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Abstract
We investigate the interaction between Wheeler automata and finite-state subsequential transducers. Wheeler
languages form a structurally well-behaved subclass of the regular languages and provide an automata-theoretic
foundation for efficient indexing and compression techniques inspired by the Burrows–Wheeler transform. We
introduce a class of Wheeler transducers whose underlying input automata are Wheeler and whose output
functions satisfy a piecewise monotonicity condition on the sets of words reaching each state. We show that this
class is closed under composition and that inverse images of Wheeler languages under Wheeler transductions
are again Wheeler languages. We then study minimization by refining Choffrut’s syntactic congruence for
subsequential functions with convexity and piecewise monotonicity constraints. This yields a Myhill–Nerode-style
characterization of the functions realizable by Wheeler transducers. Finally, we provide a machine-independent
characterization of Wheeler functions in terms of the behavior of monotone sequences and piecewise monotonicity.
These results constitute a first step toward a structural theory of transductions compatible with the Wheeler
setting.
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1. Introduction

In this work we take a preliminary step toward understanding the connections between Wheeler
automata and finite-state transducers.

Wheeler graphs form a class of edge-labeled directed graphs that admit a sorting of their nodes
that is consistent with the co-lexicographic order of the labels of paths ending at them. A finite-state
automaton whose underlying graph is a Wheeler graph is called a Wheeler automaton, and the languages
recognized by such automata are called Wheeler languages [1]. Wheeler languages form a proper
subclass of the regular languages; in fact, they are a subclass of the star-free languages. They have
attracted considerable interest thanks to structural properties enabling highly efficient indexing, pattern
matching and compression [2, 3, 4]. They provide a formal automata-theoretic foundation for data
structures inspired by the Burrows–Wheeler transform, bridging language theory and practical text
indexing. For this reason, Wheeler languages are important both as a mathematically natural subclass
of regular languages and as a model for highly efficient algorithms on strings, graphs, and automata.

A natural way to deepen our understanding of a language class is to study the transformations that
preserve it, either under direct image or under inverse image. This perspective has proved fruitful in
the regular setting, where rational functions definable by finite-state subsequential transducers (FSTs,
[5]) are known to preserve regularity under both images and inverse images, and where algebraic
tools, such as syntactic invariants associated with transductions, provide structural information about
the transformations involved. Subsequential transducers are a fundamental model for deterministic
input-to-output transformations, capturing computations in which the output is produced online while
the input is read from left to right. They are important both theoretically, as a well-behaved subclass of
finite-state transductions, and practically, as efficient models for tasks such as text processing, coding,
normalization, and stream transformation (see [6] for a recent survey).

Identifying classes of transducers that are compatible with the Wheeler structure may therefore help
clarify the boundaries of Wheeler languages and provide a more dynamic, transformation-oriented
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view of this class. In this work we define a subclass of transducers and argue that it is a natural class of
transducers to consider in the setting of Wheeler languages. What properties should such a class have?
We would certainly want it to be closed under composition, and, with respect to Wheeler languages, we
would want it to be at least Wheeler-continuous, in the sense that the preimage of a Wheeler language
for a transducer in the class should remain a Wheeler language 1. In this work we indeed prove that our
class is closed under composition and computes Wheeler-continuous functions. Moreover we give a
machine-independent characterization of the functions computed by the class. Due to space limitations,
all proofs are omitted. The interested reader can find them in the complete arXiv version entitled
"Finite-State Transducers in the Wheeler Setting".

2. Preliminaries

We first fix some conventions before introducing Wheeler transducers in detail. Throughout the paper,
whenever an alphabet Σ is given, it is assumed to be equipped with an order denoted by ≺. Moreover,
given two strings 𝛼 = 𝑎1𝑎2 . . . 𝑎𝑛 and 𝛽 = 𝑏1𝑏2 . . . 𝑏𝑚 in Σ*, their co-lexicographic order is defined by
overloading the symbol ≺:

𝛼 ≺ 𝛽 ⇐⇒
(︀
𝑛 < 𝑚 ∧ (∀𝑗 < 𝑛)(𝑎𝑛−𝑗 = 𝑏𝑚−𝑗)

)︀
∨

(∃𝑖)(𝑎𝑛−𝑖 ≺ 𝑏𝑚−𝑖 ∧ (∀𝑗 < 𝑖)(𝑎𝑛−𝑗 = 𝑏𝑚−𝑗))

(in other words, the co-lexicographic order coincides with the lexicographic one on the reverse of the
words).
We assume that the notions of deterministic (DFA)/nondeterministic (NFA) automata are known to
the reader. Given a deterministic finite-state automaton 𝐴 = (𝑄, 𝑠,Σ, 𝛿, 𝐹 ) over an ordered alphabet
(Σ,≺), a natural partial order on its states can be defined in terms of the strings reaching them. For
each state 𝑞 ∈ 𝑄, let 𝐼𝑞 = {𝛼 ∈ Σ* | 𝛿(𝑠, 𝛼) = 𝑞} denote the set of strings reaching 𝑞. The co-
lexicographic partial order <𝐴 on the set of states of 𝐴 is defined as follows: for states 𝑝, 𝑞 ∈ 𝑄, we
set 𝑝 <𝐴 𝑞 ⇐⇒ ∀𝛼 ∈ 𝐼𝑝∀𝛽 ∈ 𝐼𝑞(𝛼 ≺ 𝛽). A Wheeler automaton is then defined as a deterministic
finite-state automaton in which the order <𝐴 is a total order2.

The class of Wheeler languages is defined accordingly: a language ℒ is Wheeler iff there exists a
Wheeler DFA that recognizes ℒ.

We next consider the transducer notion. A one-way subsequential transducer (which we simply call a
transducer in this paper) computes a partial function from Σ* to Γ*, where Σ and Γ are the input and
output alphabets, respectively. It is defined as a tuple 𝑇 = (𝑄, 𝑠,Σ,Γ, 𝛿, 𝜔, 𝐹, 𝑡), where:

1. 𝐴𝑇 = (𝑄, 𝑠,Σ, 𝛿, 𝐹 ) is the underlying DFA;
2. the partial function 𝜔 : 𝑄× Σ → Γ* has the same domain as 𝛿;
3. 𝑡 : 𝐹 → Γ* is the terminal function, which associates with each final state a string to be

concatenated to the output produced while reading an accepted input string.

We call 𝛿 and 𝜔 the input and output transition functions, respectively, and we extend them as usual to
𝑄× Σ*.

Given a transducer 𝑇 , we denote by ||𝑇 || : Σ* → Γ* the partial function 𝛼 ↦→ 𝜔(𝑠, 𝛼)𝑡(𝛿(𝑠, 𝛼)),
where 𝛼 ∈ Σ* is accepted by the underlying DFA 𝐴𝑇 (see [6] for formal definitions).

Example 2.1. For the transducer in Fig. 1 we have 𝑑𝑜𝑚(||𝑇 ||) = 𝑎𝑎𝑏(𝑎𝑏)*𝑑 + 𝑐𝑎𝑏(𝑎𝑏)*𝑑,
||𝑇 ||(𝑎𝑎𝑏(𝑎𝑏)𝑘𝑑) = 000(010)𝑘01, ||𝑇 ||(𝑐𝑎𝑏(𝑎𝑏)𝑘𝑑) = 110(110)𝑘11.

1see [7] for an in-depth discussion on the relevance of continuity for transducers
2There is also a notion of nondeterministic Wheeler automata, which we omit for space reasons
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Figure 1: An example of a (Wheeler) transducer. The terminal function 𝑡 is defined as: 𝑡(𝑞7) = 1.

3. Wheeler Transducers

We introduce the notion of deterministic finite-state Wheeler transducers and study their fundamental
properties. We first show that the class is closed under composition, and we also prove that Wheeler
languages are closed under inverse images of Wheeler transductions. We then turn to minimization:
building on Choffrut’s theory of minimal sequential transducers [8], we introduce a refinement of
the syntactic Choffrut equivalence, denoted ∼𝑐

𝑓 , and show that it characterizes exactly the functions
realizable by a Wheeler transducer. Finally, we provide a machine-independent characterization of
functions computed by Wheeler transducers in terms of piecewise monotonicity 3.

We first present our proposal for the class of Wheeler transducers.

Definition 3.1. A transducer 𝑇 = (𝑄, 𝑠,Σ,Γ, 𝛿, 𝜔, 𝐹, 𝑡) is said to be a Wheeler transducer if, denoting
by <in the input order <𝐴𝑇

on 𝑄 induced by the underlying DFA 𝐴𝑇 = (𝑄, 𝑠,Σ, 𝛿, 𝐹 ), the following
conditions hold:

1. the order <in is total on 𝑄;
2. for every state 𝑞 ∈ 𝑄, the function 𝜔(𝑠,−) is piecewise monotone on 𝐼𝑞 .

A function 𝑓 is said to be a Wheeler function if it is computed by a Wheeler transducer.

An example of a Wheeler transducer is shown in Fig. 1, where the co-lex order on states is 𝑞0 <in

𝑞1 <in 𝑞2 <in 𝑞5 <in 𝑞3 <in 𝑞6 <in 𝑞4 <in 𝑞7 (a total order) and one can verify that condition 2 of
Definition 3.1 is satisfied because, for each state 𝑞, the restriction of 𝜔(𝑠,−) to 𝐼𝑞 is piecewise monotone.
For instance, 𝜔 is monotone decreasing on 𝐼𝑞5 , hence piecewise monotone with one piece, while it is
piecewise monotone with two pieces on 𝐼𝑞7 .

Our first result concerns the closure of Wheeler transducers under composition:

Lemma 3.2. Let 𝑇1, 𝑇2 be two Wheeler transducers. Then the composition ‖𝑇2‖ ∘ ‖𝑇1‖ is realized by a
Wheeler transducer.

To support the claim that Wheeler transducers are well suited to representing the dynamics of
Wheeler languages, our next result states that Wheeler languages are closed under inverse images of
Wheeler transducers.

Lemma 3.3. Suppose 𝑇 is a Wheeler transducer and let ℒ ⊆ Γ* be a Wheeler language. Then the inverse
image ||𝑇 ||−1(ℒ) ⊆ Σ* is a Wheeler language.

3A piecewise monotone function is a function in which the domain is split into a finite number of convex sets where the
function is monotone (either non-decreasing or non-increasing)



3.1. Minimization

In the general case, given a partial function 𝑓 : Σ* → Γ*, Choffrut defined in [8] a syntactic congruence
∼𝑓 with the property that 𝑓 is computed by a transducer if and only if ∼𝑓 has finite index. Moreover,
the equivalence ∼𝑓 allows us to define a "minimum" transducer computing the function 𝑓 .

In order to define the congruence ∼𝑓 , one first defines a (partial) function ̂︀𝑓 : Σ* → Γ* which,
given a word 𝛼, outputs the longest common prefix of all words 𝑓(𝛼𝛽) for all continuations 𝛽 with
𝛼𝛽 ∈ 𝑑𝑜𝑚(𝑓). More precisely, for 𝛼 ∈ Pref(𝑑𝑜𝑚(𝑓)), let

̂︀𝑓(𝛼) = ⋀︁
𝛼𝛽∈𝑑𝑜𝑚(𝑓)

𝑓(𝛼𝛽)

Then ̂︀𝑓 is used to define the equivalence ∼𝑓 over Pref(𝑑𝑜𝑚(𝑓)) as follows:

𝛼 ∼𝑓 𝛼′ ⇔ ∀𝛽
(︁ ̂︀𝑓(𝛼)−1𝑓(𝛼𝛽) = ̂︀𝑓(𝛼′)−1𝑓(𝛼′𝛽)

)︁
To obtain the corresponding syntactic congruence ∼𝑐

𝑓 for Wheeler transducers, we need a convexity
constraint on ∼𝑓 , together with an order constraint on ̂︀𝑓 . In the following, we denote by [𝛼]𝑓 the
equivalence class of the word 𝛼 with respect to ∼𝑓 and, for words 𝜇, 𝜇′ ∈ Pref(𝑑𝑜𝑚(𝑓)), we denote

by [𝜇, 𝜇′]± the following interval in (Pref(𝑑𝑜𝑚(𝑓)),≺): [𝜇, 𝜇′]± =

{︃
[𝜇, 𝜇′] if 𝜇 ⪯ 𝜇′

[𝜇′, 𝜇] if 𝜇′ ⪯ 𝜇

Definition 3.4. Let 𝑓 : Σ* → Γ* be a partial function. Then the relation ∼𝑐
𝑓 on Pref(𝑑𝑜𝑚(𝑓)) is

defined as follows:

𝛼 ∼𝑐
𝑓 𝛼′ ⇐⇒ [𝛼, 𝛼′]± ⊆ [𝛼]𝑓 ∧ ̂︀𝑓 is piecewise monotone over [𝛼, 𝛼′]±

Lemma 3.5. Given a partial function 𝑓 : Σ* → Γ*, the relation 𝛼 ∼𝑐
𝑓 𝛼′ is a right-invariant equivalence.

The congruence ∼𝑐
𝑓 allows us to establish a Myhill–Nerode theorem for Wheeler transducers.

Theorem 3.6. A partial function 𝑓 : Σ* → Γ* is computed by a Wheeler transducer if and only if ∼𝑐
𝑓

has finite index and ̂︀𝑓 is piecewise monotone over each ∼𝑐
𝑓 -class.

Using the previous theorem we may also obtain a characterization of Wheeler functions that highlights
the monotonicity property directly on the function 𝑓 , rather than on ̂︀𝑓 :

Theorem 3.7. A sequential function 𝑓 : Σ* → Γ* is a Wheeler function if and only if every monotone
sequence in Pref(𝑑𝑜𝑚(𝑓)) eventually lies in a single ∼𝑓 -class and 𝑓 is piecewise monotone.

4. Conclusions and Future Work

The study initiated here paves the way for a broader research program on the structural theory of
Wheeler transducers.

Several fundamental problems concerning decidability and complexity remain unresolved. The most
immediate is the decidability of membership of a transducer in the class of Wheeler transducers and the
complexity of such a decision procedure. A related problem is that of Wheeler realizability: given an
arbitrary transducer, can one decide whether an equivalent Wheeler transducer exists? The complexity
of the minimization procedure induced by ∼𝑐

𝑓 likewise remains open.
A further direction for future work is to generalize the notion of Wheeler transducers beyond the

present setting. In particular, it would be interesting to develop a hierarchy of transducers mirroring the
hierarchy of regular languages induced by the deterministic width of their co-lexicographic order [9].
Such a hierarchy could provide a finer classification of transducers, relating their structural complexity
to the degree to which their underlying automata depart from the Wheeler case. This may also lead to



new algorithmic techniques for indexing and processing transductions with bounded co-lexicographic
width.

Beyond the deterministic case, a natural extension is the study of Wheeler relations, analogous to
rational relations in the regular setting, obtained by dropping the determinism requirement. In order to
proceed in this direction, it is necessary to develop a theory of nondeterministic Wheeler transducers
and to understand which properties of rational relations survive in the Wheeler setting. Finally, a
logical characterization of Wheeler functions, analogous to the connection between regular functions
and monadic second-order logic, is another direction for future work.
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