {I' 2 a; Y }a—sper— means that, for every o — 8 € I'7, the b-antisequent
Iy a;visa premise of the rule. Note that all of the Succ rules have at least one premise (in rule SA*
this is imposed by the condition '™ # {)). The next theorem, proved below, states the soundness of
R-KM:

Theorem 12 (Soundness of R-KM) If Frxm I'# 0, then T Fexm 6.

Example 13 Let ¢ = O(0Op vV Oq) — ((p — Oq) V (¢ — Op)). Fig. 5 displays the R-derivation D of
the u-antisequent oy = & . The (backward) application of rule S to o has only two premises since
the left-hand side of o1 does not contain implicative formulas. The same holds for the applications of
S acting on ¢4 and og. By Th. 12, we get [km 0, namely ¢ ¢ KM. O

Countermodel extraction. A KM-model K with root r is a countermodel forc =T' A §iff r IF T
and r } ¢; thus /C certifies that I" =kp 0. Let D be an R-derivation of an u-antisequent o; we show
that from D we can extract a countermodel Mod (D) for o).

An u-antisequent o of D is prime iff ¢ is the conclusion of rule Irr or of a Succ rule. We introduce
the relations < and < between antisequents occurring in D:

« 01 < 09 iff 01 and o7 belong to the same branch of D and o is below o3;
e 01 = 09 iff either 07 = 09 or o1 < 039.
We define Mod (D) as the structure (W, R, o, V') where:

« W is the set of the prime antisequents of D;
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Figure 5: The R-derivation D of o = & O(Op vV Ogq) — ((p — Oq) V (¢ — Op)) (see Ex. 13).

« R is the restriction of < to W
+ 0, is the <-minimum prime antisequent of D;
< V(TA0)=TnV.

It is easy to check that Mod(D) is a KM-model. In particular, the root o) exists since the antisequent
at the root of D has label u. Persistence of V' holds since the propositional variables in the left-hand
side of a sequent are preserved by backward application of rules of R-KM.

We introduce a canonical map ¥ between the u-antisequents of D and the worlds of Mod(D):

« U(o") = o, iff 0, is the <-minimum prime antisequent o such that o < 0.

One can easily check that ¥ is well-defined and ¥(o,,) = o), for every prime o,,. We state the main
properties of Mod (D).

Theorem 14 Let D be an R-derivation of an u-antisequent o).
(i) For every u-antisequentc™ =T A § in D, U(o") IF T and U (o) K 0.
(ii) Mod(D) is a countermodel for o .

Point (ii) follows from (i) and the fact that ¥ (o) is the root of Mod (D). The proof of (i) is deferred
below. We remark that point (ii) of Th. 14 immediately implies the soundness of R-KM (Th. 12).

Example 15 In Fig. 6 we display the countermodel Mod(D) for the formula ¢ of Ex. 13 extracted
from the R-derivation D of Fig. 5, where prime sequents are labelled by the e symbol; the figure
also reports the canonical map ¥. The worlds of IC are w; (the root), wy, ws, wg, wy. The arrows
represent the relation R. In each world wy, the first line displays the value of V (wy), the remaining
lines report (separated by commas) some of the formulas forced and not forced in wy. Since wy ¥ ¢, K
is a countermodel for . %

Proof search. We investigate more deeply the duality between £-KM and R-KM. Given an [-sequent
c=ILs§; 1) we denote with & the [-antisequent I' N d; 1. Let o be an u-sequent; in the next
proposition we show that either o is provable in £-KM or & is provable in R-KM. The proof conveys
a proof search strategy to build the proper derivation, based on backward application of the rules of
E-KM. We give priority to the invertible rules of £-KM, namely: LA, RA, LV, R"; as discussed in
the proof of Prop. 16, the application of such rules does not require backtracking. If the search for an
E-derivation of ¢ fails, we get an R-derivation of &.

Proposition 16

(i) Let o be a u-sequent. Then Fgxm 0 or Frkm O.
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Figure 6: The countermodel Mod(D) for ¢ (see Ex. 15).

(ii) Leto = rhs, 1, whereT' =T T [JO. Then Fexm 0 or Frum T or Frkm I 5 2.

Proof. Since <y, is well-founded (Prop. 8), we can inductively assume that the assertion holds for every
sequent ¢’ such that o’ <y, o (IH).

Proof of point (i). If o or 7 is an axiom (in the respective calculus), the assertion immediately follows.

If an invertible rule p of £-KM is (backward) applicable to o, we can build the proper derivation by
applying p or its dual image in R-KM. For instance, let us assume that rule LV of £-KM is applicable
with conclusion 0 = g V a3,I' 2 § and premises o9 = ag,I' = and 01 = a1, = 4. Since, by
Prop. 10, 0} <py 0 for k € {0,1}, by (IH) Fexm 0k or Fr.km Ok. According to the case, we can
build one of the following derivations:

oo =ag, ' 26 o1 =a;,I'26 oo =g, ' A0 or=0o1, A0
0 0, = 1 - 1, = L\/ 0 05 #u L\/Q 1 1, #u L\/]_
c=agVa, =0 g=agVa,['56 cg=agVa,I'56

Let us assume that no invertible rule can be applied to o; then ¢ has one of the following forms:

(S1) o =T T7,00 X owithd € VU{L})\T'™ oré = 6y V 1 or (§ = 6o — 61 and T' B¢ &) or
—_————

r
0 = Odo.

Let us consider the case § = &y — &1, where I' ¢ §p. Let o9 = 60, I'?, ', O X 6; and 07 =
80, T2, T, © X 41 be the left and right premises of an application of rule R_% of £-KM to o; for every

a—Bel leto, =2 a; dand o =T\ {a — B}, 52§ be the left and right premises of an
application of rule L — of £-KM to ¢ with main formula o — 3. By the (IH):

e Fexm ok or Frkm 0k where k € {0,1};

« foreverya = B €I'7, Fgxm ogor Frkm 03;

« foreverya — €T, Fexm 0aor Frkm Oaor Frum I' 0.
One of the following cases holds.

(A) Fekm opand Fekm o1

We can build the following £-derivation:

oo = 0o, ", 77,000 2 6, o1 =00, T7,02% 0
g = Pat,l—‘_},D@ :u>5() — (51
r

R,



Note that the application of rule R % is sound since we are assuming I' [# dy.

(B) Thereisa — 3 € I'” such that Fgkm 04 and Fexm 0.

We can build the following £-derivation:

oa=T2a;é op=T\{a—=p},520
L—
c=T2$§

(C) Thereis o — B € I'” such that Fr.km 05
We can build the following R-derivation:

p=C\{e=>BhAAG
cg=T44¢

(D) Frkm 0.
We can build the following R-derivation:

o) 607F71g>51

= R u
c=I3A0d0 — 01 —
(E) Fgrkm 01 and, forevery o — 8 €', FrkM Ta-
We can build the following R-derivation:
T =TT 00 % a;d) =6 ... 71 =00, T2 T, 046, -

E:I‘at,l"_’7D@q‘é>50—>§1
(F) Frkm ['HA 0.

In this case we immediately get Fr.xm T.
The other subcases of (S1) are similar.

Proof of point (ii). If o or 7 is an axiom (in the respective calculus), the assertion immediately follows.
If an invertible rule p of R-KM is (backward) applicable to o, we can build the proper derivation in
the same way as in the case ().
Let us assume that no invertible rule can be applied to o; then:
(T1) o =" T7,00 LR Y with § = g V 01 or (0 = d9 — 61 and I' ¥ dg) or & = [dy.
r

Let § = dg — 91, where I' 1% &g. Let o9 = 3o, I'®*, T, 00 2 v and o1 = o, ['*, 17,0 = §; be the
left and the right premises of the application of rule R, of £-KM to o. By the (IH):

e Fekm ok or Frym 0 where k € {0, 1}.

One of the following cases holds:



(A) Fekm ooand Fekm o1
We can build the following £-derivation:

00:50,I‘“,I‘_>,D®£>w 01:50,Fat,F_’,@:‘1>61
o=T2T"00% 8 —d;¢

RY,

(B) Fr-km 0.
We can build the following R-derivation:

07015(‘);F:u$1/1 W
'
(C) Frkm o1

We can build the following R-derivation:

o1 = §O7Fat7l—‘*>7 63%51

Rb
T=T2T"00%d8 =6 ;¢

—

The other subcases of (T1) are similar. O

Let us assume I' =k 0 and let o = T = 0. By Soundness of R-KM (Th. 12) 7 is not provable in R-KM,

hence, by Prop. 16, o is provable in £-KM; this proves the completeness of £-KM stated in point (iv) of
Th. 5.

Soundness of R-KM. To prove the soundness of R-KM, it remains to prove point (i) of Th. 14.
Let D be an R-derivation having a Succ rule at the root. To display D, we introduce the derivation
schema (DS1) below; at the same time, we define the relation < between u-antisequents in D.

Dy :
ot — T2 I~ (00 %6 Suce

2 is any of the premises of Succ having label b.
+ oy is defined only in the following cases:
« Succis SHand o} =T I'?, © A o with § = Oay
« Succis Sy’ and o} = o, ' T, O A Bwithd = a — 3.
We set 0" < op. Let us consider the R-derivation D, of 02. Looking at the rules working on
b-antisequents, it is easy to see that D, has the following form.

u u m-+n Z 0
p1 T Pm Imr ... ——TIrr TP only contains
b L b b b x oy
01 Om 1 n b-antisequents (DS2)
b
Ty =TI I~ 00
b
o =T x;:6
where the R-tree 7;3 has root O'; and leaves a]f, R afn, T{D, el 7'72’ and for every i € {1,...,m},

either (A) p; = Rib or (B) p; = RE, namely:



b= o, 1T, 0 A
(A) i c e R¥% ~ or (B)
O'}) =Ta% I~ 00 % a—43;6

= Do, T, T2 04 a

il
O';b = T2 ~.00 & Oa; é

In all these cases we set o < o
The next technical lemma establishes the crucial property of R-derivations having the form (DS1); it
can be proved as the Lemma 4 of [16] (the proof is in App. ??).

Lemma 17 Let D be an R-derivation of o = ' A § having form (DS1), where ' = T’ T (JO; let
K=(W,R,r,V) andw € W such that:

(71) For everyw’ € W such that wRw', it holds that w' |- T~ U ©.

(72) For every o’ = a, T T, © & 3 such that o < o', there existsw’ € W such that w < w' and
w' Ik o and w' ¥ B.

(73) For every o’ = Oa, T T, © A « such that c" < o', there exists w' € W such that wRw' and
w' K a.

(74) V(w) =Tt
Then, w IF T and w ¥ 4.

We are now in the position to complete the proof of point (i) of Th. 14: given an R-derivation D of an
u-antisequent oy}, for every u-antisequent 0" =I' A 6 in D, ¥(o") IF " and ¥ (o) I 4.

Proof. Let p be the rule of R-KM having conclusion o". We proceed by induction on the depth of
o' =T & § in D. We proceed by a case analysis, only detailing some significant cases.

Ifp=Ir,then =T 00 and§ € (VU {L})\ I and ¥(c") = o™ Since V(") = I'** and o
has no R-successors, it follows that U (o) IF I" and U (o) K 6.

Let us assume that p = R%. Then, c" = I' A a — [, where I' > o, and the premise of p is
o = TI'A . By the induction hypothesis, U(c}') I T and ¥(o}') ¥ . Since I' > o, by Lemma 3(iv)
we get V(o) IF o, which implies ¥(c}') ¥ a — [3. Since ¥(o") = ¥(o}'), we conclude ¥ (o) IF T’
and ¥(o") ¥ a — S.

Let us assume p = St We have 0" = I' A (0§, where I' = T'**, T (00, and ¥ (o) = ¢". Let D" be
the subderivation of D having root sequent o"; we apply Lemma 17 by setting D = D", K = Mod(D)
and w = o". We check that hypotheses (71)-(74) hold.

Hyp. (J1) Let w' be a world of Mod(D) such that 0" Rw’. There exists an u-sequent ¢’ such that
o' < o' < w'. Leto’ =T1"2 ¢ Since depth(o’) < depth(c"), by the induction hypothesis we get
U(o’) IF TV; by the fact that ' U © C I, we get ¥(o’) IF T U ©. Since ¥(0’) < w', we conclude
w’ |F T U O, and this proves hypothesis (71).

Hyp. (J2)Leto’ = o, ", T, © £ Bsuch that o" < ¢’. By the induction hypothesis, ¥(¢”) I v and
U(c') W B. Since o = ¥(o") and ¥(o") < W(o’), hypothesis (72) holds. The proof of hypothesis (73)
is similar. Hypothesis (74) holds by the definition of V. By Lemma 17, we get o IF I"and " ¥ 5.

Conclusions. We have presented a terminating sequent calculus £-KM for KM enjoying the sub-
formula property. If a sequent o is not derivable in £-KM, then o is derivable in the dual calculus
R-KM, and from the R-KM-derivation we can extract a countermodel for o. We leave as future work
the investigation of cut-admissibility for £-KM; this is a rather tricky task since labels impose strict
constraints on the shape of derivations. Moreover, continuing the line of work initiated in [16, 15] and
pursued in this paper, we aim at extending our approach to the remaining coreflection logics in Fig. 1,
namely IEL, mHC, and PLL.

Declaration on Generative Al

No generative Al tools were used in the preparation of this article.



References

(1]

(2]
(3]

[12]

[13]

[14]

[15]

[21]

[22]

L. Shillito, I. van der Giessen, R. Goré, R. Iemhoff, A new calculus for intuitionistic strong L&b logic:
Strong termination and cut-elimination, formalised, in: R. Ramanayake, J. Urban (Eds.), TABLEAUX
2023, volume 14278 of LNCS, Springer, 2023, pp. 73-93. doi:10.1007/978-3-031-43513-3_5.
R. M. Solovay, Provability interpretations of modal logic, Israel journal of mathematics 25 (1976)
287-304. doi:10.1007/BF02757006.

L. van der Giessen, Admissible rules for six intuitionistic modal logics, Annals of Pure and Applied
Logic 174 (2023) 103233. doi:10.1016/J . APAL.2022.103233.

I. van der Giessen, R. Iemhoff, Proof theory for intuitionistic strong Lob logic, Special Volume of
the Workshop Proofs! held in Paris in 2017 (2020). doi:10.48550/arXiv.2011.10383.

A. Visser, J. Zoethout, Provability logic and the completeness principle, Annals of Pure and
Applied Logic 170 (2019) 718-753. doi:10.1016/J . APAL.2019.02.001.

S. N. Artémov, T. Protopopescu, Intuitionistic epistemic logic, Review of Symbolic Logic 9 (2016)
266-298. doi:10.1017/51755020315000374.

A. Muravitsky, Finite approximability of the I* calculus and the existence of an extension having
no model, Mathematical notes of the Academy of Sciences of the USSR 29 (1981) 463-468.

C. Perini Brogi, Curry-Howard-Lambek Correspondence for Intuitionistic Belief, Studia Logica
109 (2021) 1441-1461. d0i:10.1007/S11225-021-09952-3.

M. Fairtlough, M. Mendler, An intuitionistic modal logic with applications to the formal verification
of hardware, in: Proceedings of Computer Science Logic, LNCS, Springer-Verlag, 1994, pp. 354-368.
M. Fairtlough, M. Mendler, Propositional lax logic, Information and Computation 137 (1997) 1-33.
doi:10.1006/INCO.1997.2627.

T. Litak, Constructive modalities with provability smack, in: G. Bezhanishvili (Ed.), Leo Esakia on
duality in modal and intuitionistic logics, volume 4 of Outstanding Contributions to Logic, Springer,
2014, pp. 179-208.

L. van der Giessen, Uniform Interpolation and Admissible Rules: Proof-theoretic investigations
into (intuitionistic) modal logics, Ph.D. thesis, Utrecht University, 2022.

M. Ferrari, C. Fiorentini, G. Fiorino, A terminating evaluation-driven variant of G3i, in: D. Galmiche,
D. Larchey-Wendling (Eds.), TABLEAUX, volume 8123 of LNCS, Springer, 2013, pp. 104-118.
d0i:10.1007/978-3-642-40537-2_11.

M. Ferrari, C. Fiorentini, G. Fiorino, An evaluation-driven decision procedure for G3i, ACM
Transactions on Computational Logic (TOCL) 6 (2015) 8:1-8:37. d0i:10.1145/2660770.

M. Ferrari, C. Fiorentini, P. Giardini, A terminating sequent calculus for the minimal coreflection
logic iCK4, Submitted to special issue for “40th Italian Conference on Computational Logic (CILC
2025)” (2026).

C. Fiorentini, M. Ferrari, A terminating sequent calculus for intuitionistic strong Lob logic with the
subformula property, in: C. Benzmiiller, M. J. H. Heule, R. A. Schmidt (Eds.), JCAR 2024, volume
14740 of LNCS, Springer, 2024, pp. 24-42. doi:10.1007/978-3-031-63501-4_2.

M. Mojtahedi, On provability logic of HA, 2022. doi:10.48550/arXiv.2206.00445.
arXiv:2206.00445.

A. V. Kuznetsov, A. Y. Muravitsky, On superintuitionistic logics as fragments of proof logic
extensions, Studia Logica (1986) 77-99. doi:10.1007/BF01881551.

A. Visser, On the completenes principle: A study of provability in heyting’s arithmetic and
extensions, Annals of Mathematical Logic 22 (1982) 263-295. doi:https://doi.org/10.1016/
0003-4843(82)90024-09.

A. Muravitsky, Logic KM: A biography, in: G. Bezhanishvili (Ed.), Leo Esakia on Duality in Modal
and Intuitionistic Logics, Springer Netherlands, Dordrecht, 2014, pp. 155-185. doi:10.1007/
978-94-017-8860-1_7.

G. Fiorino, Linear depth deduction with subformula property for intuitionistic epistemic logic,
Journal of Automated Reasoning 67 (2022). doi:10.1007/s10817-022-09653-2.

V. Krupski, A.Yatmanov, Sequent calculus for intuitionistic epistemic logic IEL, in: S. N.Artémov,


http://dx.doi.org/10.1007/978-3-031-43513-3_5
http://dx.doi.org/10.1007/BF02757006
http://dx.doi.org/10.1016/J.APAL.2022.103233
http://dx.doi.org/10.48550/arXiv.2011.10383
http://dx.doi.org/10.1016/J.APAL.2019.02.001
http://dx.doi.org/10.1017/S1755020315000374
http://dx.doi.org/10.1007/S11225-021-09952-3
http://dx.doi.org/10.1006/INCO.1997.2627
http://dx.doi.org/10.1007/978-3-642-40537-2_11
http://dx.doi.org/10.1145/2660770
http://dx.doi.org/10.1007/978-3-031-63501-4_2
http://dx.doi.org/10.48550/arXiv.2206.00445
http://arxiv.org/abs/2206.00445
http://dx.doi.org/10.1007/BF01881551
http://dx.doi.org/https://doi.org/10.1016/0003-4843(82)90024-9
http://dx.doi.org/https://doi.org/10.1016/0003-4843(82)90024-9
http://dx.doi.org/10.1007/978-94-017-8860-1_7
http://dx.doi.org/10.1007/978-94-017-8860-1_7
http://dx.doi.org/10.1007/s10817-022-09653-z

[23]

[24]

[27]

[30]
[31]

[32]

A. Nerode (Eds.), LFCS 2016, volume 9537 of LNCS, Springer, 2016, pp. 187-201. doi:10.1007/
978-3-319-27683-0_14.

L. Esakia, The modalized heyting calculus: a conservative modal extension of the intuitionistic logic,
Journal of Applied Non-Classical Logics 16 (2006) 349-366. doi:10.3166/JANCL. 16.349-366.
M. Ardeshir, S. M. Mojtahedi, The ¥ -provability logic of HA, Annals of Pure and Applied Logic
169 (2018) 997-1043. d0i:10.1016/7 . APAL.2018.05.001.

G. Darjania, A sequential variant of modal system I2, Metalogical Studies (in Russian) (1984).
R. Clouston, R. Goré, Sequent calculus in the topos of trees, in: A. Pitts (Ed.), Foundations of
Software Science and Computation Structures, Springer Berlin Heidelberg, Berlin, Heidelberg,
2015, pp. 133-147.

H. Férée, 1. Shillito, Pitts and intuitionistic multi-succedent: Uniform interpolation for KM, 2026.
URL: https://arxiv.org/abs/2602.16445. arXiv:2602.16445.

R. Dyckhoff, Contraction-free sequent calculi for intuitionistic logic, Journal of Symbolic Logic 57
(1992) 795-807. doi:10.2307/2275431.

M. Ferrari, C. Fiorentini, G. Fiorino, JTabWb: a Java Framework for Implementing Terminat-
ing Sequent and Tableau Calculi, Fundamenta Informaticae 150 (2017) 119-142. doi:10.3233/
FI-2017-1462.

M. Ferrari, C. Fiorentini, P. Giardini, Implementation of the evaluation calculus for KM, 2026. URL:
https://github.com/ferram/jtabwb_provers/tree/master/km_ekm.

A. S. Troelstra, H. Schwichtenberg, Basic proof theory, 2nd ed., volume 43 of Cambridge tracts in
theoretical computer science, CUP, 2000.

M. Ferrari, C. Fiorentini, G. Fiorino, Contraction-Free Linear Depth Sequent Calculi for Intuitionis-
tic Propositional Logic with the Subformula Property and Minimal Depth Counter-Models, Journal
of Automated Reasoning 51 (2013) 129-149. doi:10.1007/s10817-012-9252-7.

L. Pinto, R. Dyckhoff, Loop-free construction of counter-models for intuitionistic propositional
logic, in: M. Behara, R. Fritsch, R. Lintz (Eds.), Symposia Gaussiana, Conference A, Walter de
Gruyter, Berlin, 1995, pp. 225-232.


http://dx.doi.org/10.1007/978-3-319-27683-0_14
http://dx.doi.org/10.1007/978-3-319-27683-0_14
http://dx.doi.org/10.3166/JANCL.16.349-366
http://dx.doi.org/10.1016/J.APAL.2018.05.001
https://arxiv.org/abs/2602.16445
http://arxiv.org/abs/2602.16445
http://dx.doi.org/10.2307/2275431
http://dx.doi.org/10.3233/FI-2017-1462
http://dx.doi.org/10.3233/FI-2017-1462
https://github.com/ferram/jtabwb_provers/tree/master/km_ekm
http://dx.doi.org/10.1007/s10817-012-9252-7

	1 Introduction
	2 The Logic KM
	3 The Sequent Calculus E-KM
	4 The Refutation Calculus R-KM

