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Abstract
We present an explicit embedding of measure-once quantum finite automata (MO-QFAs) into the Feynman
quantum computer model. Given an MO-QFA, we construct the corresponding Feynman machine whose register
encodes both the input word and the automaton state, while a cursor evolving under a Hamiltonian implements
the sequential application of the automaton transition operators. The construction relies on nested SWITCH
mechanisms that select transitions according to the input symbols.

We prove that, for every MO-QFA and every input word, measuring the cursor in its final position yields
exactly the quantum state reached by the automaton after processing the same input. Consequently, acceptance
probabilities are preserved exactly, and every language recognized by an MO-QFA with cutpoint can be recognized
within the Feynman framework with the same acceptance behavior.

This establishes an explicit connection between discrete-time quantum computation and continuous-time,
physically motivated Hamiltonian models.
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1. Introduction

Quantum computation can be studied from both theoretical computer science and physics perspectives.
In the former, computation is typically described through discrete-time models, including quantum
circuits, quantum Turing machines, and quantum finite automata (see, e.g., [1, 2, 3, 4, 5]), which
provide abstract frameworks for the specification and analysis of quantum computations. In the
latter, computation is viewed as the continuous-time evolution of a quantum system governed by the
Schrödinger equation and is naturally described through Hamiltonian models [6, 7, 8, 9]. Establishing
precise connections between these two perspectives is an important goal in quantum computing, as it
clarifies how abstract computational processes can be realized within physically motivated dynamics.

Among Hamiltonian models, the quantum computer proposed by Feynman [8] occupies a distin-
guished position. In this model, computation emerges from the interaction between a quantum register
and a cursor evolving under a time-independent Hamiltonian. The propagation of the cursor controls the
sequential application of computational steps, yielding a natural description in terms of continuous-time
quantum walks. This separation between the computational register and the cursor makes the model
particularly well suited for embedding computational processes whose evolution is already specified as
a sequence of elementary unitary transformations, as is the case for MO-QFAs.
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Variants of this construction have played a central role in several foundational results in quantum
complexity theory, including Hamiltonian formulations of quantum computation and the study of the
Local Hamiltonian problem [9, 10]. More generally, the Feynman model provides a natural connection
between computation and physical evolution, since the computational process is encoded into the
dynamics of the system.

Among discrete-time models, quantum finite automata (QFAs) provide a resource-constrained model
of quantum computation. Introduced as quantum counterparts of classical finite automata, QFAs
describe finite-state quantum devices and have been extensively studied from algorithmic, algebraic,
and language-theoretic viewpoints. Of the various models, measure-once quantum finite automata
(MO-QFAs) [11, 12, 13, 14, 15] are among the simplest and most thoroughly investigated. An MO-QFA
processes an input word through a sequence of unitary transformations determined by the input symbols
and performs a single projective measurement at the end of the computation. Despite their restricted
computational resources, MO-QFAs exhibit several interesting properties, including exponential state-
complexity advantages for specific language-recognition tasks and deep connections with algebraic and
spectral methods [3, 16].

While the two models share important conceptual similarities, previous applications of the Feynman
construction have mainly focused on universal quantum computation and complexity-theoretic encod-
ings, whereas here we establish an exact structural embedding of a finite-state quantum computational
model. Establishing a precise correspondence between these settings contributes to a better under-
standing of the relationship between discrete-time and continuous-time quantum computation, while
also showing how finite-state quantum dynamics can be naturally represented within the Feynman
framework. Furthermore, recent experimental advances in quantum walks and photonic quantum
information processing [17, 18, 19, 20, 21, 22, 23] make such connections increasingly relevant from an
experimental perspective.

In this paper, we establish an explicit embedding of MO-QFAs into the Feynman quantum computer.
Given an MO-QFA, we construct a corresponding Feynman machine whose register encodes both the
input word and the internal state of the automaton, while the cursor dynamics implements the ordered
application of the automaton transition operators through Hamiltonian evolution. A key ingredient of
the construction is a hierarchy of nested SWITCH mechanisms that enables the cursor to select the
appropriate transition according to the currently processed input symbol.

Our main result is an explicit embedding theorem showing that the resulting Hamiltonian evolution
exactly simulates the computation of the embedded MO-QFA. More precisely, we prove that, for
every MO-QFA and every input word, measuring the cursor in its final position yields a register state
identical to the quantum state reached by the automaton after processing the same input. Consequently,
acceptance probabilities are preserved exactly, and every language recognized by an MO-QFA with
cutpoint can be recognized within the Feynman framework with the same acceptance behavior.

This embedding establishes a precise correspondence between discrete-time quantum computation
and continuous-time Hamiltonian computation. Beyond clarifying the relationship between discrete-
time and continuous-time models, it provides a concrete realization of MO-QFA computations within a
physically motivated framework and further highlights the versatility of the Feynman model.

2. Measure-once quantum finite automata

We briefly review the model of a measure-once quantum finite automaton (MO-QFA), fixing the notation
and conventions used throughout the paper. Comprehensive presentations and analyses of this and
other relevant QFA models can be found, for instance, in [5, 24, 25, 26].

We assume familiarity with basic notions of formal language theory (see, e.g., [27]). Let Σ be a finite
alphabet. The set of all finite words over Σ is denoted by Σ*. For a word 𝑤 ∈ Σ*, we denote by |𝑤| its
length and by |𝑤|𝑎 the number of occurrences of the symbol 𝑎 ∈ Σ in 𝑤. For every 𝑘 ≥ 0, we denote
by Σ𝑘 the set of all words of length 𝑘. In particular, Σ0 = {𝜀}, where 𝜀 denotes the empty word. We
also define Σ≤𝑘 =

⋃︀𝑘
𝑗=0Σ

𝑗 . A language over Σ is any subset 𝐿 ⊆ Σ*.



Let 𝑄 be a finite set of internal states, and let ℋ𝑄 = span{|𝑞⟩ : 𝑞 ∈ 𝑄} be the associated complex
Hilbert space with orthonormal basis indexed by the elements of 𝑄. A measure-once quantum finite
automaton (MO-QFA) [11, 12, 13, 14, 15] is a tuple

𝒜 = (𝑄,Σ, {𝑀𝑎}𝑎∈Σ, 𝑞0, 𝑄𝐹 ),

where Σ is a finite input alphabet, 𝑞0 ∈ 𝑄 is the initial state, 𝑄𝐹 ⊆ 𝑄 is the set of accepting states, and,
for each 𝑎 ∈ Σ, 𝑀𝑎 : ℋ𝑄 → ℋ𝑄 is the corresponding unitary operator. At any time, the state of the
automaton is a unit vector

|𝜓⟩ =
∑︁
𝑞∈𝑄

𝛼𝑞 |𝑞⟩ , ‖ |𝜓⟩ ‖2 =
∑︁
𝑞∈𝑄

|𝛼𝑞|2 = 1.

Given an input word 𝑤 = 𝑎1𝑎2 · · · 𝑎𝑚 ∈ Σ*, the automaton evolves by sequentially applying the
unitary operators associated with the symbols of the input:

|𝜓𝑤⟩ =𝑀𝑎𝑚 · · ·𝑀𝑎1 |𝑞0⟩ .

A single projective measurement is performed at the end of the computation. Let

Π𝐹 =
∑︁
𝑞∈𝑄𝐹

|𝑞⟩⟨𝑞|

denote the projector onto the accepting subspace. The probability that 𝒜 accepts the input word 𝑤 is

𝑃𝒜
accept(𝑤) = ⟨𝜓𝑤|Π𝐹 |𝜓𝑤⟩ = ‖Π𝐹 |𝜓𝑤⟩ ‖2.

It is worth remarking that the computation of a MO-QFA consists of a discrete sequence of unitary
transformations followed by a single final measurement. In Section 4, we will construct a Feynman
quantum computer whose continuous-time Hamiltonian evolution reproduces exactly this discrete
dynamics.

Computational capabilities. Classical and quantum finite automata are primarily studied through
their language-recognition capabilities. In particular, deterministic finite automata recognize exactly
the class of regular languages [27].

For probabilistic and quantum models, language recognition is often defined with respect to a cutpoint.
A language 𝐿 ⊆ Σ* is recognized by an MO-QFA or a probabilistic finite automaton (PFA) [28, 29]1

with cutpoint 𝜆 ∈ [0, 1] if

𝑤 ∈ 𝐿⇒ 𝑃accept(𝑤) ≥ 𝜆, 𝑤 /∈ 𝐿⇒ 𝑃accept(𝑤) < 𝜆.

The cutpoint is said to be isolated if there exists 𝜖 > 0 such that

|𝑃accept(𝑤)− 𝜆| ≥ 𝜖 for all 𝑤 ∈ Σ*,

and non-isolated otherwise. It is well known that PFAs and MO-QFAs with non-isolated cutpoint
recognize exactly the same class of languages, namely the class of stochastic languages [11, 12, 28, 29, 30],
which strictly contains the regular languages. With isolated cutpoint, however, PFAs recognize exactly
the regular languages, whereas MO-QFAs recognize precisely the class of group languages, a strict
subclass of the regular languages [12, 13, 14, 15].

Despite their restricted computational resources, MO-QFAs can exhibit significant advantages in
state complexity. In particular, several language families admit MO-QFA representations that are
exponentially more succinct than their classical counterparts [30, 31, 32, 33, 34, 35]. This combination of
mathematical simplicity and state efficiency makes MO-QFAs an attractive model both from a theoretical
and from an implementation-oriented perspective [20, 21, 23, 36].
1Informally, a PFA can be viewed as an MO-QFA in which unitary operators are replaced by stochastic transformations.



3. The Feynman quantum computer

3.1. Architecture

The Feynman quantum computer [8] consists of two interacting subsystems, namely the register and
the cursor, whose joint evolution drives the computation. Each subsystem is composed of a sufficiently
large collection of two-level systems, modeled here as spin-12 particles, with operator algebra generated
by the Pauli matrices 𝜎𝑥, 𝜎𝑦 , and 𝜎𝑧 . The two components play distinct roles:

1. The register is the computational subsystem and consists of 𝑁𝑟 spins, with associated Hilbert
space ℋ𝑟 . It is initialized in the state |𝜂(0)⟩𝑟 , which encodes the input together with any ancillary
information required by the computation.

2. The cursor controls the flow of the computation and consists of 𝑁𝑐 spins, with associated Hilbert
space ℋ𝑐. It is initialized in the state

|𝜑(0)⟩𝑐 = |↑ ↓ · · · ↓⏟  ⏞  
𝑁𝑐−1

⟩ , (3.1)

where |↑⟩ and |↓⟩ denote the eigenstates of 𝜎𝑧 with eigenvalues +1 and −1, respectively.

The Hilbert space of the Feynman machine and its initial state are

ℋ = ℋ𝑟 ⊗ℋ𝑐, |𝜓(0)⟩ = |𝜂(0)⟩𝑟 ⊗ |𝜑(0)⟩𝑐 .

3.2. Linear dynamics

Consider a quantum computation on the register specified by a sequence of unitary transformations

𝐴𝐾𝐴𝐾−1 · · ·𝐴1.

The ordered application of the operators 𝐴𝑗 is implemented by introducing a cursor of 𝑁𝑐 = 𝐾 + 1
sites, initially prepared as in (3.1), and by defining the Feynman Hamiltonian

𝐻 =
𝐾∑︁
𝑗=1

(︁
𝐴𝑗 ⊗ 𝜎+𝑗 𝜎

−
𝑗−1 +𝐴†

𝑗 ⊗ 𝜎+𝑗−1𝜎
−
𝑗

)︁
, (3.2)

where 𝜎±𝑗 = (𝜎𝑥𝑗 ± 𝑖𝜎𝑦𝑗 )/2 are the raising and lowering operators acting on the 𝑗-th cursor spin. Each
interaction term 𝜎+𝑗 𝜎

−
𝑗−1+𝜎

+
𝑗−1𝜎

−
𝑗 in (3.2) acts nontrivially only in the presence of a spin-up excitation

at either the (𝑗 − 1)-th or the 𝑗-th cursor site, transferring the excitation between neighboring sites.
When the excitation moves from site 𝑗 − 1 to site 𝑗, the operator 𝐴𝑗 is applied to the register; the
reverse transition applies 𝐴†

𝑗 . Since the cursor is initialized as in (3.1), with a single excitation localized
at the first site, its dynamics remains confined to the one-excitation sector

ℋ|𝑁𝑧=1 = span{|𝑗⟩𝑐}
𝐾
𝑗=0,

where

𝑁𝑧 = I𝑟 ⊗
𝐾∑︁
𝑗=0

1 + 𝜎𝑧𝑗
2

.

Here |𝑗⟩𝑐 denotes the cursor state with a single excitation at site 𝑗. Consequently, the Hamiltonian (3.2)
can be written equivalently as

𝐻 =

𝐾∑︁
𝑗=1

(︁
𝐴𝑗 ⊗ |𝑗⟩⟨𝑗 − 1|+𝐴†

𝑗 ⊗ |𝑗 − 1⟩⟨𝑗|
)︁
. (3.3)



Decomposing (3.3) as 𝐻 = 𝐻𝐹 +𝐻𝐵 , where

𝐻𝐹 =
𝐾∑︁
𝑗=1

𝐴𝑗 ⊗ |𝑗⟩ ⟨𝑗 − 1| (forward Hamiltonian)

𝐻𝐵 =

𝐾∑︁
𝑗=1

𝐴†
𝑗 ⊗ |𝑗 − 1⟩ ⟨𝑗| (backward Hamiltonian),

and following Peres’ cursor-based formulation of Hamiltonian computation [37], the repeated action
of 𝐻𝐹 generates the sequence of logical successors of the initial state |𝜓(0)⟩, illustrated in Fig. 1.

0 1 2
𝐴1 𝐴2

𝐾 − 1 𝐾
𝐴𝐾

𝐻0
𝐹 𝐻1

𝐹 𝐻2
𝐹 𝐻𝐾−1

𝐹 𝐻𝐾
𝐹

Figure 1: The linear Feynman machine. Cursor sites form a one-dimensional chain, and the operators 𝐴𝑗

acting on the register are associated with transitions between neighboring sites. The propagation of the cursor
generates the sequence of logical successors |𝜑𝑘⟩.

More precisely, the states

|𝜑𝑗⟩ = 𝐻𝑗
𝐹 |𝜓(0)⟩ =

(︁∏︀𝑗
𝑚=1𝐴𝑚

)︁
|𝜂(0)⟩𝑟 ⊗ |𝑗⟩𝑐 , 𝑗 = 0, 1, . . . ,𝐾,

form an orthonormal basis of an invariant subspace of the Hilbert space ℋ = ℋ𝑟 ⊗ ℋ𝑐, where the
empty product (corresponding to 𝑗 = 0) is understood as the identity operator. The state |𝜑𝑗⟩ represents
the configuration reached after 𝑗 computational steps. In particular,

|𝜑𝐾⟩ = 𝐴𝐾𝐴𝐾−1 · · ·𝐴1 |𝜂(0)⟩𝑟 ⊗ |𝐾⟩𝑐 = 𝐴 |𝜂(0)⟩𝑟 ⊗ |𝐾⟩𝑐 ,

corresponds to the completion of the computation.
The Hamiltonian 𝐻 generates the unitary evolution

|𝜓(𝑡)⟩ = 𝑈(𝑡) |𝜓(0)⟩ , 𝑈(𝑡) = 𝑒−𝑖𝐻𝑡,

where 𝑡 denotes time and, throughout this paper, we set ℏ = 1. Expanding the state in the logical-
successor basis,

|𝜓(𝑡)⟩ =
𝐾∑︁
𝑗=0

𝑐𝑗(𝑡)|𝜑𝑗⟩, 𝑐𝑗(𝑡) = ⟨𝜑𝑗 |𝑈(𝑡)|𝜓(0)⟩.

The quantity 𝑃𝑗(𝑡) = |𝑐𝑗(𝑡)|2 is the probability of observing the machine in the logical successor |𝜑𝑗⟩
at time 𝑡. In the basis {|𝜑𝑗⟩}𝐾𝑗=0, the Hamiltonian reduces to the isotropic tight-binding Hamiltonian
on a chain of 𝐾 + 1 sites. Its spectral decomposition is well known (see, e.g., Section 13.5 of [38]).
The eigenvectors form the discrete sine basis, while the corresponding eigenvalues are 2 cos

(︁
𝑛𝜋

𝐾+2

)︁
,

1 ≤ 𝑛 ≤ 𝐾 + 1. Expressing the evolution operator in this eigenbasis yields

𝑐𝑗(𝑡) =
2

𝐾 + 2

𝐾+1∑︁
𝑛=1

𝑒−𝑖2𝑡 cos( 𝑛𝜋
𝐾+2) sin

(︂
𝑛𝜋

𝐾 + 2

)︂
sin

(︂
𝑛𝜋(𝑗 + 1)

𝐾 + 2

)︂
.

In particular,
𝑃𝐾(𝑡) = |𝑐𝐾(𝑡)|2

is the probability of observing the final logical successor. This behavior reflects the quantum-walk
nature of the cursor dynamics along the chain. Most importantly, if a measurement of the cursor
position yields |𝐾⟩𝑐, then the register collapses to the state

𝐴𝐾𝐴𝐾−1 · · ·𝐴1 |𝜂(0)⟩𝑟 .



Hence, measuring the cursor position determines whether the computation has been completed and, in
that case, allows one to retrieve the output by measuring the register.

However, the probability of observing the final logical successor is generally less than one. In
particular, the maximum value of 𝑃𝐾(𝑡) scales as 𝐾−2/3 and is attained at times of order 𝐾 [39].

3.3. Conditional dynamics

The linear Feynman machine can be extended to implement conditional computational paths controlled
by auxiliary qubits. This extension is based on the SWITCH construction introduced by Feynman [8].

A SWITCH is controlled by a qubit 𝐶 , whose state determines which branch is followed by the cursor.
A SWITCH starting at cursor site 𝑗, which applies the transformation𝐴 (respectively,𝐵) along the upper
(respectively, lower) branch, is shown schematically in Fig. 2. As in the linear case, we decompose its
Hamiltonian 𝐻SW into a forward part 𝐻SW,𝐹 and a backward part 𝐻SW,𝐵 , corresponding respectively
to the forward and backward propagation of the cursor through the SWITCH.

𝑗

𝑗 + 1

𝑗 + 3

𝑗 + 2

𝑗 + 4

𝑗 + 5

𝐴|↑⟩⟨↑|𝐶 |↑⟩⟨↑|𝐶

𝐵
|↓⟩⟨↓|𝐶 |↓⟩⟨↓|𝐶

𝐻0
𝑆𝑊,𝐹 𝐻1

𝑆𝑊,𝐹 𝐻2
𝑆𝑊,𝐹 𝐻3

𝑆𝑊,𝐹

Figure 2: The SWITCH construction at cursor site 𝑗. If the control qubit𝐶 is in the state |↑⟩𝐶 (respectively, |↓⟩𝐶 ),
the cursor follows the upper (respectively, lower) branch and the transformation 𝐴 (respectively, 𝐵) is applied.
The forward Hamiltonian 𝐻SW,𝐹 generates the logical successors associated with the selected branch.

𝐻SW(𝐶;𝐴,𝐵) = 𝐻SW,𝐹 (𝐶;𝐴,𝐵) +𝐻SW,𝐵(𝐶;𝐴,𝐵),

𝐻SW,𝐹 (𝐶;𝐴,𝐵) = |↑⟩𝐶 ⟨↑|𝐶 ⊗ |𝑗 + 1⟩⟨𝑗|+𝐴⊗ |𝑗 + 2⟩⟨𝑗 + 1|+ |↑⟩𝐶 ⟨↑|𝐶 ⊗ |𝑗 + 5⟩⟨𝑗 + 2|
+ |↓⟩𝐶 ⟨↓|𝐶 ⊗ |𝑗 + 3⟩⟨𝑗|+𝐵 ⊗ |𝑗 + 4⟩⟨𝑗 + 3|+ |↓⟩𝐶 ⟨↓|𝐶 ⊗ |𝑗 + 5⟩⟨𝑗 + 4| ,

𝐻SW,𝐵(𝐶;𝐴,𝐵) = (𝐻SW,𝐹 (𝐶;𝐴,𝐵))† .

If the control qubit is prepared in one of the computational basis states, the cursor follows the cor-
responding branch and applies the associated transformation to the register. More generally, if the
control qubit is prepared in a superposition 𝛼 |↑⟩𝐶 + 𝛽 |↓⟩𝐶 , the cursor coherently propagates along
both branches, producing the corresponding superposition of computational paths.

Since the two branches have equal length, the cursor accumulates the same dynamical phase along
both paths. Consequently, no relative phase is introduced by the cursor dynamics itself [40].

The notion of logical successors introduced for the linear Feynman machine extends naturally to
architectures containing SWITCHes. The corresponding states remain mutually orthogonal, and the
dynamics can still be described in terms of an effective one-dimensional quantum walk.

A noteworthy difference is that a SWITCH applies a transformation to the register only after a
branch has been selected. Consequently, the register is not modified during the branch-selection and
branch-joining transitions. The operators governing these transitions are projectors onto the state of
the control qubit. Consequently, they are Hermitian but not unitary. This poses no difficulty, however,
since only the overall Hamiltonian is required to be Hermitian.

The SWITCH construction is intrinsically composable. By suitably nesting SWITCHes [8], one can
implement increasingly sophisticated conditional selection mechanisms.

Conceptually, a nested SWITCH network performs two complementary tasks. The first is a binary
branching process that selects the computational path according to the bits of the encoded input symbol,
much like the branching stage of a classical binary decision tree. Once the appropriate branch has been



reached and the selected transformation has been applied to the register, the computational branches
are coherently merged back into a single cursor path. This coherent recombination, which has no
classical analogue, preserves the unitary evolution while restoring a unique cursor path.

An example is shown in Fig. 3, where the joint state of two control qubits determines which one of
four possible transformations is applied to the register.

𝐴11

𝐴10

𝐴01

𝐴00

|↑⟩⟨↑|𝐶1

|↓⟩⟨↓|𝐶1

|↑⟩⟨↑|𝐶2

|↓⟩⟨↓|𝐶2

|↑⟩⟨↑|𝐶2

|↓⟩⟨↓|𝐶2

|↑⟩⟨↑|𝐶1

|↓⟩⟨↓|𝐶1

|↑⟩⟨↑|𝐶2

|↓⟩⟨↓|𝐶2

|↑⟩⟨↑|𝐶2

|↓⟩⟨↓|𝐶2

Figure 3: A nested SWITCH. The control qubits 𝐶1 and 𝐶2 determine the branches selected in the outer and
inner SWITCHes, respectively. The overall transformation applied to the register depends on the joint state
|𝐶1, 𝐶2⟩.

This compositional property will play a central role in the embedding construction developed in
Section 4, where nested SWITCHes are used to select the transition operator associated with the input
symbol currently encoded in the register.

4. Embedding MO-QFAs in the Feynman machine

Before proceeding, we clarify an important modeling aspect of the construction. While MO-QFAs are
defined over input strings of arbitrary length, any realization within the Feynman model necessarily
involves a finite number of degrees of freedom and must therefore be tailored to inputs of bounded size.

Accordingly, the embedding presented here does not consist of a single Feynman machine, but rather
of a family of Feynman machines {ℱ𝑚}𝑚≥0, indexed by the input-length bound 𝑚. For each fixed 𝑚,
the machine ℱ𝑚 simulates the behavior of the given MO-QFA on inputs in Σ≤𝑚.

This perspective is standard when relating abstract computational models to finite physical imple-
mentations and allows us to preserve the computational behavior of the automaton while respecting
the intrinsic finiteness of the underlying Hamiltonian system.

We now describe the embedding of an MO-QFA 𝒜 = (𝑄,Σ, {𝑀𝑎}𝑎∈Σ, 𝑞0, 𝑄𝐹 ) into the corre-
sponding member of this family. We first explain how the input words and internal states of 𝒜 are
encoded in the register of the Feynman machine and how the transition operators 𝑀𝑎 are implemented
through cursor dynamics. We then prove that the resulting Hamiltonian evolution exactly simulates the
computation of the original MO-QFA. Finally, we illustrate the construction with an explicit example.

4.1. Register and clock construction

4.1.1. Register

Input word encoding. Let Σ be the input alphabet of 𝒜. For a fixed integer 𝑚 ≥ 0, every word
𝑤 ∈ Σ≤𝑚 is padded on the right with a blank symbol # /∈ Σ, yielding the word 𝑤#𝑚−|𝑤| ∈ (Σ′)𝑚,
where Σ′ = Σ ∪ {#}. Each symbol of Σ′ is encoded using 𝑑 = ⌈log2 |Σ′|⌉ bits. Thus, the padded input
is represented by the binary string 𝑤̄ of length 𝑑𝑚:

𝑤̄ = 𝑏1,1 · · · 𝑏1,𝑑 𝑏2,1 · · · 𝑏2,𝑑 · · · 𝑏𝑚,1 · · · 𝑏𝑚,𝑑 = 𝑏1 𝑏2 · · · 𝑏𝑚,

where each block 𝑏𝑗 ∈ {0, 1}𝑑 encodes the 𝑗-th symbol of the padded word.



The corresponding input register, with Hilbert space ℋ𝑟,𝑤, consists of 𝑑𝑚 qubits initialized in the
computational-basis state |𝑤̄⟩𝑟,𝑤 , where the 𝑗-th qubit is in the state |↑⟩ if the 𝑗-th bit of 𝑤̄ is 1, and in
the state |↓⟩ otherwise.

MO-QFA state encoding. Let 𝑄 = {𝑞0, 𝑞1, . . . , 𝑞𝑁} be the set of internal states of 𝒜, with 𝑞0 the
initial state. These states are encoded in a separate state register, with Hilbert space ℋ𝑟,𝑠, using a unary
representation: the state 𝑞𝑗 is represented by the basis vector having a single excitation at position 𝑗.
For example, if 𝑄 = {𝑞0, 𝑞1, 𝑞2}, then

|𝑞0⟩𝑟,𝑠 = |↑↓↓⟩𝑟,𝑠 , |𝑞1⟩𝑟,𝑠 = |↓↑↓⟩𝑟,𝑠 , |𝑞2⟩𝑟,𝑠 = |↓↓↑⟩𝑟,𝑠 .

Register composition. The full register of the Feynman machine consists of the input and state
registers. It contains 𝑑𝑚+ |𝑄| spins, has Hilbert space ℋ𝑟 = ℋ𝑟,𝑤 ⊗ℋ𝑟,𝑠, and is initialized in the state

|𝜂(0)⟩𝑟 = |𝑤̄⟩𝑟,𝑤 ⊗ |𝑞0⟩𝑟,𝑠 .

4.1.2. Clock and cursor dynamics

MO-QFA dynamics encoding via SWITCHes. We extend the transition operators of the MO-QFA𝒜
to the padded alphabet Σ′ = Σ ∪ {#} by setting 𝑀# = 𝐼. Thus, for each 𝑎 ∈ Σ′, the operator 𝑀𝑎 acts
on the state register, and 𝑀# leaves it unchanged.

For any symbol 𝑎 ∈ Σ′, let 𝑎̄ ∈ {0, 1}𝑑 denote its binary encoding. The cursor must determine
which symbol of the input word is being processed and apply the corresponding transition operator 𝑀𝑎

to the state register. This task is implemented through a nested SWITCH construction of depth 𝑑,
corresponding to the length of the binary encoding of symbols in Σ′. The outermost SWITCH resolves
the first bit of 𝑎̄, while the inner SWITCHes recursively resolve the remaining bits. Once the branch
corresponding to the symbol 𝑎 ∈ Σ′ has been selected, the operator 𝑀𝑎 is applied to the state register.
The subsequent cursor transitions merge the branches and prepare the next symbol-selection stage.

In this way, the nested SWITCH structure implements a conditional application of the transition
operators 𝑀𝑎, controlled by the input symbol encoded in the input register. The example presented
at the end of this section provides a concrete illustration of the resulting cursor structure and of the
corresponding transition-selection mechanism.

Cursor structure. The cursor structure consists of a quasi-linear arrangement of𝑚 nested SWITCHes.
The 𝑗-th nested SWITCH selects the transition operator associated with the 𝑗-th symbol of the padded
input word. If each nested SWITCH contributes 2𝑑+ 2 logical successors and consecutive SWITCHes
share one cursor position, the resulting cursor path contains 𝐿 + 1 = (2𝑑 + 2)𝑚 − (𝑚 − 1) logical
successors and therefore has length

𝐿 = (2𝑑+ 1)𝑚.

This quasi-linear structure defines the effective sequence of transformations applied along the computa-
tional path.

4.2. Effective logical successors

As discussed in Section 3.3, within a SWITCH the register is modified only at the transition associated
with the selected branch. The branch-selection and branch-joining transitions affect only the cursor
and the control structure. Therefore, for the purpose of tracking the simulated MO-QFA computation,
it is sufficient to record the state of the system after the completion of each nested SWITCH.

Let 𝑓(𝑗), for 𝑗 = 0, 1, . . . ,𝑚, denote the cursor position corresponding to the end of the 𝑗-th nested
SWITCH, with 𝑓(0) = 0. Let 𝑆𝑘 be the operator applied to the state register by the 𝑘-th nested SWITCH.
We define the effective logical successors by

|̃︀𝜑𝑗⟩ = |𝑤̄⟩𝑟,𝑤 ⊗
(︁∏︀𝑗

𝑘=1 𝑆𝑘

)︁
|𝑞0⟩𝑟,𝑠 ⊗ |𝑓(𝑗)⟩𝑐 , 𝑗 = 0, 1, . . . ,𝑚, (4.1)



where the empty product, corresponding to 𝑗 = 0, is understood as the identity operator. These states
describe the computationally relevant stages of the Feynman evolution, namely the configurations
reached after the successive applications of the transition operators selected by the nested SWITCHes.

4.3. Correctness of the embedded dynamics

We now show that the effective logical successors reproduce exactly the step-by-step evolution of the
original MO-QFA.

Lemma 4.1 (Correctness of the embedded dynamics). Let 𝒜 = (𝑄,Σ, {𝑀𝑎}𝑎∈Σ, 𝑞0, 𝑄𝐹 ) be an
MO-QFA, and consider its embedding into the Feynman machine described above. For every input
word 𝑤 = 𝑎1𝑎2 · · · 𝑎ℓ ∈ Σ≤𝑚, let 𝑎′1𝑎

′
2 · · · 𝑎′𝑚 = 𝑤#𝑚−ℓ be its padded version. Then, for every

𝑗 = 0, 1, . . . ,𝑚,
|̃︀𝜑𝑗⟩ = |𝑤̄⟩𝑟,𝑤 ⊗

(︁
𝑀𝑎′𝑗

· · ·𝑀𝑎′1
|𝑞0⟩𝑟,𝑠

)︁
⊗ |𝑓(𝑗)⟩𝑐 ,

where the product is understood as the identity for 𝑗 = 0. In particular, the Feynman machine reproduces
exactly the sequential application of the transition operators of the MO-QFA, with 𝑀# = 𝐼 .

Proof. The proof follows from the construction of the nested SWITCHes.
The input register is initialized in the basis state |𝑤̄⟩𝑟,𝑤 and is not modified during the computation.

At the 𝑗-th nested SWITCH, the cursor reads the binary block encoding the symbol 𝑎′𝑗 . By construction,
the nested SWITCH selects precisely the branch associated with 𝑎′𝑗 and applies the corresponding
operator 𝑀𝑎′𝑗

to the state register. If 𝑎′𝑗 = #, this operator is 𝑀# = 𝐼 .
For 𝑗 = 0, the claim gives the initial configuration. After the first nested SWITCH, the state register

is 𝑀𝑎′1
|𝑞0⟩𝑟,𝑠 . Assume that, after 𝑗 − 1 nested SWITCHes, the state register is 𝑀𝑎′𝑗−1

· · ·𝑀𝑎′1
|𝑞0⟩𝑟,𝑠 .

The 𝑗-th nested SWITCH applies 𝑀𝑎′𝑗
, yielding 𝑀𝑎′𝑗

𝑀𝑎′𝑗−1
· · ·𝑀𝑎′1

|𝑞0⟩𝑟,𝑠 . This proves the claim by
induction.

4.4. Completion probability

The previous lemma establishes that the embedded dynamics reproduces the discrete evolution of the
MO-QFA at the effective logical-successor positions. We now focus on the probability of observing the
final configuration of the Feynman machine.

Theorem 4.1 (Completion probability). Consider the Feynman machine implementing the embedded
MO-QFA on inputs of length at most 𝑚, where 𝑚 ≥ 1. Let 𝑑 = ⌈log2 |Σ′|⌉, and let 𝐿 = (2𝑑+ 1)𝑚 be
the length of the quasi-linear cursor path. Then the maximum probability of observing the final logical
successor scales as

max
𝑡
𝑃𝐿(𝑡) = Θ(𝐿−2/3) = Θ((𝑑𝑚)−2/3).

Proof. By Lemma 4.1, the effective logical successors {|̃︀𝜑𝑗⟩}𝑚𝑗=0 encode the successive computational
stages of the embedded MO-QFA. In particular, after the 𝑗-th nested SWITCH has been completed, the
state register contains the result of the sequential application of the first 𝑗 transition operators of the
automaton.

The states |̃︀𝜑𝑗⟩ form a distinguished subsequence of the logical successors {|𝜑𝑗⟩}𝐿𝑗=0 of the Feynman
machine, corresponding to the cursor positions 𝑓(𝑗) at the end of the nested SWITCHes. In particular,
the final effective logical successor |̃︀𝜑𝑚⟩ coincides with the final logical successor |𝜑𝐿⟩, where𝐿 = 𝑓(𝑚).

As discussed in Section 3.3, in the logical-successor basis the Hamiltonian of the Feynman machine
with SWITCHes reduces to the tight-binding Hamiltonian on a one-dimensional chain:

𝐻 =

𝐿−1∑︁
𝑗=0

(|𝜑𝑗+1⟩ ⟨𝜑𝑗 |+ |𝜑𝑗⟩ ⟨𝜑𝑗+1|) .



The nested SWITCHes determine which unitary operators are applied to the state register, but they do
not alter the effective one-dimensional quantum-walk dynamics of the cursor. Therefore, the evolution
from the initial logical successor can be written as

|𝜓(𝑡)⟩ =
𝐿∑︁

𝑗=0

𝑐𝑗(𝑡) |𝜑𝑗⟩ ,

where the amplitudes 𝑐𝑗(𝑡) are those of a continuous-time quantum walk on a finite line starting
from |𝜑0⟩. As recalled in Section 3, for a continuous-time quantum walk on a finite line, the maximum
probability of reaching the last site scales as 𝐿−2/3. Hence,

max
𝑡
𝑃𝐿(𝑡) = max

𝑡
| ⟨𝜑𝐿|𝜓(𝑡)⟩|2 = max

𝑡
| ⟨̃︀𝜑𝑚|𝜓(𝑡)⟩|2 = Θ(𝐿−2/3).

Since in the present construction 𝐿 = (2𝑑+ 1)𝑚 = Θ(𝑑𝑚), the claim follows.

4.5. Preservation of acceptance probabilities

We now state the main consequence of the embedding. Let

Π𝐹 =
∑︁
𝑞∈𝑄𝐹

|𝑞⟩⟨𝑞|

be the accepting projector of the MO-QFA, acting on the state register. The corresponding accepting
projector for the Feynman machine is set to be

ΠFeyn
𝐹 = 𝐼𝑟,𝑤 ⊗Π𝐹 ⊗ |𝑓(𝑚)⟩⟨𝑓(𝑚)|𝑐 .

Theorem 4.2 (Preservation of acceptance probabilities). Let 𝒜 be an MO-QFA and let 𝑤 ∈ Σ≤𝑚.
Consider the Feynman machine obtained from the embedding described above. Conditioned on observing
the cursor in the final effective position 𝑓(𝑚), the state register coincides with the final state reached by 𝒜
on input 𝑤. Consequently, the conditional acceptance probability of the Feynman machine equals the
acceptance probability of the MO-QFA:

𝑃Feyn
accept(𝑤 | 𝑓(𝑚)) = 𝑃𝒜

accept(𝑤).

Proof. Let 𝑤 = 𝑎1𝑎2 · · · 𝑎ℓ and let 𝑎′1𝑎′2 · · · 𝑎′𝑚 = 𝑤#𝑚−ℓ be its padded version. By Lemma 4.1, the
final effective logical successor is

|̃︀𝜑𝑚⟩ = |𝑤̄⟩𝑟,𝑤 ⊗
(︁
𝑀𝑎′𝑚 · · ·𝑀𝑎′1

|𝑞0⟩𝑟,𝑠
)︁
⊗ |𝑓(𝑚)⟩𝑐 .

Since 𝑀# = 𝐼 , this state can be rewritten as

|̃︀𝜑𝑚⟩ = |𝑤̄⟩𝑟,𝑤 ⊗
(︁
𝑀𝑎ℓ · · ·𝑀𝑎1 |𝑞0⟩𝑟,𝑠

)︁
⊗ |𝑓(𝑚)⟩𝑐 .

Hence, conditioning on the cursor being in the final effective position 𝑓(𝑚) and disregarding the
unchanged input register, the state register is left in the state

|𝜓𝑤⟩ =𝑀𝑎ℓ · · ·𝑀𝑎1 |𝑞0⟩𝑟,𝑠 .

This is precisely the final state reached by the MO-QFA on input 𝑤. Therefore,

⟨𝜓𝑤|Π𝐹 |𝜓𝑤⟩ = ‖Π𝐹 |𝜓𝑤⟩ ‖2 = 𝑃𝒜
accept(𝑤).

Since the acceptance probability of the Feynman machine is computed through the projector ΠFeyn
𝐹 , it

follows that

𝑃Feyn
accept(𝑤 | 𝑓(𝑚)) = ⟨̃︀𝜑𝑚|ΠFeyn

𝐹 |̃︀𝜑𝑚⟩ = ⟨𝜓𝑤|Π𝐹 |𝜓𝑤⟩ = 𝑃𝒜
accept(𝑤).

This establishes the preservation of acceptance probabilities.



Corollary 4.1. Every language recognized by an MO-QFA with cutpoint 𝜆 is recognized by the corre-
sponding embedded Feynman machine with the same conditional acceptance probability. In particular, the
cutpoint behavior is preserved.

Proof. The statement follows immediately from Theorem 4.2.

Remark. Theorem 4.1 concerns the probability of observing the cursor in the final effective posi-
tion 𝑓(𝑚), whereas Theorem 4.2 concerns the acceptance probability conditioned on this event. Thus,
the embedding preserves exactly the computational behavior of the MO-QFA. The scaling of the com-
pletion probability is a property of the underlying Feynman dynamics and does not affect the exact
preservation of acceptance probabilities established in Theorem 4.2.

Effective logical resources. For an input-length bound 𝑚, the input register consists of 𝑑𝑚 spins,
where 𝑑 = ⌈log2 |Σ′|⌉, while the unary encoding of the automaton state requires one spin for each
state of the MO-QFA. The cursor evolves along a quasi-linear sequence of 𝑚 nested SWITCHes, whose
effective logical path has length 𝐿 = (2𝑑+1)𝑚. The completion probability established in Theorem 4.1
depends only on the length of this effective logical path. A more detailed analysis of the physical
resources required by the nested SWITCH network is left for future work.

4.6. An illustrative example

To illustrate the embedding construction, let 𝑚 ≥ 0 be fixed and consider the language

𝐿𝑚 = {𝑤 ∈ {𝑎, 𝑏}≤𝑚 : |𝑤|𝑎 = |𝑤|𝑏 }.

Inspired by a construction of [11], we define an MO-QFA 𝒜 recognizing 𝐿𝑚 with non-isolated cutpoint.
Since 𝐿𝑚 is not a group language, recognition with isolated cutpoint is impossible for MO-QFAs, as
recalled in Section 2. Therefore, non-isolated cutpoint acceptance is the strongest form of recognition
achievable for this language within the MO-QFA model.

Specifically, let 𝒜 = ({𝑞0, 𝑞1}, {𝑎, 𝑏}, {𝑀𝑎,𝑀𝑏}, 𝑞0, {𝑞0}), with Π𝐹 = |𝑞0⟩⟨𝑞0| . The transition
operators are

𝑀𝑎 =

(︂
cos(𝜋𝜃) − sin(𝜋𝜃)
sin(𝜋𝜃) cos(𝜋𝜃)

)︂
, 𝑀𝑏 =𝑀 †

𝑎 .

Given an input word 𝑤 = 𝑎1𝑎2 · · · 𝑎ℓ ∈ {𝑎, 𝑏}≤𝑚, the final state of the automaton is 𝑀𝑎ℓ · · ·𝑀𝑎1 |𝑞0⟩ .
Since 𝑀𝑏 = 𝑀 †

𝑎 = 𝑀−1
𝑎 , both operators are powers of the same rotation and therefore commute,

yielding

𝑃𝒜
accept(𝑤) =

⃦⃦⃦
Π𝐹

(︁
𝑀 |𝑤|𝑎

𝑎 𝑀
|𝑤|𝑏
𝑏 |𝑞0⟩

)︁⃦⃦⃦2
= cos2(𝑑(𝑤)𝜋𝜃), 𝑑(𝑤) = |𝑤|𝑎 − |𝑤|𝑏. (4.2)

By definition, 𝑤 ∈ 𝐿𝑚 if and only if 𝑑(𝑤) = 0. Thus, according to (4.2), every word in 𝐿𝑚 is accepted
with probability 1.

To characterize the asymptotic acceptance behavior of the family {𝐿𝑚}𝑚≥0, we distinguish between
the cases in which 𝜃 is rational or irrational. In the former case, the sequence of acceptance probabilities
given by (4.2) is periodic, and there exist words outside𝐿𝑚 that are accepted with probability 1. In the lat-
ter case, every word outside 𝐿𝑚 is accepted with probability strictly smaller than 1, although acceptance
probabilities arbitrarily close to 1 can occur. Indeed, when 𝜃 is irrational, the set {cos2(𝑘𝜋𝜃) : 𝑘 ∈ Z}
is dense in the interval [0, 1], a consequence of the classical Kronecker–Weyl theorem (see, e.g., [41]).
Consequently, the cutpoint associated with the recognition of 𝐿𝑚 is non-isolated.

Embedding: the SWITCH. Given the MO-QFA 𝒜 for the language 𝐿𝑚, we now provide the equiva-
lent (in the sense of Theorem 4.2) Feynman machine. In particular, we focus on the nested SWITCH
structure responsible for selecting the transition operator associated with the current input symbol.

First, we extend the alphabet to Σ′ = {𝑎, 𝑏,#}, and set 𝑀# = 𝐼 . Next, we fix the binary encoding
of the symbols of Σ′ on ⌈log2(3)⌉ bits as follows: 𝑎 ↦→ |↑↑⟩ , 𝑏 ↦→ |↑↓⟩ , # ↦→ |↓↓⟩ . The resulting



Feynman machine consists of a sequence of 𝑚 SWITCHes, each having the structure shown in Fig. 4.

𝑀𝑎

𝑀𝑏

𝑀# = 𝐼𝑀# = 𝐼

|↑⟩⟨↑|𝐶1

|↓⟩⟨↓|𝐶1

|↑⟩⟨↑|𝐶2

|↓⟩⟨↓|𝐶2

|↑⟩⟨↑|𝐶1

|↓⟩⟨↓|𝐶1

|↑⟩⟨↑|𝐶2

|↓⟩⟨↓|𝐶2

Figure 4: The SWITCH used to select the transition operator associated with a single input symbol. With the
symbol encoding 𝑎 ↦→ |↑↑⟩, 𝑏 ↦→ |↑↓⟩, and # ↦→ |↓↓⟩, the blank symbol is identified already by the first qubit,
and therefore the branch associated with |↓⟩⟨↓|𝐶1

does not require further nested branching.

5. Conclusions and future work

In this work, we presented an explicit embedding of measure-once quantum finite automata (MO-QFAs)
into the Feynman quantum computer model. By encoding both the input word and the internal state
of the automaton into the register, and exploiting the cursor dynamics to implement the sequential
application of transition operators, we constructed a Hamiltonian system that exactly simulates the
computation of the embedded automaton.

A central ingredient of the construction is the use of nested SWITCHes, which enable the conditional
selection of transition operators according to the symbols encoded in the input register. This yields a
flexible and composable framework for implementing symbol-dependent quantum evolutions while
preserving the effective one-dimensional quantum-walk structure of the Feynman model.

Our main result shows that, conditioned on the cursor reaching the final effective position, the
state register coincides with the final state of the MO-QFA. Consequently, acceptance probabilities and
cutpoints are preserved exactly. This establishes a concrete connection between finite-state quantum
computation and continuous-time Hamiltonian computation.

The formulation naturally takes the form of a family of finite-dimensional Feynman machines,
reflecting the correspondence between abstract computational models defined over unbounded inputs
and their finite physical realizations.

Several directions for future research naturally arise from this work. One interesting direction is the
extension of the construction to more general models of quantum finite automata [5, 24, 25, 26]. More
generally, the proposed Hamiltonian simulation may provide a different perspective and new tools for
tackling several problems related to QFAs, including decision problems (see, e.g., [42, 43, 44, 45]).

Another promising direction concerns the analysis of resource requirements, such as the scaling of the
cursor size and the locality of interactions, with the aim of identifying more efficient implementations.
Finally, it would be interesting to investigate similar embeddings for other computational models,
further clarifying relationships between different paradigms of quantum computation.
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