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Abstract

A method for constructing interpretable graph neural networks based on an ordered subsets of "interesting" formal
concepts is proposed. Interestingness indices for selecting concepts are compared, namely frequency (extent size)
and A-stability. The experimental results demonstrate that A-stability provides superior performance of the
generated networks at the inference stage.
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1. Introduction

Contemporary neural networks offer high performance but suffer from low interpretability, high
memory demands, and computational inefficiencies. To address this, research has focused on compact
and efficient architectures. Notable advances include self-distillation [1], Logic Explained Networks
(LENSs) [2], Concept Distillation Modules (CDM) [3], compact complex-frequency domain models [4],
and lattice-based pruning frameworks [5].

Integrating Formal Concept Analysis (FCA) with neural networks has also been explored in [6, 7, 8].
Architectures based on concept lattices [9] later incorporated interestingness measures [10], with
A-stability shown to improve learning quality [11].

Concept lattices enable network compression and inherent hierarchical structural information. In
[12] authors successfully integrated lattices into GNNs to exploit these hierarchies. Their approach
relied on frequency-based concept selection, which may overlook meaningful patterns. We address this
by replacing frequency with A-stability-based concept distillation and applying pattern structures for
interpretable data processing.

The paper is organized as follows: Section 2 covers A-stability theory. Section 3 details our method-
ology. Section 4 describes the experimental part. Section 5 concludes and outlines future work.

2. Theoretical Background

f First we recall some basic definitions of Formal Concept Analysis (FCA) and Pattern Structures.
Formal Context is a triple (G, M, I) where G is a set of objects, M is a set of attributes, and I C G x M
is a set of pairs (g, m) representing that object g has attribute m.
The space of object descriptions D = (D, C) is the powerset of attributes D = p(M), ordered by
inclusion C. The description space D = (D, C) creates a lattice, so, for every pair of descriptions
dy,ds € D there is exactly one meet and one join: Ildp € D, d; Ndes = Dp and Jldy € D, dy Vdy = dy.
Description space consists of a description set D with operation M that defines a complete meet
semilattice on D, i.e., for any pair of descriptions dy, da € D there exists meet (infimum):
Alda € ,d1 Mdy = dn.
The operation M defines natural order C: X C Y «<— X MY = X.
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The description space D equipped with the set of objects G and a mapping ¢ : G — D forms a pattern
structure [13] (G, DD, 0), which can be considered as a generalization of a formal context (G, M, I).

For any pattern description d € ID, one can define the pattern extent d°, and for any subset of objects
A C G, one can define the pattern intent A°:

@ ={geG|dEd(g)}, A°=n{d(g)|gec A} @)
A pair of corresponding pattern extent A and pattern intent d forms a pattern concept: (A, d), where
A® = d,d° = A

The Interval Pattern Structure uses the description space I;, of intervals bounded by real numbers
Dint ordered by interval subsumption Cipy:

Dil‘lt = {[l7rr] ‘ l,?” S Ral S T}7 and V[ll,rﬂ, [ZQ,TQ] S ]D)inta [llarl] Eint [127T2]

< [11,7“1] D) [lQ,TQ].

The Cartesian Pattern Structure allows one to combine various description spaces D;,D,,...,D, in
a single description space D, = (D, Cy) such that:

Dy = X DiandVd,E€D,,dC, E < J\ d;C E;.
1<i<n 1<i<n
Support is the number of objects described by a binary description B C M, or the number of objects
described by a pattern description d € D

supp(B) = |B'|,YB C M, supp(d) = |d°|,Vd € D (2)

(Intentional) stability of a formal concept (A, B) is defined in [14] as the percentage of subsets of
the concept extent A with maximal common description B:
r_
stab;(A, B) = {AicAld = B}| (3)
214]
Since computing stability is computationally hard (a #P-complete problem), several approximations
were considered, including (intentional) A-stability [15], an easily computable value monotonically
related to the (intentional) concept stability:

Astab; (A, B) == Arlpir;‘ (JA| = |Aq)). (4)
=A1

A1CA
Indeed,

stabi(A’ B) % 2|A| < 2\A\ _ 2|A|*Astab¢(A,B) — 2|A| . (1 - 27Astabi(A,B)>.
So, stab;(A, B) < 1 — 2-Astabi(4.B) anq
Astab;(A, B) > —log(1 — stab;(A, B)

In Figure 1 we give a schematic representation of the powerset of extent A and intentional A-stability
of the respective concept (A, B).

Informally, the value of (intensional) A-stability says “how many objects from A one should delete
at least to make intent B a bit more precise”.

The notion of extensional stability is dual to the intensional one:

- r =
stab.(A4, B) == {181 < BQ‘BBI A}‘ (5)

For pattern structures stability is defined in a similar way:.
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Figure 1: Powerset of A and A-stability.

3. Methodology

Our approach builds upon the architectural framework proposed by [12], introducing two key modifi-
cations: (1) we replace the generalized one-sided concept lattice with a pattern structure approach to
handle numerical data directly, and (2) we employ a A-stability-based filtering mechanism for concept
selection instead of frequency-based pruning.

The model adopts a two-branch GCN architecture. The first branch constructs a graph using cosine
similarity between attribute vectors of the objects and processes it with a standard GCN. The second
branch constructs a concept-based graph from a set of A-stable pattern concepts. To obtain these
concepts, we use pattern structures for attributes and apply the gSofia algorithm [16], which allows
us to control the number of extracted concepts via a A-stability threshold. From the resulting set of
A-stable concepts, we build an object-object adjacency matrix based on parent-child relationships in the
concept lattice. This matrix is then fed into a separate GCN branch. The learned representations from
both branches are concatenated and passed through a fully connected layer with softmax activation for
classification.

Unlike purely black-box models, our approach enables post-hoc interpretability: the contribution of
each A-stable concept to the classification decision can be traced through the network activations.

4. Experimental Part

In our experiments, the number of selected concepts k ranges from 5 to 20, which allows us to study
model behavior as we transition from a more detailed to a more compressed representation of the data.

For the GCN architecture, we used the PyTorch library with Kaiming Normal initialization and
Hyperbolic tangent activation function. The experiments were run on MacOS 14.2.1 (23C71), Apple M2.

Table 1

The datasets used in experiments.

Dataset # objects  # attributes  # target values
Iris 150 4 3

Zoo 101 16 7
Lenses 24 4 3
Soybean 47 35 4

Car 1728 6 4
Balance Scale 625 4 3

Monk 432 6 2

To evaluate the performance of the concept selection method based on the A-stability index compared



to the support-based baseline, we conducted experiments on seven datasets from the UCI repository:
Iris, Zoo, Lenses, Soybean, Car, Balance Scale, and Monk (Table 1). For each dataset, we varied the
number of selected concepts k from 5 to 20.

The experimental results demonstrate that the A-stability-based selection strategy consistently
outperforms or matches the frequency-based baseline across all datasets. For the Iris dataset, A-
stability achieved its highest accuracy of 0.8317 at k = 12, compared to 0.8167 for frequency-based
selection. For Zoo, the improvement was more pronounced: A-stability reached 0.8707 at k = 10, while
frequency-based selection peaked at only 0.8000. For Soybean, A-stability attained 0.9474, considerably
outperforming the frequency-based approach (0.8263). On the remaining four datasets — Balance Scale,
Monk, Lenses, and Car — both selection methods produced identical concept lists, resulting in equivalent
performance. This occurs when the A-stability filtering stage does not eliminate any concepts from
the frequency-ranked list, indicating that for these particular datasets, the most frequent concepts also
possess high A-stability. Overall, the weighted F1-scores follow the same trend as accuracy, confirming
that A-stability is a robust criterion for concept selection across diverse data characteristics.

Figure 2 illustrates the comparison of accuracy and weighted F1-score between the frequency-based
and A-stability-based selection strategies on the Zoo dataset for k ranging from 5 to 20. The results
demonstrate that A-stability consistently outperforms frequency-based selection across all values of k,
with the largest difference observed at k& = 16, where A-stability achieves 0.8634 accuracy compared to
0.7448 for frequency-based selection.
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Figure 2: Accuracy and weighted F1-score comparison between frequency-based and A-stability-based concept
selection approaches on the Zoo dataset for k € [5, 20].



5. Conclusion

In this paper we have proposed an interpretable GCN architecture with neurons based on stable concepts.
In our computer experiments with several datasets we have demonstrated that the initial selection of
formal concepts using A-stability followed by subsequent frequency-based selection is an effective
method for selecting interesting concepts, which outperforms purely frequency-based methods or is on
par with them. This result highlights the potential of the proposed approach for constructing compact
concept-based neural networks, with additional benefits in interpretability of results and the ability to
handle complex data represented by pattern structures.

Data availability

The code used for the experiments is publicly available on GitHub https://github.com/messalika/
Interpretable- GNN-with-Stable-Concepts-as-Neurons.
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