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Abstract
The Kantorovich-Rubinstein duality implies that the well known Kantorovich (also known as Wasserstein)
metric on probability distributions admits two equivalent definitions expressed in terms of minimization and
maximization problems, respectively. When applied to fuzzy relations (distances that do not necessarily satisfy
the axioms of a metric) the two definitions are known to differ, with the minimization problem always yielding
greater values than the maximization problem. In this work we provide characterizations of these two values
using the notion of convex function from analysis.
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1. Introduction

In the field of program semantics, when considering the behavior of programs embodying quantitative
information, such as probabilities, time or sensor values, the interest normally shifts from behavioral
equivalences to behavioral distances. In particular, in the context of probabilistic programs, a behavioral
distance semantics is based on some assignment of distances to probability distributions ∆1,∆2 ∈ 𝐷(𝑋).
If these distances are [0, 1]-valued, for example, the assignment is a fuzzy relation on probability
distributions 𝐷(𝑋), i.e., a function of type 𝑒 : 𝐷(𝑋)×𝐷(𝑋) → [0, 1].

Seminal works in the field of distance semantics (see, e.g., [1, 2, 3, 4, 5]) have focused on fuzzy
relations 𝑒 that are pseudometrics1 and, most importantly, such that 𝑒 is obtained by lifting some
pseudometric 𝑑 : 𝑋 ×𝑋 → [0, 1] on the underlying set 𝑋 . Intuitively, a lifting is a recipe to map a
distance 𝑑 : 𝑋 × 𝑋 → [0, 1] on the base set to a lifted distance 𝐿(𝑑) : 𝐷(𝑋) × 𝐷(𝑋) → [0, 1] on
probability distributions. Technically, for such a lifting recipe to be well-behaved for program semantics
constructions, it must be a lifting (in a standard categorical sense, see Definition 2.12) of the probability
distribution Set monad (𝐷 : Set → Set, 𝜂, 𝜇). A prominent example of lifting of this type is often
called Kantorovich (or Wasserstein) lifting and is defined as follows (see Section 2.5):

𝐾inf(𝑑)(∆1,∆2) = inf
𝛾∈𝐷(𝑋×𝑋)

{︀ ∑︁
𝑥,𝑦∈𝑋

𝛾(𝑥, 𝑦) · 𝑑(𝑥, 𝑦) | 𝛾 is a coupling of ∆1 and ∆2

}︀
.

Another lifting is given by the following definition (also, see Section 2.5):

𝐾sup(𝑑)(∆1,∆2) = sup
𝑓 :(𝑋,𝑑)→([0,1],𝑑R)

nonexpansive

∑︁
𝑥∈𝑋

∆1(𝑥) · 𝑓(𝑥)−
∑︁
𝑥∈𝑋

∆2(𝑥) · 𝑓(𝑥).

The Kantorovich-Rubinstein duality from optimal transport theory (see, e.g., [6]) implies that, when
𝑑 is a pseudometric then 𝐾inf(𝑑) = 𝐾sup(𝑑), i.e., the two liftings coincide. This identity is very
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valuable, especially in the context of behavioral pseudometric semantics. Indeed 𝐾inf is useful for
establishing upper bounds (see for example the quantitative algebra approach of [7, 8]) and 𝐾sup for
establishing lower bounds (e.g., when the nonexpansive functions 𝑓 : (𝑋, 𝑑) → ([0, 1], 𝑑R) are the
semantic interpretation of real-valued modal logic formulas, as in [1, 9]).

However, when 𝑑 is not a pseudometric, only 𝐾sup(𝑑) ≤ 𝐾inf(𝑑) holds true and therefore 𝐾inf and
𝐾sup are genuinely different types of liftings of fuzzy relations. The usefulness of behavioral distance
semantics not based on pseudometrics but, more generally, on fuzzy relations, has emerged in the last
years (see, e.g., semi-metrics in [10], quasi-metrics in [11], b-metrics in [12], diffuse metrics in [13]
and generalized metrics in [14]). Therefore, the relation between 𝐾inf and 𝐾sup, as different liftings of
fuzzy relations, is worthwhile exploring.
Contributions of this work. Our main conceptual contribution is to observe that the standard notion
of convex function, from analysis (see sections 2.2 and 3), is a key tool for investigating the two different
liftings 𝐾inf and 𝐾sup. We prove two main results:

1. Theorem 4.1. 𝐾inf(𝑑) : 𝐷(𝑋)2 → [0, 1] is the greatest convex fuzzy relation such that the unit 𝜂𝑋
(of the Set distribution monad 𝐷) is nonexpansive as a map 𝜂𝑋 : (𝑋, 𝑑) → (𝐷(𝑋),𝐾inf(𝑑)),

2. Theorem 4.7. 𝐾sup(𝑑) : 𝐷(𝑋)2 → [0, 1] is the greatest convex fuzzy relation, that is also a
pseudometric, such that the unit 𝜂𝑋 is nonexpansive as a map 𝜂𝑋 : (𝑋, 𝑑) → (𝐷(𝑋),𝐾sup(𝑑)).
Alternatively, 𝐾sup(𝑑) is the largest convex fuzzy relation, that is a pseudometric, bounded above
by 𝐾inf(𝑑).

In particular, from Theorem 4.7, one can immediately deduce the (well known, see e.g. [2]) inequality:

𝐾sup(𝑑)(∆1,∆2) ≤ 𝐾inf(𝑑)(∆1,∆2)

that always holds between 𝐾sup(𝑑) and 𝐾inf(𝑑), and that becomes an equality exactly when 𝑑 is a
pseudometric (by the Kantorovich-Rubinstein duality).

From a technical point of view, our proofs are based on elementary and well known properties of
convex functions and, most importantly, the standard formula for the convex envelope (see Proposition
2.3). An interesting aspect is that our proofs are purely algebraic (equational) and use the language of
partially ordered convex algebras. Indeed, our research has originated from investigations in the field of
quantitative algebra (see, e.g., [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36])
where ordinary algebraic reasoning is combined with distance reasoning. As we discuss in Section 5,
our results allow for significant simplifications of some proofs in this field. Furthermore this style of
proofs, potentially, allows for the applicability of our results to generalizations of the liftings 𝐾inf and
𝐾sup to other functors (or monads) 𝐹 other than the distribution functor (monad) 𝐷, as technically
developed in [2].
Comparison with Rodary’s master thesis [37]. The second part of the statement of Theorem 4.7
is the main result of the Master (M2) thesis of Apolline Rodary [37]. However, our proof diverges
conceptually and technically: it relies on the separate statement and proof of Theorem 4.1, a result that
is neither stated nor derivable from [37]. Our proof for Theorem 4.1 is distinctively compact, leveraging
the standard formula for the convex envelope, a key tool absent from the work of [37]. Consequently,
this approach not only yields a streamlined proof of the result of [37] but also establishes the first part
of Theorem 4.7, which is likewise independent of [37]. Finally, the discussion of Section 5 is also novel
and does not appear in [37].
Organization of this paper. This paper is organized as follows. In Section 2 we give the required
definitions and basic facts regarding lattices, convex functions, fuzzy relations and liftings. In Section 3
we introduce the notion of convex fuzzy relation and in Section 4 we prove our main results. Finally, in
Section 5, we relate our results with some recent advancements in quantitative algebra.



2. Technical Background

2.1. Basic Notions Regarding Lattices

Recall that a partially ordered set (𝑋,≤) is a complete lattice if every subset 𝑌 ⊆ 𝑋 has a join (i.e., least
upper bound)

⋁︀
𝑋 𝑌 . A complete join-sublattice of (𝑋,≤) is a subset 𝑌 ⊆ 𝑋 that is closed under taking

joins of arbitrary subsets, i.e.,
⋁︀

𝑋 𝑍 ∈ 𝑌 for all 𝑍 ⊆ 𝑌 .
A complete join-sublattice 𝑌 of (𝑋,≤) determines an operator ♢𝑌 : 𝑋 → 𝑋 mapping 𝑥 ∈ 𝑋 to the

largest element in 𝑌 bounded above by 𝑥:

♢𝑌 (𝑥) =
⋁︁

{𝑦 ∈ 𝑌 | 𝑦 ≤ 𝑥}.

The operator ♢𝑌 satisfies the following properties:

• (Idempotency) ♢𝑌 ♢𝑌 𝑥 = ♢𝑌 𝑥,

• (Monotonicity) if 𝑥 ≤ 𝑥′ then ♢𝑌 𝑥 ≤ ♢𝑌 𝑥
′.

• (Decreasing) ♢𝑌 𝑥 ≤ 𝑥,

• (Fixed points) 𝑥 ∈ 𝑌 if and only if 𝑥 = ♢𝑌 𝑥.

The following are straightforward facts that will be used.

Proposition 2.1. Let 𝑌, 𝑍 be complete join-sublattices of (𝑋,≤). Then the following hold:

1. 𝑌 ∩ 𝑍 is a complete join-sublattice of (𝑋,≤).

2. if ♢𝑌 (𝑥) = ♢𝑍♢𝑌 (𝑥) then ♢𝑌 (𝑥) = ♢𝑌 ∩𝑍(𝑥),

3. if 𝑌 ⊆ 𝑍 then ♢𝑌 (𝑥) ≤ ♢𝑍(𝑥),

4. if 𝑌 ⊆ 𝑍 then ♢𝑌 (𝑥) = ♢𝑌 ♢𝑍(𝑥).

2.2. Basic Notions Regarding Convex Functions and Convex Envelopes

Recall the standard definition of convex function fron analysis (see, e.g., [38, Thm. 4.1 and 4.3]).

Definition 2.1 (Convex Function). Let 𝐶 be a convex subset of a real vector space. A function
𝑓 : 𝐶 → [0, 1] is convex if, for all 𝑥, 𝑦 ∈ 𝐶 and 𝑝 ∈ (0, 1), it holds that:

𝑓(𝑝 · 𝑥+ (1− 𝑝) · 𝑦) ≤ 𝑝 · 𝑓(𝑥) + (1− 𝑝) · 𝑓(𝑦)

or equivalently, extending to 𝑛-ary convex combinations:

𝑓(

𝑛∑︁
𝑖=1

𝑝𝑖 · 𝑥𝑖) ≤
𝑛∑︁

𝑖=1

𝑝𝑖 · 𝑓(𝑥𝑖) with 0 ≤ 𝑝𝑖 ≤ 1 and
𝑛∑︁

𝑖=1

𝑝𝑖 = 1.

The following are well known2 properties of convex functions.

Proposition 2.2 (see Thm. 5.5 of [38]). The collection of convex functions 𝑐 : 𝐶 → [0, 1] is a complete
join-sublattice of the complete lattice [0, 1]𝐶 . This means that, for any 𝑓 ∈ [0, 1]𝐶 , there exists a largest
convex function 𝑐 ≤ 𝑓 , called the convex envelope of 𝑓 and denoted by 𝑐 = conv(𝑓).

Proposition 2.3. For any 𝑓 ∈ [0, 1]𝐶 the following identity holds:

conv(𝑓)(𝑥) = inf

{︃
𝑛∑︁

𝑖=1

𝑝𝑖 · 𝑓(𝑥𝑖)

⃒⃒⃒⃒
⃒

𝑛∑︁
𝑖=1

𝑝𝑖 · 𝑥𝑖 = 𝑥, with 𝑛 ∈ N, 𝑥𝑖 ∈ 𝐶, 𝑝𝑖 ≥ 0,
𝑛∑︁

𝑖=1

𝑝𝑖 = 1

}︃
.

2Proposition 2.3 is most often equivalently stated as “the epigraph of conv(𝑓) is the convex hull of the epigraph of 𝑓” (see,
e.g., [38, §5, p. 36]).



2.3. Basic Notions Regarding Probability Distributions

Definition 2.2. Given a set 𝑋 , a probability distribution on 𝑋 is a function ∆: 𝑋 → [0, 1] such that∑︀
𝑥∈𝑋 ∆(𝑥) = 1. The support of ∆ is the set 𝑠𝑢𝑝𝑝(∆) = {𝑥 | ∆(𝑥) > 0}. We say that ∆ is finitely

supported if 𝑠𝑢𝑝𝑝(∆) is a finite set. We denote with 𝐷(𝑋) the set of finitely supported probability
distributions on 𝑋 .

In the rest of this work, unless otherwise specified, a probability distribution is always assumed to
have finite support. Distributions ∆ ∈ 𝐷(𝑋) are denoted by the corresponding formal convex sums∑︀

𝑖 𝑝𝑖𝑥𝑖, with 𝑖 implicitly ranging over a finite set. Probability distributions whose mass is concentrated
at a single point 𝑥 ∈ 𝑋 , called Dirac distributions, are denoted either by 1𝑥 or by 𝛿𝑥. The set 𝐷(𝑋) is
convex with convex (as a subset of R𝑋 ) with combinations defined as:(︀

𝑝∆1 + (1− 𝑝)∆2

)︀
(𝑥) = 𝑝 ·∆1(𝑥) + (1− 𝑝) ·∆2(𝑥).

Definition 2.3 (𝐷 as a Functor and Monad on Set). Given a function 𝑓 : 𝑋 → 𝑌 , we define the
function 𝐷(𝑓) : 𝐷(𝑋) → 𝐷(𝑌 ) as:

𝐷(𝑓)
(︀∑︁

𝑖

𝑝𝑖𝑥𝑖
)︀
=

∑︁
𝑖

𝑝𝑖𝑓(𝑥𝑖).

This makes 𝐷 into a functor 𝐷 : Set → Set. Furthermore, with the two natural transformations:
• (Unit) 𝜂 : IdSet ⇒ 𝐷, with components 𝜂𝑋 : 𝑋 → 𝐷(𝑋) defined as 𝜂𝑋(𝑥) = 𝛿𝑥,

• (Multiplication) 𝜇 : 𝐷𝐷 ⇒ 𝐷, with components 𝜇𝑋 : 𝐷𝐷(𝑋) → 𝐷(𝑋) defined as:

𝜇𝑋

(︀∑︁
𝑖

𝑝𝑖(
∑︁
𝑗

𝑞𝑖𝑗𝑥𝑖𝑗)
)︀
=

∑︁
𝑖,𝑗

(𝑝𝑖 · 𝑞𝑖𝑗)𝑥𝑖𝑗

the triple (𝐷, 𝜂, 𝜇) is a Set monad.
In the following definition we denote with 𝜋𝐿 : 𝑋×𝑌 → 𝑋 and 𝜋𝑅 : 𝑋×𝑌 → 𝑌 the two projection

operations, defined as 𝜋𝐿(𝑥, 𝑦) = 𝑥 and 𝜋𝑅(𝑥, 𝑦) = 𝑦. This gives functions 𝐷(𝜋𝐿) : 𝐷(𝑋 × 𝑌 ) →
𝐷(𝑋) and 𝐷(𝜋𝑅) : 𝐷(𝑋 × 𝑌 ) → 𝐷(𝑌 ) mapping a probability distribution on a product space to its
marginals.
Definition 2.4 (Couplings). Given∆1,∆2 ∈ 𝐷(𝑋), a coupling of∆1 and∆2 is a probability distribution
𝛾 ∈ 𝐷(𝑋 ×𝑋) on the product space 𝑋 ×𝑋 whose marginals are ∆1 and ∆2:

• 𝐷(𝜋𝐿)(𝛾) = ∆1, or equivalently:∑︁
𝑦∈Supp(Δ2)

𝛾(𝑥, 𝑦) = ∆1(𝑥) for all 𝑥 ∈ Supp(∆1),

• 𝐷(𝜋𝑅)(𝛾) = ∆2, or equivalently:∑︁
𝑥∈Supp(Δ1)

𝛾(𝑥, 𝑦) = ∆2(𝑦) for all 𝑦 ∈ Supp(∆2).

Note that Supp(𝛾) ⊆
(︀
Supp(∆1) ∪ Supp(∆2)

)︀2 is indeed a finite set. We denote with Γ(∆1,∆2) the
collection of all couplings of ∆1 and ∆2. This is nonempty because the independent product of ∆1 and
∆2 is always a coupling.
Definition 2.5 (Expected Value). Given a function 𝑓 : 𝑋 → [0, 1] and a probability distribution∑︀

𝑖 𝑝𝑖𝑥𝑖 in 𝐷(𝑋), the expected value of 𝑓 under
∑︀

𝑖 𝑝𝑖𝑥𝑖 is denoted by:

𝐸(𝑓,
∑︁
𝑖

𝑝𝑖𝑥𝑖) =
∑︁
𝑖

𝑝𝑖 · 𝑓(𝑥𝑖).

Remark 2.6. Note, in the right-hand side of the above definition, the use of the scalar product (·) in the
expression

∑︀
𝑖 𝑝𝑖 · 𝑓(𝑥𝑖) denoting a real number, which distinguishes it from the expression

∑︀
𝑖 𝑝𝑖𝑓(𝑥𝑖)

denoting a probability distribution in 𝐷([0, 1]).



2.4. Basic Notions Regarding Fuzzy Relations and Pseudometrics

Definition 2.7 (Fuzzy Relations and Nonexpansive Maps). Given a set 𝑋 , a function 𝑑 : 𝑋 ×𝑋 →
[0, 1] is called a fuzzy relation on 𝑋 . We also refer to the pair (𝑋, 𝑑) as a fuzzy relation. Given two
fuzzy relations (𝑋, 𝑑𝑋) and (𝑌, 𝑑𝑌 ), a function 𝑓 : 𝑋 → 𝑌 is nonexpansive (or also 1-Lipschitz) if
𝑑𝑌

(︀
𝑓(𝑥), 𝑓(𝑥′)

)︀
≤ 𝑑𝑋(𝑥, 𝑥′), for all 𝑥, 𝑥′ ∈ 𝑋 .

We will denote with FRel the category of fuzzy relations and nonexpansive maps. We denote with
𝑈 : FRel → Set the forgetful functor defined on objects as 𝑈(𝑋, 𝑑) = 𝑋 and on morphisms as
𝑈(𝑓) = 𝑓 .

Note that the collection (𝑋 ×𝑋 → [0, 1]) of all fuzzy relations on 𝑋 is a complete lattice with the
pointwise order (≤). We will consider the following subsets of 𝑋 ×𝑋 → [0, 1].

Definition 2.8. Fix a set 𝑋 . We define the following subsets of 𝑋 ×𝑋 → [0, 1]:

• Reflexive fuzzy relations:

𝑅 =
{︀
𝑑 : 𝑋 ×𝑋 → [0, 1] | 𝑑(𝑥, 𝑥) = 0, for all 𝑥 ∈ 𝑋

}︀
• Symmetric fuzzy relations:

𝑆 =
{︀
𝑑 : 𝑋 ×𝑋 → [0, 1] | 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥), for all 𝑥, 𝑦 ∈ 𝑋

}︀
• Fuzzy relations satisfying the triangular inequality:

𝑇 =
{︀
𝑑 : 𝑋 ×𝑋 → [0, 1] | 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦), for all 𝑥, 𝑦, 𝑧 ∈ 𝑋

}︀
• Fuzzy relations satisfying the identity of indiscernibles property:

𝐼 =
{︀
𝑑 : 𝑋 ×𝑋 → [0, 1] | if 𝑑(𝑥, 𝑦) = 0 then 𝑥 = 𝑦, for all 𝑥, 𝑦 ∈ 𝑋

}︀
Furthermore we denote with 𝑃 = 𝑅∩ 𝑆 ∩ 𝑇 and 𝑀 = 𝑃 ∩ 𝐼 the fuzzy relations that are pseudometrics
and metrics, respectively

Proposition 2.4. The sets 𝑅, 𝑆 and 𝑇 are complete join-sublattice of 𝑋 ×𝑋 → [0, 1], and therefore also
𝑃 = 𝑅 ∩ 𝑆 ∩ 𝑇 is a complete join-sublattice. Furthermore, the corresponding operators satisfy:

♢𝑆∩𝑅 = ♢𝑆 ∘ ♢𝑅 = ♢𝑅 ∘ ♢𝑆 ♢𝑃 = ♢𝑇 ∘ ♢𝑆∩𝑅.

Remark 2.9. Note that the least element of 𝑃 is the constant (𝑥, 𝑥′) ↦→ 0 pseudometric. Importantly,
this is not a metric in 𝑀 , because it does not satisfy the identity of indiscernibles. Indeed 𝐼 and 𝑀 are
not a complete join-sublattice because they lack a least element.

We denote with PMet the full subcategory of FRel whose objects (𝑋, 𝑑) are pseudometrics (i.e.,
𝑑 ∈ 𝑃 ). The restrictions of the forgetful functor 𝑈 : FRel → Set to PMet is also denoted by 𝑈 .

The assignment (𝑋, 𝑑) ↦→ (𝑋,♢𝑃𝑑), that maps a fuzzy relation to a pseudometric space, can be
turned into a functor.

Proposition 2.5 (Functor ♢𝑃 ). The following assignments define a functor ♢𝑃 : FRel → PMet:

• on objects (𝑋, 𝑑) of FRel, define ♢𝑃 (𝑋, 𝑑) = (𝑋,♢𝑃 (𝑑)),

• on morphisms 𝑓 : (𝑋, 𝑑) → (𝑌, 𝑒) of FRel, define ♢𝑃 (𝑓) = 𝑓 .

Proof. Fix 𝑓 : (𝑋, 𝑑) → (𝑌, 𝑒) nonexpansive. We need to prove that ♢𝑃 (𝑓) : (𝑋,♢𝑃 (𝑑)) → (𝑌,♢𝑃 (𝑒))
is also nonexpansive. Consider the fuzzy relation 𝑐 on 𝑋 defined as 𝑐(𝑥, 𝑥′) = ♢𝑃 (𝑒)(𝑓(𝑥), 𝑓(𝑥

′)).
Note that 𝑐 is a pseudometric, 𝑐 ≤ 𝑑 and 𝑓 : (𝑋, 𝑐) → (𝑌,♢𝑃 (𝑒)) is nonexpansive. Since 𝑐 ≤ 𝑑, we
have 𝑐 ≤ ♢𝑃𝑑. Therefore 𝑓 : (𝑋,♢𝑃 (𝑑)) → (𝑌,♢𝑃 (𝑒)) is nonexpansive.



Remark 2.10. It is well-known that ♢𝑃 is left adjoint to the inclusion functor PMet →˓ FRel.

An important property of pseudometrics is that they are closed under taking restrictions to subsets.

Proposition 2.6. Let (𝑋, 𝑑) be a fuzzy relation, and let 𝑌 ⊆ 𝑋 be nonempty. The restriction of 𝑑 to 𝑌 ,
denoted by 𝑑|𝑌 : 𝑌 2 → [0, 1], is defined as 𝑑|𝑌 (𝑦, 𝑦′) = 𝑑(𝑦, 𝑦′), for all 𝑦, 𝑦′ ∈ 𝑌 . If 𝑑 is a pseudometric
then 𝑑|𝑌 is a pseudometric.

2.5. Liftings of 𝐷 to FRel

In this section we introduce three well-known liftings methods for lifting a fuzzy relations on 𝑋 to
fuzzy relations on 𝐷(𝑋), in the standard sense of monad lifting, defined below.

Definition 2.11 (Functor lifting). A functor 𝐿 : FRel → FRel is a lifting of the functor 𝐷 : Set →
Set if 𝑈𝐿 = 𝐷𝑈 , where 𝑈 : FRel → Set is the forgetful functor.

Definition 2.12 (Monad lifting). A FRel monad (𝑀,𝜂𝑀 , 𝜇𝑀 ) lifts the Set monad (𝐷, 𝜂, 𝜇) if 𝑀 lifts
𝐷 as a functor (see Definition 2.11) and 𝑈(𝜂𝑀 ) = 𝜂 and 𝑈(𝜇𝑀 ) = 𝜇.

Equivalently, recalling that 𝑈(𝑋, 𝑑) = 𝑋 and 𝑈(𝑓) = 𝑓 , a functor 𝐿 : FRel → FRel lifts 𝐷 if its
action of morphisms is 𝐿(𝑓) = 𝐷(𝑓) and its action of objects is (𝑋, 𝑑) ↦→ (𝐷(𝑋), 𝐿(𝑑)) for some fuzzy
relation denoted by 𝐿(𝑑) : 𝐷(𝑋)×𝐷(𝑋) → [0, 1]. Furthermore, 𝐿 is a lifting of the monad (𝐷, 𝜂, 𝜇)
if, for every (𝑋, 𝑑) ∈ FRel, the components of the unit 𝜂 and the multiplication 𝜇 are nonexpansive
as maps:

𝜂𝑋 : (𝑋, 𝑑) →
(︀
𝐷(𝑋), 𝐿(𝑑)

)︀
𝜇𝑋 :

(︀
𝐷(𝐷(𝑋)), 𝐿(𝐿(𝑑))

)︀
→

(︀
𝐷(𝑋), 𝐿(𝑑)

)︀
𝑥 ↦→ 𝛿𝑥

∑︀
𝑖 𝑝𝑖(

∑︀
𝑗 𝑞𝑖𝑗𝑥𝑖𝑗) ↦→

∑︀
𝑖,𝑗(𝑝𝑖 · 𝑞𝑖𝑗)𝑥𝑖𝑗 .

Definition 2.13 (𝐿⊤). Let (𝑋, 𝑑) be a fuzzy relation. The fuzzy relation 𝐿⊤(𝑑) : 𝐷(𝑋)2 → [0, 1] is
defined as follows:

𝐿⊤(𝑑)(∆1,∆2) =

{︃
𝑑(𝑥, 𝑦) if ∆1 = 𝛿𝑥 and ∆2 = 𝛿𝑦

1 otherwise.

Definition 2.14 (𝐾inf ). Let (𝑋, 𝑑) be a fuzzy relation. The fuzzy relation 𝐾inf(𝑑) : 𝐷(𝑋)2 → [0, 1] is
defined as follows:

𝐾inf(𝑑)(∆1,∆2) = inf
𝛾∈Γ(Δ1,Δ2)

𝐸(𝑑, 𝛾).

Definition 2.15 ( 𝐾sup). Let (𝑋, 𝑑) be a fuzzy relation. The fuzzy relation 𝐾sup(𝑑) : 𝐷(𝑋)2 → [0, 1]
is defined as follows:

𝐾sup(𝑑)(∆1,∆2) = sup
𝑓 :(𝑋,𝑑)→([0,1],𝑑R)

nonexpansive

𝑑R
(︀
𝐸(𝑓,∆1), 𝐸(𝑓,∆2)

)︀
where 𝑑R is the Euclidean metric (and thus, fuzzy relation) on the reals defined as 𝑑R(𝑟, 𝑠) = |𝑟 − 𝑠|.

All three assignments give rise to functor and monad lifting of 𝐷.

Proposition 2.7. For 𝐿 ∈ {𝐿⊤,𝐾inf ,𝐾sup}, the assignments:

• (𝑋, 𝑑) ↦→ (𝐷(𝑋), 𝐿(𝑑)), on objects (𝑋, 𝑑) ∈ FRel,

• 𝑓 ↦→ 𝐷(𝑓), on morphisms 𝑓 : (𝑋, 𝑑) → (𝑋 ′, 𝑑′) ∈ FRel,

define a functor, also denoted by 𝐿 : FRel → FRel. This is a functor and monad lifting of (𝐷, 𝜂, 𝜇).



The lifting 𝐿⊤(𝑑) is the pushforward of 𝑑 along the unit 𝜂𝑋 : 𝑋 → 𝐷(𝑋) of the monad 𝐷, i.e., it is the
greatest fuzzy relation 𝑒 on 𝐷(𝑋) making the map 𝑥 ↦→ 𝛿𝑥 nonexpansive as a map (𝑋, 𝑑) → (𝐷(𝑋), 𝑒).
We state this as a proposition.
Proposition 2.8. Let (𝑋, 𝑑) be a fuzzy relation. For any fuzzy relation 𝑒 : 𝐷(𝑋)2 → [0, 1] on 𝐷(𝑋),
the following are equivalent:

1. 𝑒 ≤ 𝐿⊤(𝑑),

2. 𝑒 makes the unit 𝜂𝑋 : 𝑋 → 𝐷(𝑋) nonexpansive as a map 𝜂𝑋 : (𝑋, 𝑑) → (𝐷(𝑋), 𝑒).

In [2], the liftings 𝐾inf and 𝐾sup are referred to as Wasserstein lifting and Kantorovich lifting, respec-
tively. In what follows we will just refer to them using the 𝐾inf and 𝐾sup notation which, of course,
refers to the shape of their definitions.
Remark 2.16. Often the definition of 𝐾sup involves nonexpansive functions 𝑔 : (𝑋, 𝑑) → (R, 𝑑R).
This does not affect the value of the definition, because any such function 𝑔 necessarily has a diameter
of at most 1 and therefore can be shifted by a constant to have range in [0, 1] while preserving the
expected value, because 𝐸 is linear.
Remark 2.17. In the definition of 𝐾sup(∆1,∆2), for a fixed nonexpansive 𝑓 : (𝑋, 𝑑) → ([0, 1], 𝑑R),
the values of 𝐸(𝑓,∆1) and 𝐸(𝑓,∆2) are determined entirely by the values of 𝑓 on the finite subset
𝑌 = Supp(∆1) ∪ Supp(∆2) of 𝑋 . In other words, we have that 𝐸(𝑓,∆𝑖) = 𝐸(𝑓 |𝑌 ,∆𝑖) for the
nonexpansive restriction 𝑓 |𝑌 : (𝑌, 𝑑|𝑌×𝑌 ) → ([0, 1], 𝑑𝐸) of 𝑓 . However, note that in general:

𝐾sup(𝑑)(∆1,∆2) < sup
𝑔:(𝑌,𝑑|𝑌 ×𝑌 )→([0,1],𝑑𝐸)

nonexpansive

𝑑R
(︀
𝐸(𝑔,∆1), 𝐸(𝑔,∆2)

)︀
, 𝑌 = Supp(∆1) ∪ Supp(∆2)

(†)
This is because a nonexpansive 𝑔 : 𝑌 → [0, 1] does not admit, in general, a compatible nonexpansive
extension to the larger (𝑋, 𝑑). For example, consider the fuzzy relation 𝑑 on 𝑋 = {0, 1, ⋆} defined to be
reflexive, symmetric and with assignments 𝑑(0, 1) = 1, 𝑑(1, ⋆) = 0.1 and 𝑑(0, ⋆) = 0.1. Let 𝑌 = {0, 1}
and consider the function 𝑔 : 𝑌 → [0, 1] defined by 𝑔(0) = 0 and 𝑔(1) = 1. Then the function
𝑔 : (𝑌, 𝑑|𝑌×𝑌 ) → ([0, 1], 𝑑R) is nonexpansive, but it does not admit any nonexpansive extension of
type (𝑋, 𝑑) → ([0, 1], 𝑑R). It can be shown that if the fuzzy relation 𝑑 satisfies the triangular inequality
(which indeed is not the case of the previous example) then the extension is guaranteed to exist and the
inequality (†) becomes an equality.
Remark 2.18. For fixed ∆1,∆2, the value 𝐾inf(∆1,∆2) can clearly be formulated as the solution of
a Linear Programming problem and computed efficiently. Indeed the solution set 𝛾 ∈ Γ(∆1,∆2) is a
convex polytope and the objective 𝐸(𝑑, _) is linear. On the other hand, the value 𝐾sup(∆1,∆2) can
be directly formulated as the solution of a LP problem only if 𝑋 is finite or, in light of Remark 2.17, if
the fuzzy relation 𝑑 satisfies the triangular inequality. The problem of establisihing the complexity of
computing 𝐾sup(∆1,∆2), in full generality, is left for future work.

The following is the content of the (finite dimensional version of) Kantorovich-Rubinstein duality.
Theorem 2.9 (Kantorovich-Rubinstein Duality). If (𝑋, 𝑑) is a pseudometric then 𝐾inf(𝑑) = 𝐾sup(𝑑)
and both are pseudometrics i.e.:

𝑑 = ♢𝑃 (𝑑) ⇒ ♢𝑃𝐾inf(𝑑) = 𝐾inf(𝑑) = 𝐾sup(𝑑) = ♢𝑃𝐾sup(𝑑).

3. Convex Fuzzy Relations on 𝐷(𝑋)

Note that 𝐷(𝑋) ⊆ R𝑋 is a convex subset of R𝑋 . Similarly, 𝐷(𝑋)×𝐷(𝑋) ⊆ R𝑋 × R𝑋 is a convex
subspace of the vector space R𝑋 × R𝑋 with operations defined componentwise as:

𝑝⟨∆1,∆2⟩+ (1− 𝑝)⟨∆′
1,∆

′
2⟩ =

⟨︀
𝑝∆1 + (1− 𝑝)∆′

1 , 𝑝∆2 + (1− 𝑝)∆′
2

⟩︀
.

Therefore, the following definition is a special case of Definition 2.1, for 𝐶 = 𝐷(𝑋)×𝐷(𝑋).



Definition 3.1 (Convex Fuzzy Relation). A fuzzy relation 𝑐 : 𝐷(𝑋) × 𝐷(𝑋) → [0, 1] on 𝐷(𝑋) is
convex if, for all ∆1,∆

′
1,∆2,∆

′
2 ∈ 𝐷(𝑋) and 𝑝 ∈ (0, 1), it holds that:

𝑐
(︀
𝑝∆1 + (1− 𝑝)∆′

1 , 𝑝∆2 + (1− 𝑝)∆′
2

)︀
≤ 𝑝 · 𝑐(∆1,∆2) + (1− 𝑝) · 𝑐(∆′

1,∆
′
2).

or, using 𝑛-ary notation:

𝑐
(︀ 𝑛∑︁
𝑖=1

𝑝𝑖∆
𝑖
1,

𝑛∑︁
𝑖=1

𝑝𝑖∆
𝑖
2

)︀
≤

𝑛∑︁
𝑖=1

𝑝𝑖 · 𝑐(∆𝑖
1,∆

𝑖
2) with 0 ≤ 𝑝𝑖 ≤ 1 and

𝑛∑︁
𝑖=1

𝑝𝑖 = 1.

The definition of convex fuzzy relation is relevant in this work because both 𝐾inf(𝑑) and 𝐾sup(𝑑) are
convex. Furthermore, 𝐾sup(𝑑) is always a pseudometric for any fuzzy relation 𝑑. These facts can easily
be proved directly. They also follow from our stronger results (Theorem 4.1 for 𝐾inf and Theorem 4.7
for 𝐾sup) so we state the following Proposition without a proof.

Proposition 3.1. Let (𝑋, 𝑑) be an arbitrary fuzzy relation. Then:

1. 𝐾inf(𝑑) : 𝐷(𝑋)×𝐷(𝑋) → [0, 1] is a convex fuzzy relation,

2. 𝐾sup(𝑑) : 𝐷(𝑋)×𝐷(𝑋) → [0, 1] is a convex fuzzy relation and it is a pseudometric.

Recall, from Proposition 2.2, that the collection of convex fuzzy relations is a complete join-sublattice
of 𝐷(𝑋)×𝐷(𝑋) → [0, 1]. We denote with ♢𝐶 the corresponding operator:

♢𝐶(𝑒) =
⋁︁

{𝑐 ≤ 𝑒 | 𝑐 : 𝐷(𝑋)×𝐷(𝑋) → [0, 1] is convex} 𝑒 : 𝐷(𝑋)×𝐷(𝑋) → [0, 1]

and we refer to ♢𝐶(𝑒) as the convex envelope of 𝑒.
In general, the operation of pseudometrification does not preserve convexity and, in particular, it is

not true that 𝐾sup(𝑑) is the pseudometrification of 𝐾inf(𝑑). The following example witnesses this fact.

Example 3.2. Consider 𝑋 = {𝑎, 𝑏} with the fuzzy relation 𝑑 : 𝑋2 → [0, 1] assigning value 1 to all
four pairs. Let 𝑒 = 𝐾inf(𝑑) : 𝐷(𝑋) × 𝐷(𝑋) → [0, 1]. One calculates that 𝑒 is also constant to 1,
and therefore 𝑒 is convex. Furthermore, it is immediate to verify that ♢𝑃 (𝑒) is the discrete metric on
𝐷({𝑎, 𝑏}):

♢𝑃 (𝑒)(∆1,∆2) =

{︃
0 if ∆1 = ∆2

1 otherwise.

and this is not convex because the convexity inequality is violated for 𝑝 ∈ (0, 1):

♢𝑃 𝑒
(︁
𝑝𝛿𝑎 + (1− 𝑝)𝛿𝑎 , 𝑝𝛿𝑏 + (1− 𝑝)𝛿𝑎

)︁
= 1

≰

𝑝 · ♢𝑃 𝑒(𝛿𝑎, 𝛿𝑏) + (1− 𝑝) · ♢𝑃 𝑒(𝛿𝑎, 𝛿𝑎) = 𝑝.

From the previous example we derive the following important corollary, which states that (in general)
𝐾sup(𝑑) is not just the “pseudometrization” of ♢𝑃𝐾inf(𝑑).

Corollary 3.2. In general, ♢𝑃𝐾inf(𝑑) ̸= 𝐾sup(𝑑).

Proof. Let 𝑑 be defined as in the previous example, where it was calculated that

♢𝑃𝐾inf(𝑑)
(︁
𝑝𝛿𝑎 + (1− 𝑝)𝛿𝑎 , 𝑝𝛿𝑏 + (1− 𝑝)𝛿𝑎

)︀
= 1.

From the definition of 𝐾sup one calculates that:

𝐾sup(𝑑)
(︁
𝑝𝛿𝑎 + (1− 𝑝)𝛿𝑎 , 𝑝𝛿𝑏 + (1− 𝑝)𝛿𝑎

)︁
= 𝑝

and therefore ♢𝑃 (𝐾inf(𝑑)) ̸= 𝐾sup(𝑑).



4. Main Results

Our first result, relates the liftings 𝐿⊤ and 𝐾inf .

Theorem 4.1. Let (𝑋, 𝑑) be a fuzzy relation. Then 𝐾inf(𝑑) is the convex envelope of 𝐿⊤(𝑑), i.e.,

♢𝐶

(︀
𝐿⊤(𝑑)

)︀
= 𝐾inf(𝑑).

Equivalently, 𝐾inf(𝑑) is the greatest fuzzy relation 𝑒 : 𝐷(𝑋)2 → [0, 1] on 𝐷(𝑋) such that:

1. 𝑒 makes the unit 𝜂𝑋 nonexpansive as a map 𝜂𝑋 : (𝑋, 𝑑) → (𝐷(𝑋), 𝑒), and

2. 𝑒 is convex.

Proof. By definition, ♢𝐶

(︀
𝐿⊤(𝑑)

)︀
is the greatest convex fuzzy relation 𝑒 : 𝐷(𝑋) × 𝐷(𝑋) → [0, 1]

below 𝐿⊤(𝑑). We can then use Proposition 2.3 to express ♢𝐶

(︀
𝐿⊤(𝑑)

)︀
as:

♢𝐶

(︀
𝐿⊤(𝑑)

)︀(︀
∆1,∆2

)︀
= inf

{︀∑︁
𝑝𝑖 · 𝐿⊤(𝑑)(∆

𝑖
1,∆

𝑖
2) | ⟨∆1,∆2⟩ =

∑︁
𝑝𝑖 · ⟨∆𝑖

1,∆
𝑖
2⟩
}︀
.

By definition, 𝐿⊤(𝑑)(∆
𝑖
1,∆

𝑖
2) = 𝑑(𝑥, 𝑦) if ∆𝑖

1 = 𝛿𝑥𝑖 and ∆𝑖
2 = 𝛿𝑦𝑖 , for 𝑥𝑖, 𝑦𝑖 ∈ 𝑋 , and takes value 1

otherwise. Hence, since every ⟨∆1,∆2⟩ can be decomposed as a convex combination of pairs of Diracs,
and since we are taking an infimum, we can simplify the right-hand-side as follows:

♢𝐶

(︀
𝐿⊤(𝑑)

)︀(︀
∆1,∆2

)︀
= inf

{︀∑︁
𝑝𝑖 · 𝑑(𝑥, 𝑦) | ⟨∆1,∆2⟩ =

∑︁
𝑝𝑖 · ⟨𝛿𝑥𝑖 , 𝛿𝑦𝑖⟩

}︀
.

By definition, the collection of decompositions
∑︀

𝑝𝑖 · ⟨𝛿𝑥𝑖 , 𝛿𝑦𝑖⟩ = ⟨∆1,∆2⟩ coincides with Γ(∆1,∆2),
the collection of couplings of ∆1,∆2. Therefore we have:

♢𝐶

(︀
𝐿⊤(𝑑)

)︀(︀
∆1,∆2

)︀
= inf

𝛾∈Γ(Δ1,Δ2)

{︀∑︁
𝑝𝑖 · 𝑑(𝑥, 𝑦) | 𝛾 =

∑︁
𝑝𝑖 · ⟨𝛿𝑥𝑖 , 𝛿𝑦𝑖⟩

}︀
.

Lastly, for 𝛾 =
∑︀

𝑝𝑖 · ⟨𝛿𝑥𝑖 , 𝛿𝑦𝑖⟩, the expression
∑︀

𝑝𝑖 · 𝑑(𝑥, 𝑦) is the definition of 𝐸(𝑑, 𝛾). We conclude,
by Definition 2.14, that:

♢𝐶

(︀
𝐿⊤(𝑑)

)︀(︀
∆1,∆2

)︀
= inf

𝛾∈Γ(Δ1,Δ2)
𝐸(𝑑, 𝛾) = 𝐾inf(𝑑)

(︀
∆1,∆2

)︀
.

We now proceed with a series of useful lemmas required in the proof of our next Theorem, relating
𝐾inf and 𝐾sup.

Proposition 4.2. Let 𝑒, 𝑓 : 𝐷(𝑋) × 𝐷(𝑋) → [0, 1] be fuzzy relations. Suppose 𝑒 is convex and 𝑓 is
reflexive on Dirac distributions (i.e., 𝑓(𝛿𝑥, 𝛿𝑥) = 0 for all 𝑥 ∈ 𝑋). If 𝑒 ≤ 𝑓 , then 𝑒 ≤ ♢𝑅(𝑓).

Proof. First, observe that the operator ♢𝑅 admits the following explicit definition:

(♢𝑅𝑔)(∆1,∆2) =

{︃
0 if ∆1 = ∆2

𝑔(∆1,∆2) otherwise.

Now, fix arbitrary ∆1,∆2 ∈ 𝐷(𝑋). We distinguish two cases:
(Case: ∆1 = ∆2 = ∆). Since 𝑒 is convex, for any representation ∆ =

∑︀
𝑖 𝑝𝑖𝛿𝑥𝑖 , we have:

𝑒(∆,∆) ≤
∑︁
𝑖

𝑝𝑖𝑒(𝛿𝑥𝑖 , 𝛿𝑥𝑖).

From the assumptions, 𝑒 ≤ 𝑓 and 𝑓(𝛿𝑥𝑖 , 𝛿𝑥𝑖) = 0, we deduce that 𝑒(∆,∆) = 0. By definition,
(♢𝑅𝑓)(∆,∆) = 0. Thus, 𝑒(∆,∆) ≤ (♢𝑅𝑓)(∆,∆).

(Case: ∆1 ̸= ∆2). By the hypothesis 𝑒(∆1,∆2) ≤ 𝑓(∆1,∆2) and, since ∆1 ̸= ∆2, we have that
(♢𝑅𝑓)(∆1,∆2) = 𝑓(∆1,∆2). Therefore, 𝑓(∆1,∆2) ≤ (♢𝑅𝑓)(∆1,∆2).



Corollary 4.3. Let 𝑑 : 𝑋 ×𝑋 → [0, 1] be a fuzzy relation. If 𝑑 is reflextive (i.e., 𝑑 = ♢𝑅𝑑), then the
following holds:

♢𝐶𝐿⊤(𝑑) = ♢𝐶♢𝑅𝐿⊤(𝑑).

Proof. By definition of 𝐿⊤ and assumption on 𝑑 we have 𝐿⊤(𝑑)(𝛿𝑥, 𝛿𝑥) = 𝑑(𝑥, 𝑥) = 0. Hence, by the
previous Proposition, ♢𝐶𝐿⊤(𝑑) which is the greatest convex fuzzy relation bounded above by 𝐿⊤(𝑑) is
also the greatest convex fuzzy relation bounded above by ♢𝑅𝐿⊤(𝑑).

Lemma 4.4. Let (𝑋, 𝑑) be a fuzzy relation. Then:

♢𝑃 (𝐿⊤(𝑑)) = ♢𝑅𝐿⊤(♢𝑃 (𝑑)).

Proof. First, consider
(︀
𝐷(𝑋), 𝐿⊤(♢𝑃 (𝑑))

)︀
. By definition of 𝐿⊤, it is a copy of ♢𝑃 (𝑑) on Diracs and

defined as 1 on all other pairs, i.e.,

𝐿⊤(♢𝑃 (𝑑))(∆1,∆2) =

⎧⎪⎨⎪⎩
♢𝑃 (𝑑)(𝑥, 𝑦) if ∆1 = 𝛿𝑥 and ∆2 = 𝛿𝑦

0 if ∆1 = ∆2 = 𝛿𝑥, a special case of the above, since ♢𝑃 (𝑑) is reflexive
1 otherwise.

Hence it is symmetric and satisfies the triangle inequality. Note that 𝐿⊤(♢𝑃 (𝑑)) is not a pseudometric
because reflexivity fails on non-Dirac pairs. We then calculate that:

♢𝑅𝐿⊤(♢𝑃 (𝑑))(∆1,∆2) =

⎧⎪⎨⎪⎩
♢𝑃 (𝑑)(𝑥, 𝑦) if ∆1 = 𝛿𝑥 and ∆2 = 𝛿𝑦

0 if ∆1 = ∆2

1 otherwise.

is a pseudometric and, furthermore, it is the greatest pseudometric below 𝐿⊤(♢𝑃 (𝑑)) and it is a copy
of ♢𝑃 (𝑑) on Diracs.

Now consider ♢𝑃 (𝐿⊤(𝑑)) which is the greatest pseudometric below 𝐿⊤(𝑑). This means, in particular,
that it is greater than ♢𝑅𝐿⊤(♢𝑃 (𝑑)), because the latter is a pseudometric and it is below 𝐿⊤(♢𝑃 (𝑑)),
and 𝐿⊤(♢𝑃 (𝑑)) ≤ 𝐿⊤(𝑑). Therefore ♢𝑃 (𝐿⊤(𝑑)) has the following shape:

♢𝑃 (𝐿⊤(𝑑))(∆1,∆2) =

⎧⎪⎨⎪⎩
𝑟𝑥,𝑦 if ∆1 = 𝛿𝑥 and ∆2 = 𝛿𝑦

0 if ∆1 = ∆2

1 otherwise.

for some values, for 𝑥, 𝑦 ∈ 𝑋 , in between the following bounds:

𝐿⊤(𝑑)(𝛿𝑥, 𝛿𝑦) ≥ 𝑟𝑥,𝑦 ≥ ♢𝑃 (𝑑)(𝑥, 𝑦).

Now consider the subset {𝛿𝑥 | 𝑥 ∈ 𝑋} of 𝐷(𝑋) consisting of Diracs, which is in one-to-one corre-
spondence (𝛿𝑥 ↔ 𝑥) with 𝑋 . By Proposition 2.6, the restriction of ♢𝑃 (𝐿⊤(𝑑)) to {𝛿𝑥 | 𝑥 ∈ 𝑋} is
also a pseudometric space. Therefore, the values 𝑟𝑥,𝑦 give a fuzzy relation 𝑟 : 𝑋2 → [0, 1] defined as
𝑟(𝑥, 𝑦) = 𝑟𝑥,𝑦 such that:

1. 𝑟 is a pseudometric on 𝑋 ,

2. 𝑟 ≤ 𝑑, because 𝑟(𝑥, 𝑦) = 𝑟𝑥,𝑦 ≤ 𝐿⊤(𝑑)(𝛿𝑥, 𝛿𝑦) = 𝑑(𝑥, 𝑦),

3. 𝑟 ≥ ♢𝑃 (𝑑)

Since ♢𝑃 (𝑑) is the greatest such pseudometric below 𝑑, we deduce that 𝑟 = ♢𝑃 (𝑑).
This implies that ♢𝑃 (𝐿⊤(𝑑)) = ♢𝑅𝐿⊤(♢𝑃 (𝑑)) holds.

Recall, from Subsection 2.1, that ♢𝑃∩𝐶(𝑑) denotes the largest fuzzy relation that is both convex and
pseudometric bounded above by 𝑑.



Lemma 4.5. Let (𝑋, 𝑑) be a fuzzy relation. Then the following equalities hold:

𝐾inf(♢𝑃 (𝑑)) = ♢𝐶♢𝑃𝐿⊤(𝑑) = ♢𝑃∩𝐶𝐿⊤(𝑑) = ♢𝑃∩𝐶𝐾inf(𝑑).

Proof. The first equality is derived as follows:

𝐾inf(♢𝑃 (𝑑)) = ♢𝐶𝐿⊤(♢𝑃 (𝑑)) ( Theorem 4.1)
= ♢𝐶♢𝑅𝐿⊤(♢𝑃 (𝑑)) (Corollary 4.3)
= ♢𝐶♢𝑃𝐿⊤(𝑑) (Lemma 4.4 )

For the second inequality, by Theorem 2.9, we know that 𝐾inf(♢𝑃 (𝑑)) is a pseudometric. Therefore:

♢𝐶♢𝑃𝐿⊤(𝑑) = ♢𝑃♢𝐶♢𝑃𝐿⊤(𝑑) (Pseudometric)
= ♢𝑃∩𝐶♢𝑃𝐿⊤(𝑑) (Proposition 2.1(2) )
= ♢𝑃∩𝐶𝐿⊤(𝑑) (Proposition 2.1(4) )

For the third inequality,

♢𝑃∩𝐶𝐿⊤(𝑑) = ♢𝑃∩𝐶♢𝐶𝐿⊤(𝑑) (Proposition 2.1(4))
= ♢𝑃∩𝐶𝐾inf(𝑑) (Theorem 4.1.)

Lemma 4.6. Let (𝑋, 𝑑) be a fuzzy relation. Then 𝐾sup(𝑑) = 𝐾sup(♢𝑃 (𝑑)).

Proof. Recall, from Definition 2.15, that 𝐾sup(𝑑) is defined by means of a supremum over:

HomFRel

(︁
(𝑋, 𝑑), ([0, 1], 𝑑R)

)︁
= {𝑓 | 𝑓 is nonexp. as a map 𝑓 : (𝑋, 𝑑) → ([0, 1], 𝑑R)}

and, similarly, 𝐾sup(♢𝑃 (𝑑)) is defined by a supremum over:

HomFRel

(︁
(𝑋,♢𝑃 (𝑑)), ([0, 1], 𝑑R)

)︁
= {𝑓 | 𝑓 is nonexp. as a map 𝑓 : (𝑋,♢𝑃 (𝑑)) → ([0, 1], 𝑑R)}.

It then suffices to show that the two sets are the same. Since ♢𝑃 : FRel → PMet is left adjoint to
𝑈 : PMet → FRel (see Remark 2.10) and 𝑑R is a pseudometric, the hom-sets coincide.

We derive, as a direct corollary of the previous lemmas, the following result.

Theorem 4.7. Let (𝑋, 𝑑) be a fuzzy relation. Then 𝐾sup(𝑑) is the largest fuzzy relation on 𝐷(𝑋) that is
both a convex and a pseudometric and that it makes the unit 𝜂𝑋 : 𝑋 → 𝐷(𝑋) nonexpansive.

𝐾sup(𝑑) = ♢𝑃∩𝐶𝐿⊤(𝑑).

Equivalently, 𝐾sup(𝑑) is the greatest fuzzy relation 𝑒 : 𝐷(𝑋)2 → [0, 1] on 𝐷(𝑋) such that:

1. 𝑒 makes the unit 𝜂𝑋 nonexpansive as a map 𝜂𝑋 : (𝑋, 𝑑) → (𝐷(𝑋), 𝑒), and

2. 𝑒 is both convex and a pseudometric.

Furthermore, 𝐾sup(𝑑) can also be described as the greatest fuzzy relation 𝑒 : 𝐷(𝑋)2 → [0, 1] on 𝐷(𝑋)
such that:

1. 𝑒 is bounded above by 𝐾inf(𝑑) and 𝑒 is both convex and a pseudometric.

Proof. By the following chain of equalities:

𝐾sup(𝑑) = 𝐾sup(♢𝑃 (𝑑)) (by Lemma 4.6)
= 𝐾inf(♢𝑃 (𝑑)) (by Theorem 2.9)
= ♢𝑃∩𝐶𝐿⊤(𝑑) (by Lemma 4.5).

This equality means exactly that 𝐾sup(𝑑) satisfies the first characterization. For the second, we know
from Lemma 4.5 that ♢𝑃∩𝐶𝐿⊤(𝑑) = ♢𝑃∩𝐶𝐾inf(𝑑). Hence 𝐾sup(𝑑) = ♢𝑃∩𝐶𝐾inf(𝑑) and this corre-
sponds to the second characterization.



5. Comparison with Results in Quantitative Algebra

Quantitative algebra is a line of work (see, e.g., [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29,
30, 31, 32, 33, 34, 35, 36]) originated from the seminal paper [7], that studies algebraic structures (like
monoids, groups, etc) that are also metric spaces or, more generally, fuzzy relations. In the contex of
the recent [8], a quantitative convex algebra is a structure (𝑋, 𝑑, {+𝑝}𝑝∈(0,1)) such that: (𝑋, 𝑑) is a
fuzzy relation and (𝑋, {+𝑝}𝑝∈(0,1)) is a convex algebra (see, e.g., [39, 40, 41] for references), i.e., a set
𝑋 equipped with binary operations +𝑝 : 𝑋

2 → 𝑋 , one for each 𝑝 ∈ (0, 1), satisfying:

Idempotency: 𝑥+𝑝 𝑥 = 𝑥 ∀𝑥 ∈ 𝑋, ∀𝑝 ∈ (0, 1),
Skew commutativity: 𝑥+𝑝 𝑦 = 𝑦 +1−𝑝 𝑥 ∀𝑥, 𝑦 ∈ 𝑋,∀𝑝 ∈ (0, 1),
Skew associativity: (𝑥+𝑝 𝑦) +𝑞 𝑧 = 𝑥+𝑝𝑞 (𝑦 + (1−𝑝)𝑞

1−𝑝𝑞

𝑧) ∀𝑥, 𝑦, 𝑧 ∈ 𝑋, ∀𝑝, 𝑞 ∈ (0, 1).

Homomorphisms of quantitative convex algebras are homomorphisms (i.e., preserving all +𝑝 operations)
that are also nonexpansive. Denote with QCA the category of quantitative convex algebras and their
homomorphisms. We have a forgetful functor 𝑈 : QCA → FRel that forgets the +𝑝 operations.

Example 5.1. The set 𝐷(𝑋) of finitely supported probability distributions on some set 𝑋 is a convex
algebra with operations defined as ∆1 +𝑝 ∆2 = 𝑝∆1 + (1 − 𝑝)∆2. Hence, for any fuzzy relation
𝑒 : 𝐷(𝑋)×𝐷(𝑋) → [0, 1], we have that (𝐷(𝑋), 𝑒, {+𝑝}𝑝∈(0,1)) is a quantitative convex algebra.

In [8], a quantitative convex algebra (𝑋, 𝑑, {+𝑝}𝑝∈(0,1)) is said to satisfy the interpolative barycentric
axioms (ICA) if, for all 𝑝, 𝑞 ∈ (0, 1) and 𝜖, 𝛿 ∈ [0, 1], it satisfies the implication:

∀𝑥, 𝑥′, 𝑦, 𝑦′.
(︁
𝑑(𝑥, 𝑦) ≤ 𝜖 ∧ 𝑑(𝑥′, 𝑦′) ≤ 𝛿

)︁
⇒ 𝑑(𝑥+𝑝 𝑥

′, 𝑦 +𝑝 𝑦
′) ≤ 𝑝 · 𝜖+ (1− 𝑝) · 𝛿.

Remark 5.2. We note that for the quantitative algebras of Example 5.1, satisfying the ICA axioms3 is
equivalent to 𝑒 : 𝐷(𝑋)×𝐷(𝑋) → [0, 1] being convex in the sense of Definition 3.1 (see, e.g., Theorem
4.2 of [38]). To the best of our knowledge, this observation, while straightforward has never been made
in the literature. It actually constituted the starting point of this work.

Denote with QCAICA the full subcategory of QCA consisting of quantitative convex algebras
satisfying ICA. The restriction of 𝑈 ot QCAICA is also denoted by 𝑈 : QCAICA → FRel. The
following is a result from [8] and it generalizes previous results from [7].

Theorem 5.1 (from [8]). The functor 𝑈 : QCAICA → FRel has a left adjoint 𝐹 : FRel → QCAICA

and the monad induced by 𝐹 ⊣ 𝑈 is the 𝐾inf : FRel → FRel monad (see Definition 2.3). This implies
that 𝐹 (𝑋, 𝑑) = (𝐷(𝑋),𝐾inf(𝑑), {+𝑝}𝑝∈(0,1)).

The fact that (𝐷(𝑋),𝐾inf(𝑑), {+𝑝}) is a free object can be seen as a maximality principle and
indeed one can derive our Theorem 4.1 from this. Indeed, let 𝑒 : 𝐷(𝑋)2 → [0, 1] be any convex fuzzy
relation making the unit 𝜂𝑋 : (𝑋, 𝑑) → (𝐷(𝑋), 𝑒) nonexpansive. This implies that the identity map
id : 𝐷(𝑋) → 𝐷(𝑋) is a convex algebra homomorphism between QCAICA objects:

id : (𝐷(𝑋),𝐾inf(𝑑), {+𝑝}𝑝∈(0,1)) → (𝐷(𝑋), 𝑒, {+𝑝}𝑝∈(0,1))

and this means, in particular, that id is nonexpansive. This implies that 𝐾inf(𝑑) ≥ 𝑒. In fact, our
Theorem 4.1, which we proved in a few lines using standard facts from the theory of convex functions,
can be used to give a very short proof of Theorem 5.1 (from [8]). Our other main result, Theorem 4.7, is
instead novel, to the best of our knowledge.

Declaration on Generative AI

The author(s) have not employed any Generative AI tools.
3The quantified 𝑥, 𝑥′, 𝑦, 𝑦′ variables in the ICA implication range over the carrier, which in this case is 𝐷(𝑋), and thus over
Δ1,Δ

′
1,Δ2,Δ

′
2 ∈ 𝐷(𝑋).
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