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Abstract
Existing algorithms for the generation of Counterfactual Explanations (CXs) for Machine Learning (ML) models
typically operate on fully specified inputs; however, in real-world applications, inputs may contain missing
values. Imputation methods can be used to mitigate this issue; however, recent work has shown that imputation
can produce invalid CXs, ultimately jeopardizing their explanatory function. To address this challenge, we
propose a framework for computing CXs for inputs with missing values using flow-based generative models
and Mixed-Integer Linear Programming (MILP). Experiments on four real-world datasets demonstrate that our
method is able to generate CXs with higher validity, and lower cost than state-of-the-art methods relying on
imputation.
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1. Introduction

Counterfactual explanations answer a simple question: what should minimally change in the in-
put for a model to predict something else? In interpretability settings, this makes CXs attractive
because they offer concrete, human-readable recourse suggestions [1]. Yet most CX methods are
designed for a world in which every input feature is known. Real deployments rarely match that
ideal. Measurements can be unavailable, records may be partially redacted, and sensors may break.
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A standard reaction to missing values is to replace them with
estimates and then run an off-the-shelf CX method. That
pipeline is convenient, but it can be misleading. The counter-
factual computed on the imputed instance may not correspond
to a successful action on the true underlying state. In other
words, the explanation can look valid in the completed fea-
ture space while failing in the system where it is actually
applied [2, 3].

Why this matters. Consider a user who receives a recom-
mendation after some feature was missing at explanation time.
If that recommendation is based on an estimate rather than
the real value, then the suggested action may not move the
actual instance across the desired decision boundary. This
is illustrated in Figure 1, where the green area is the desired
classification region, and the blue area is undesired. There,
applying the recourse 𝛿 that did alter the classification on the estimated value 𝑥̂, does not alter the
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classification when applied on the true input 𝑥. The resulting explanation is therefore risky: the recourse
action may be invalidated when applied to the true but partially hidden instance.

Our approach. We study this problem by building a counterfactual generation procedure that does
not treat missingness as an afterthought. Instead, the method reasons about the unknown entries
while constructing the counterfactual, using a density model to keep candidate solutions near the
data manifold and a MILP encoding to search for explanations that satisfy the desired classification
constraint.

In the remainder of the paper, we first place the problem in context, then introduce the technical
background needed for our formulation, present the proposed optimization model, and finally evaluate
the method on several benchmark datasets against recent baselines.

2. Related Work

Research on counterfactual explanations for incomplete inputs is still sparse. The most direct earlier
contribution is the method of Kanamori et al. [2], which constructs counterfactuals that stay valid
across several imputations of the missing values. That idea captures an important intuition: if the value
is unknown, then the explanation should not hinge on a single potentially inaccurate estimate. A useful
point of comparison comes from robustness-oriented CX research. Robust counterfactuals are built to
survive certain kinds of uncertainty, such as model retraining, model multiplicity, or noisy application
of the recommended action [4]. Although these settings differ from missing inputs, they share the
same core challenge: the explanation should remain useful after the environment shifts. This makes
robustness methods natural baselines for our study. Outside of the explainability domain, incomplete
values are usually handled by imputation, with the choice of strategy depending on the data distribution,
evaluation criterion, and downstream task [5]. Related work on feature attribution has also shown
that different imputations can substantially alter explanation outputs [6]. Taken together, these studies
suggest that missingness can distort not only predictions but also the explanations derived from them.

3. Background

We next introduce the notions used throughout the paper.
Counterfactual explanations. Let 𝑥 ∈ R𝑛 be an input and let ℎ : R𝑛 → {0, 1} be a binary classifier.

A counterfactual explanation is a point 𝑥′ ∈ R𝑛 that changes the classifier output while staying as
close as possible to the original input. Given a distance function 𝑑 : R𝑛 × R𝑛 → R+, the cost of 𝑥′ is
commonly measured as 𝑑(𝑥, 𝑥′), often instantiated by an ℓ𝑝 norm [7]. The associated recourse vector is
𝛿 = 𝑥′ − 𝑥, which describes the modification that would need to be applied to the input to obtain the
counterfactual outcome.

Incomplete observations. Now suppose the true input 𝑥 is only partially observed through 𝑥̃ ∈
({*}∪R)𝑛, where 𝑥̃𝑖 is either the observed value 𝑥𝑖 or the wildcard *. The goal is not merely to find any
point that flips the prediction of a completed version of 𝑥̃, but to find a counterfactual whose induced
action is still effective when applied to the hidden ground-truth instance.

Problem statement. Given a classifier ℎ, a distance metric 𝑑, an incomplete observation 𝑥̃, the hidden
complete input 𝑥, and a target label 𝑡 ∈ {0, 1}, we want a counterfactual 𝑥′ and recourse vector 𝛿 such
that:

C1 The counterfactual is valid: ℎ(𝑥′) = 𝑡.

C2 The recourse is valid: ℎ(𝑥+ 𝛿) = 𝑡.

C3 The cost is minimized for: The cost 𝑑(𝑥, 𝑥′) is minimized.

The key difficulty is that only 𝑥̃ is available when 𝑥′ is generated, whereas the actual state 𝑥 is hidden.
Why C1 and C2 differ. Condition C1 evaluates the explanation point itself, while C2 evaluates

the action derived from that point. These are not equivalent under missingness. A counterfactual



can be valid in the imputed space and still fail once the action is transferred to the true instance.
Our experiments therefore report both quantities separately. A recent empirical study [3] provides a
more detailed discussion of this problem formulation and argues that it captures a realistic scenario
encountered in practical applications.

Mixed Integer Linear Programming. A MILP consists of (integer or real-valued) decision variables,
linear constraints, and a linear objective function to be minimized or maximized [8]. The general
structure of a MILP formulation for integral decision variables 𝑥 and continuous decision variables
𝑦 is min{𝑐𝑇𝑥 + 𝑑𝑇 𝑦 : 𝐴𝑥 + 𝐵𝑦 ≥ 𝑏, (𝑥, 𝑦) ∈ Z𝑛𝑥 × R𝑛𝑦}, where 𝑐, 𝑑, and 𝑏 are constant vectors
of size 𝑛𝑥, 𝑛𝑦 , and 𝑚, respectively. The constant matrices 𝐴 and 𝐵 are of size 𝑚 × 𝑛𝑥, and 𝑚 × 𝑛𝑦 ,
respectively [9].

Given such a MILP formulation, a solver then finds an optimal assignment of the decision variables
while ensuring that the constraints are satisfied, if possible. Otherwise, the solver certifies infeasibil-
ity [8]. MILP constraints often use absolute values and equalities, which can be rewritten using auxiliary
variables and inequalities [10]. We adopt this notation in our formulation for clarity, while relying on
standard MILP encodings to handle them.

MILP-encodable Flow Models. A flow model 𝑓 : R𝑛 → R𝑛 is a neural network that bijectively maps
between a simple base distribution characterized by a probability density function 𝑝𝐵 and the complex
data distribution 𝑝𝐷 , which represents the density of the observed data, through a series of invertible
transformations 𝑓 = 𝑓1 ∘ 𝑓2 ∘ . . . ∘ 𝑓𝑧 [11, 12]. Recently, the VeriFlow architecture [13] was proposed
as the first flow model that can be seamlessly encoded into MILP. In order to be MILP-encodable,
VeriFlow’s architecture only contains piecewise linear layer types. We instantiate VeriFlow and use
only LU-Layers [14] and fully connected additive coupling layers [15] to implement layers 𝑓1, . . . , 𝑓𝑧 .

The training objective of the VeriFlow model is maximizing the log-likelihood on the training data,
which corresponds to minimizing the Kullback–Leibler divergence between the base distribution 𝑝𝐵
and the data distribution 𝑝𝐷 [16]. After training is complete, the flow model can be used for density
estimation by picking a point 𝑥 ∈ R𝑛 from the dataset and passing the point through the flow model in
forward direction 𝑓(𝑥) and computing the density using the probability density function 𝑝𝐵 .

4. Our Framework

We now present our main procedure to compute CXs under missing values. As a preliminary step,
the procedure trains a piecewise linear flow model 𝑓 : R𝑛+1 → R𝑛+1 on the training dataset 𝐷.
The model’s domain includes R𝑛+1 because it is also trained on the class label in addition to the 𝑛
features. We include the class label in order to align the CX with the distribution of the respective
target class. Following the VeriFlow framework, we design 𝑓 such that minimizing

∑︀𝑛+1
𝑖 𝑓𝑖(𝑥, 𝑐) over

a free decision variable 𝑥 and a class label 𝑐 maximizes the plausibility of 𝑥 under the empirical data
distribution 𝑝𝐷 , given 𝑐. Additionally, we use a function UDL : R𝑛+1 → [0, 1] to map 𝑓(𝑥) to a density
level set, represented as a decimal between 0 and 1. For instance, a level of 0.25 indicates that 𝑥 is more
’typical’ than 75% of the instances in 𝐷. Details on the training process are provided in the experiments
section.

Using this flow model, our procedure moves on to construct a MILP encoding named PCID (Plausible
Counterfactuals for Incomplete Data). The signature PCID(𝑥̃,𝑀, ℎ, 𝑓, 𝑑, 𝑝val, 𝑝plaus, 𝑝cost, 𝑝faith)→ 𝑥′

reflects that it produces a CX 𝑥′ given all the elements from the problem definition: the incomplete
input 𝑥̃, the indices of the missing values 𝑀 , the classifier ℎ, a distance function 𝑑, and the trained
flow model 𝑓 . Additionally, PCID expects a set of parameters that balance four (competing) objectives
(1) validity using 𝑝val (2) plausibility using 𝑝plaus,(3) cost using 𝑝cost, and (4) imputation faithfulness
using 𝑝faith. We encode the validity as a side constraint rather than an optimization objective in order
to ensure high validity independent of the cost it incurs. The last parameter 𝑝faith impacts both validity
and cost and indicates how much to trust the flow model’s estimated value for the missing feature.
Intuitively, the parameter 𝑝faith indicates whether the input instance 𝑥̃ comes from a low-density region
of the dataset, where the accuracy of the flow model is expected to be low due to epistemic uncertainty.
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Figure 2: Implementation of our encoding PCID(𝑥̃,𝑀, ℎ, 𝑓, 𝑑, 𝑝val, 𝑝plaus, 𝑝cost, 𝑝faith)

For readability, and without loss of generality, we summarize the main steps of our procedure
assuming the target label to be 1 and the class label of 𝑥̃ to be 0. However, in practice, these labels
can be exchanged depending on users’ needs. Given an incomplete point 𝑥̃ ∈ ({*} ∪ R)𝑛, indices 𝑀 ,
classifier ℎ, flow 𝑓 , and distances 𝑑, the main steps of our procedure are as follows:

1. Impute the missing values of 𝑥̃𝑚,𝑚 ∈ 𝑀 using a MILP solver by computing 𝑥̂ such that
𝑥̂𝑖 = 𝑥𝑖 for 𝑖 /∈𝑀 and 𝑥̂ is pushed to a high-density region of the data manifold by minimizing∑︀𝑛+1

𝑖=1 |𝑓(𝑥̂, 0)𝑖|.

2. Compute the density level set of the imputed point 𝑥̂ with 𝑢𝑥̂ ← UDL(𝑓(𝑥̂, 0)).

3. Select values for parameters 𝑝val, 𝑝plaus, 𝑝cost, 𝑝faith using 𝑢𝑥̂ and the inputs ℎ, 𝑓, 𝑛, 𝑥̃.

4. Call 𝑥′ ← PCID(𝑥̃,𝑀, ℎ, 𝑓, 𝑑, 𝑝val, 𝑝plaus, 𝑝cost, 𝑝faith) and return the counterfactual 𝑥cx.

The high-level procedure calls our MILP formulation with preselected parameters based on the
dimensionality of the dataset 𝑛 and the uncertainty around each point 𝑢𝑥̂. We implement Step 3 as a
simple heuristic and therefore keep it generic here. More details will be presented in the experiments
section. The details of our MILP formulation PCID(𝑥̃,𝑀, ℎ, 𝑓, 𝑑, 𝑝val, 𝑝plaus, 𝑝cost, 𝑝faith) → 𝑥′ are
presented in Figure 2. The optimization goal (1) strikes a balance between three objectives. The first
objective minimizes the cost of the CX 𝑥cx weighted by 𝑝cost while satisfying the side constraints (2)
and (6). Equation (2) ensures that the resulting CX retains the same imputed value for the missing
feature. This restriction is based on the rationale that a what-if analysis should not depend on potentially
uncertain imputed values. Equation (6) ensures that the CX is classified as the target class with a clear
marginal distance 𝑝val from the decision boundary. A low (high) value for 𝑝val leads to lower (higher)
cost but increases (decreases) the risk of obtaining a CX that is invalid for the fully specified original
instance. The second sum optimizes the faithfulness of the value ascribed to the missing features from
𝑥̃𝑚, weighted by the constant 𝑝faith. More precisely, Equation (3) defines a vector 𝑥imp that corresponds
to the input vector 𝑥̃ with the only difference that the wild token * is turned into free variables 𝑥imp

𝑚 for
all 𝑚 ∈𝑀 . Then, Equation (4) captures the relationship between the point in the data space 𝑥imp and
its respective density estimate ℓimp in the latent space as defined by the flow model 𝑓 . Minimizing the
vector ℓimp as expressed in the objective leads to values 𝑥imp

𝑚 for 𝑚 ∈𝑀 that are most plausible for the
instance 𝑥imp. The last sum optimizes for the plausibility of the CX 𝑥cx, weighted by the constant 𝑝plaus.
In this context, Equation 5 captures the relationship between the CX 𝑥cx and its density estimate ℓcx,
which is minimized in the objective function. In a nutshell, solving the MILP formulation PCID yields
assignments to the variable 𝑥′𝑖 that balance cost and plausibility, while ensuring validity.



5. Evaluation

Our Implementation. We now describe how the parameters left open in Step 3 of Section 4 are
instantiated. The threshold 𝑝val, which determines how strongly the counterfactual must cross the
classifier’s decision boundary, is chosen as a function of the dataset dimensionality 𝑛. The motivation
is that in high-dimensional settings the classifier ℎ is typically less sensitive to perturbations of a
single feature, whereas in lower-dimensional spaces such changes can have a stronger impact. Such
single-feature perturbations naturally arise when imputed feature values differ from the unknown true
values. To ensure consistent scaling, all parameters 𝑝plaus, 𝑝cost, 𝑝val, and 𝑝faith are defined relative to
the dimension 𝑛 and constants 𝐶plaus, 𝐶cost, 𝐶val, and 𝐶 faith. These constants were chosen through
exploratory tuning, starting from an initial configuration in which all components were weighted
equally. Concretely, we use 𝑝plaus ← 𝐶plaus

𝑛 , 𝑝cost ← 𝐶cost

𝑛 , 𝑝val ← 𝐶val

𝑛 , and 𝑝faith ← 𝐶 faith

𝑛·𝑢𝑥̂
. The parameter

𝑝faith additionally depends on the density estimate 𝑢𝑥̂ obtained in Step 2, which allows the formulation
to account for epistemic uncertainty introduced by imputing the missing feature.

Baselines. Our method is compared against all ten CX generation techniques used in the recent
empirical evaluation [3]. The baselines are primarily implemented in the RobustX library [17]. The
set of evaluated non-robust approaches includes: (1) BinaryLinearSearch (BLS) [18]: explores the line
segment toward a positively labeled training instance. (2) MCE [7]: formulates CX generation as a
MILO problem that enforces boundary crossing. (3) Wachter [19]: a gradient-based optimization
method for generating counterfactuals. (4) KDTreeNNCE [20]: retrieves nearest neighbors belonging to
the target class. (5) ARMIN [2]: a MILO-based approach ensuring validity over multiple imputations.
We further consider the following robust methods: (1) MCER [21]: designed to remain valid under
bounded perturbations of model weights. (2) RNCE [22]: generates counterfactuals that are robust
with respect to the training data. (3) PROPLACE [23]: jointly optimizes proximity and plausibility
under robustness constraints. (4) STCE [24, 25]: ensures robustness against model updates caused by
retraining. (5) APAS [26]: accounts for plausible model variations when generating counterfactuals.

Datasets and preprocessing. We use the same experimental setup as in [3]: We evaluate on four
standard tabular benchmarks: WineQuality [27], Diabetes [28], Concrete [29], and Combined Cycle
Power Plant [30]. Each dataset contains continuous features only and is scaled to [0, 1] by min–max
normalization. Regression datasets are turned into binary tasks with threshold 0.5. We split the data
into 80% training and 20% test partitions and train a two-layer ReLU neural network classifier on the
training portion. From each test set, we sample batches of 100 instances. For each instance, we delete
one feature at random and then employ three imputation strategies: MICE [31], kNN [32], and Simple
mean imputation. Our method and ARMIN are both designed to handle incomplete inputs and therefore
receive the incomplete input without any preceding imputation.

Metrics. We report three primary metrics: (1) Counterfactual Validity (VCX): the fraction of
counterfactuals that satisfy the target label; (2) Recourse Validity (VRC): the fraction of recourse actions
that flip the classification on the true input; (3) Cost: the average ℓ1 distance between the original input
and the counterfactual. We aggregate each method’s results over the four datasets and report them in
Figures 3 and 4.

Recourse Validity (VRC). Figure 3 shows that our method achieves consistently high recourse validity
across datasets and imputation settings. In particular, it outperforms all non-robust baselines and is
competitive with the strongest robust methods. This is notable because methods that are effective on
fully observed inputs often degrade once recourse is evaluated on the true, incomplete instance. By
contrast, our approach is explicitly designed to preserve validity under missingness, which explains its
strong performance on this metric. Among the baselines, PROPLACE, STCE, and APAS also obtain high
VRC, although, as we will see, at a higher cost.
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Counterfactual Validity (VCX). Across all evaluated approaches, counterfactual validity is consistently
perfect, with the exception of Wachter, which attains 84.6%± 14.3%. This deviation can be attributed
to its reliance on gradient-based optimization, which may converge to suboptimal local minima and
thus fail to find a valid counterfactual in some cases. We omit a dedicated visualization for this metric
due to its simplicity.

Cost. Figure 4 compares the average cost of the generated counterfactuals. Our method achieves
a moderate cost, remaining clearly below the less efficient baselines such as BLS or STCE, while
staying in the same range as PROPLACE and RNCE. Although methods such as MCER and ARMIN can
sometimes obtain slightly lower costs, they do so at the expense of weaker recourse validity. Overall,
the results indicate that our method strikes a strong balance between validity and cost: it produces
counterfactuals that are sufficiently close to the original instance, while maintaining high validity on
the true underlying input.
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Figure 5: Plausibility vs. validity

Tradeoff Analysis Since our
framework also optimizes for the
plausibility of counterfactuals, it
is natural to ask how this objec-
tive affects other key goals. To
investigate this, we analyze the
trade-off between plausibility and
validity in Figure 5. Each point in
the figure corresponds to a different
plausibility weight used in the
MILP formulation and shows the
proportion of test instances for
which a valid CX was obtained,
computed as the number of valid
CXs divided by the total number of
test instances. The results indicate
that increasing the plausibility
weight initially improves validity, but only up to a certain threshold, after which validity declines.
We conjecture that overly large plausibility weights lead the method to neglect imputation quality, a
competing objective crucial for obtaining valid CXs. At the same time, the initial improvement suggests
that optimizing plausibility can also support validity.

Key takeaways. Our method achieves consistently high validity at a slightly lower cost than base-
lines that achieve similar levels of validity. We also show that our approach to place the computed
counterfactual on the data manifold also helps achieve higher validity.



6. Conclusion

We studied counterfactual explanations for inputs with missing values and showed that imputation-
based approaches can lead to invalid recourse. To address this issue, we proposed a framework that
combines flow-based generative models with a MILP formulation to reason directly about missing
features during counterfactual generation. Experiments on four real-world datasets show that our
method achieves high recourse validity while maintaining competitive cost compared to existing
approaches.
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