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Abstract

First-Order Linear Temporal Logic (FOLTL) is an extremely expressive formalism that fuses classical first-order
logic (FO) with the temporal operators of linear temporal logic (LTL). This logic has been studied extensively
in the knowledge representation community as the formal underpinning of temporal description logics and
related formalisms, while its use in reasoning tasks has remained limited due to its undecidability. However,
recently the problem of reactive synthesis for (fragments of) FOLTL has gained attention from the community,
given the potential gain in expressiveness compared with propositional LTL. However, while w-languages and
languages denoted by LTL and LTL¢ (LTL on finite words) are so well understood, a thorough understanding of
the first-order languages denoted by FOLTL and FOLTLy is missing. This missing ingredient would be crucial in
a proper development of algorithmic techniques for reactive synthesis of expressive fragments of FOLTL and
FOLTL;¢. In this communication we highlight the challenges involved in the development of a comprehensive
formal language theory for first-order languages, what is known so far, and how we plan to proceed.
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1. Introduction

First-Order Linear Temporal Logic (FOLTL) combines classical first-order logic (FO) with the temporal
operators of linear temporal logic (LTL), obtaining an extremely expressive formalism. The following is
an example FOLTL sentence (over the language and the theory of arithmetics) expressing the property
that at each time point the predicate p holds for a superset of the elements where p held before.

G(Vz(p(z) — Xp(z)) A Jz(=p(z) A Xp(x)))

Semantically, such a sentence is interpreted over a sequence of first-order structures interpreting
the quantification domain and the symbols of the language (such as p above) at each time step. Such
sequences have been recently called first-order words [1] and can be either of infinite or finite length. In
the latter case we talk about FOLT L.

FOLTL has been studied extensively in the context of first-order modal logics and knowledge
representation [2], because it underlies many forms of temporal description logics. However, its use in
reasoning tasks has been limited so far, because of its high undecidability: entailment and validity of
FOLTL and FOLTL¢ are not even semi-decidable. Only a few and restricted decidable fragments are
known, and quite limited in expressiveness.

Nevertheless, recently the community has shown interest in well-behaved fragments of FOLTL and
in reasoning about them. One example is LTL¢ modulo theories (LTLMT) [3], a fragment of FOLTLs
applying some semantic and syntactic restrictions to gain semi-decidability of the satisfiability problem,
with an effective semi-decision procedure based on satisfiability modulo theories (SMT) [4].

The problem of reactive synthesis for LTL}V'T has been the subject of recent interest. Reactive synthesis
is the task of building a correct-by-construction implementation of a reactive system satisfying the given
temporal specification. For specifications written in propositional LTL and LTL¢ the problem of deciding
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whether such an implementation exists (the problem of realizability) is known to be 2EXPTIME-
complete [5, 6], while in the case of FOLTL and LTLP"T it is of course undecidable. However, recent
developments have shown how to solve the problem for restricted fragments of LTL'fV|T [7, 8].

These recent development, though, are not easily extensible to larger fragments of FOLTL, not
even to the full LTLP/'T. We believe a theoretical ingredient is missing that would allow reasoning
about FOLTL in more general and rigorous terms, helping the quest for efficient reasoning algorithms
(including for reactive synthesis). This ingredient is a thorough understanding of FOLTL and FOLTL¢
in terms of formal languages and automata.

In the propositional world, formal languages and automata theory are the omnipresent theoretical
background for any reasoning task in temporal logic. Classically, formal languages and automata have
been studied for finite words, where the equivalences between regular expressions and finite-state
automata [9] with monadic second-order logic [10] and finite monoids [11] have been proved between
the ’50s and the ’60s of last century. In the same years, LTL and LTL¢ have been shown to be equivalent
to first-order logic [12], and the latter has been shown to be equivalent to aperiodic monoids [13], which
recognise the star-free regular languages [14]. Most of these results apply directly to finite or infinite
words as well, while some other have been adapted to w-automata, i.e., automata on infinite words,
which have been studied extensively in the subsequent years, especially in the formal verification
community.

This huge body of foundational knowledge proved crucial in all the subsequent decades of algorithmic
developments in temporal logic and beyond. In contrast, FOLTL has been extensively studied from the
perspective of a first-order modal logic, but an understanding of the first-order languages (i.e., sets of
first-order words) denoted by FOLTL sentences is missing.

In what follows we describes recent developments in the field of reactive synthesis for fragments
of FOLTL and FOLTL¢, and how their improvement would benefit from a comprehensive theory of
first-order languages. In Section 2 we provide basic background on reactive synthesis for LTL and LTLy,
in order to introduce first-order reactive synthesis in Section 3. Then, we discuss the recent introduction
of first-order automata in Section 4, and how they are a starting point in the construction of a general
theory of first-order languages. Section 5 concludes with final remarks.

2. Reactive synthesis

Building provably correct and safe systems has always been one of the most challenging tasks in
computer science, which has sparked a huge amount of research in the areas of formal methods and
software and hardware engineering. One of the most successful paradigms in formal verification is model
checking, where a specification is checked against an abstract model of the system, looking for bugs in
its implementation [15]. An even more challenging task is that of building a correct-by-construction
implementation of the specification. In the case of the specification of reactive systems, i.e., systems that
iteratively react to the input from their environment, this task is called reactive synthesis.

Reactive synthesis has a long history. The problem was first proposed by Alonzo Church in the ’60s
of last century [16], and solved by Biichi and Landweber [17] a few years later for specifications written
in monadic second-order logic. Nowadays, reactive synthesis is usually considered over specifications
written in (fragments of) Linear Temporal Logic, either on infinite [18] or finite words [19]. The reactive
synthesis problem in these cases has been solved by Pnueli and Rosner [5] and De Giacomo and
Vardi [6], respectively, with both problems shown to be 2EXPTIME-complete. The task is therefore
quite complex, although this complexity has not discouraged research in the area. Indeed, recent
decades have seen dramatic developments, with sophisticated techniques and efficient state-of-the-art
tools being developed, also fostered by the annual reactive synthesis competition (SYNTCOMP [20]).
These developments make reactive synthesis applicable to many domains, from hardware design [21]
to the synthesis of declarative business models [22].

A common approach to LTL synthesis is automata-theoretic: a nondeterministic Biichi automaton
is constructed from the LTL formula in a standard way, which is exponentially larger in the worst



case. Then, the Biichi automaton is determinized into a deterministic parity automaton, which is again
exponentially larger in the worst case. Then, a parity game can be set up from the parity automaton,
which has a winning strategy if and only if the original LTL formula was realizable. From the winning
strategy of the parity game one can then extract the actual solution to the reactive synthesis task. Note
that determinization is crucial because the game can only be used to solve the original problem if
formulated on a deterministic arena.

This detour via different kinds of automata and games to solve a 2EXPTIME-complete problem may
seem impractical at first, but in fact this is the technique employed and refined by the state-of-the-art
synthesis tool Strix [23], which repeatedly won the SYNTCOMP [20] for years. Recent techniques,
employed in the SemML tool, which won the last edition [24], combine the classic automata-theoretic
techniques with machine learning, obtaining great speedups. Another effective approach proposed
in the literature is bounded synthesis, implemented e.g., by the BoSy tool [25]. Reactive synthesis of
LTLy specifications is approached with similar automata-theoretic techniques, but with an important
difference: the automata involved are not automata on infinite words, but standard finite-state automata
on finite words. In particular, the determinization step for nondeterministic finite automata (NFA) to
obtain the corresponding deterministic one (DFA) is qualitatively much simpler than the determinization
of automata on infinite words, leading to algorithms that, albeit with the same worst-case complexities,
scale much better in practice [26]. This led to efficient tools for reactive synthesis of LTLy specifications,
which have been evaluated in recent SYNTCOMP editions as well.

3. Reactive synthesis goes first-order

The expressiveness of LTL and LTLy is limited by their propositional nature, which restricts their usage
to the specification of finite-state systems. However, many real-world scenarios require to reason about
unbounded, complex and structured data, which is impossible to model in LTL and LTL;.

To model these rich scenarios, the ideal language would be first-order temporal logic (FOLTL), which
lifts LTL (or LTL¢) from propositional to first-order logic. FOLTL has been studied extensively in the
knowledge representation community [2] for its great expressiveness, which however does not come
for free. All the interesting reasoning tasks over FOLTL are highly undecidable in general.

Nevertheless, the need for first-order specification languages in reactive synthesis has been recognized
in the literature for some time now, and therefore fragments of FOLTL have been investigated. The
most natural first step is to extend known techniques to handle pieces of unbounded data. This is
the case of temporal stream logic (TSL) [27, 28], a formalism that extends LTL with the concept of
data variables that can be functionally updated during the execution of the system. TSL separates
control and data flow, thus recovering decidability and efficient algorithms based on a CEGAR approach
(Counterexample-Guided Abstraction Refinement [29]).

Another formalism recently considered for reactive synthesis is a fragment of FOLTL over finite
words (FOLTL¢), that we recently introduced, called LTLs modulo theories (LTL'fV'T) [3]. LTL'fVIT applies
syntactic and semantic restrictions to FOLTL: syntactically, it forbids the arbitrary alternation of
first-order quantifiers and temporal operators, but allows the use of lookahead and lookback operators
that can refer to the value of a variable at the next or previous time step; semantically, it restricts the
interpretation of functions and predicates to be rigid, i.e., fixed in time (although arbitrary). When
interpreted over a decidable first-order theory, satisfiability of LTL}\/'T is semi-decidable, and the semi-
decision procedure is based on an effective encoding into satisfiability modulo theories (SMT), working
well in practice on several benchmarks. We also found that, by suitably restricting the theory and/or
the syntax, we can recover non-trivial decidable fragments [30].

Reactive synthesis for L'I'L}VIT and LTLMT was considered by Rodriguez and Sanchez [7], who showed
that a Boolean abstraction of an LTLMT formula can be given to a standard LTL synthesizer to perform
reactive synthesis of the fragment without lookaheads. Then, they extended their work to lookaheads via
a counterexample-guided approach (CEGAR) [31]. Performance is promising, although full potential can
be unlocked only with manual intervention, to suggest the system some so-called reactive tautologies. A



CEGAR approach is also employed by Azzopardi et al. [32] but considering propositional LTL on infinite-
state arenas. Then, Winkler [8] provided a direct semi-decision procedure for LTLMT synthesis with
lookbacks, based on AND-OR graphs and quantifier elimination, although no experimental evaluation
was performed and quantifiers are not supported.

4. Beyond the state of the art

The results surveyed above show the interest of the community into reactive synthesis for first-order
specifications but also that the field is still in its infancy. The techniques proposed so far, although
effective, are quite ad-hoc for their fragments and difficult to lift to more complex scenarios.

A missing key ingredient is a unified theoretical framework on top of which we can ground practical
algorithmic development. For LTL and LTLy, this role has historically been played by automata theory.
Automata are the theoretical and/or algorithmic tool underlying most successful reactive synthesis
techniques for LTL and LTL¢. However, a model of automata capable of capturing languages described
by FOLTL and its fragments was missing until recently. In fact, a language-theoretical treatment of
FOLTL is missing as well.

For this reason we recently introduced first-order automata [1], a kind of infinite-state, finitely
represented automata capable of capturing FOLTLy, similarly to how finite-state automata capture
LTL¢. In first-order automata, states are first-order structures over a given signature, and the automata
are symbolically represented through first-order logic sentences describing their initial states, their
transitions, and their final states. We showed that the first-order languages, i.e., the set of first-order
words, satisfying any FOLTL sentence over any first-order theory can be accepted by such automata. By
drawing a parallel from standard formal languages on finite alphabets, first-order languages accepted
by first-order automata are called first-order regular. We showed basic closure properties of first-order
regular languages (union, intersection, concatenation, Kleene star) and that deterministic first-order
automata can be obtained directly from FOLTL sentences employing only past operators, which is
interesting given the role of determinism in reactive synthesis.

First-order automata are just the first step in a long-term quest for a comprehensive automata and
formal language theory for the first-order languages described by FOLTL, which can take the role that
automata theory had for propositional reactive synthesis.

Many ingredients are needed to form a comprehensive understanding of these languages. The most
immediate open question is whether first-order regular languages are closed under complementation.
The common route would pass through determinization of first-order automata, which is still open. Then,
expressiveness of FOLTL¢ w.r.t. the whole class of first-order regular languages needs to be studied. In
particular, propositional LTL¢ only accepts star-free languages, i.e., those denoted by regular expressions
employing union, concatenation, complementation but not the Kleene star. Early observations would
suggest that FOLTL¢ as well can only denote a specific subclass of regular languages. For example,
similarly to plain LTL¢, denoting all and only the first-order words of even length seems to be difficult in
FOLTL¢. Note that FOLTLy sentences over some theory that includes arithmetics can count the length
of the word and check if its is even. For example:

c=0AFz.(z=cAX(c=2+1)))U(XLA3z.c=22)

The sentence states that a non-rigid constant c has an initial value of zero and increments at each
step until the end of the word is reached and the constant’s value is even. However, this sentence does
not characterize all the first-order words of even length (over this signature), but only those of even
length where the constant c counts as prescripted. This example seems to suggest that expressiveness
limitations similar to those of LTL¢ apply to FOLTL¢ as well, but how to characterise the corresponding
subclass of languages, i.e., the first-order counterpart of star-free languages, is still open.

Although first-order automata have currently been introduced over finite words, the next natural step
is to lift them to infinite words. Extending to FOLTL the existing encoding of FOLTL¢ into first-order
automata is easy, and naturally leads to a form of first-order Streett automata. In the propositional



world, Streett automata are just one of a family of w-automata with different but equivalent acceptance
conditions, including Biichi, Rabin, Miiller, etc. Whether all these acceptance conditions are equivalent
in the first-order world is an open question as well.

Another important notion in the world of formal languages which is linked to reactive synthesis
is that of safety languages. Intuitively, any word that does not belong to a safety language, i.e., any
violation of the corresponding temporal property, has a finite prefix which witness the violation. In
the propositional world, reactive synthesis can be computationally easier when starting from LTL
formulas of the form Ga where o only employs past operators [33], going from 2EXPTIME-complete to
EXPTIME-complete. A similar phenomenon may happen for FOLTL, which however requires properly
studying the class of safety first-order languages.

5. Conclusions

In this short paper we gave an overview of the state of the art of reactive synthesis for first-order
temporal logic which motivates the study of a comprehensive theoretical framework of first-order formal
languages. We provided an overview of recent results around first-order automata, which are a class
of infinite-state, finitely representable automata capable of capturing languages denoted by FOLT L¢
sentences, and define the class of first-order regular languages. Then, we described the most important
ingredients that are still missing in the understanding of these languages.

Given such a theoretical framework, one can envision pushing the state of the art of first-order
reactive synthesis to more complex fragments of FOLTL. To do that though, one has to embrace the
enemy, and concede that decidable fragments will be very difficult to find, focusing instead on semi-
decidable fragments provided with semi-decision procedures that exhibit good behavior in practice. This
paradigm is not unusual in other fields, for example theorem proving or automated reasoning, which
have shown that good heuristics for undecidable problems can prove to be extremely useful in practice.

Algorithmically, supporting fragments more expressive than LT L'f\/'T will require radically different
techniques. In particular, a limitation is common to LTLMT and all the existing techniques, namely
the inability to reason about non-rigid predicates, i.e., predicates (e.g., binary relation symbols) whose
interpretation change over time. Non-rigid predicates are crucial to model complex scenarios where not
only single pieces of data, but their relationships, change over time, such as in systems manipulating
complex data structures, relational databases, or ontologies.

Supporting non-rigid predicates, however, seems out of reach for all the techniques proposed so far.
In a prototypical automata-based forward-search approach to reactive synthesis, the winning region is
symbolically represented by means of logical formulas or, in the propositional case, binary decision
diagrams. Then, quantifier elimination is needed at each iteration to recover a ground representation of
the winning region. In the case of LTLLV'T, since only non-rigid constants (i.e., data variables) change
over time, quantifier elimination, when supported by the underlying theory, can be performed with
standard techniques. However, when non-rigid predicates are involved, a form of second-order quantifier
elimination (SOQE) is neeeded. SOQE [34], i.e., the elimination of second-order quantifiers from a
second-order logic sentence, is a challenging task, which however has been extensively studied in
the knowledge representation community, because of its many applications in reasoning tasks over
ontologies. The application of SOQE is a promising path towards the support of non-rigid predicates in
first-order reactive synthesis.
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