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Abstract

This paper presents a high-level report on an ongoing project aiming to leverage implicit approaches based
on discrete ordinary differential equations (ODEs) to study multiple complexity classes, even beyond small
circuit and polynomial-time classes. Stimulated by recent ODE-based characterizations of polynomial-time
functions (FP) and classes over the reals, the research project outlined here pushes this investigation further
into counting and alternation. Specifically, we present a uniform framework, built upon a single base algebra and
a unified family of schemas, where complexity levels, such as those of the polynomial and counting hierarchies,
are captured simply by the nesting depth of ODE operators. Crucially, our approach starts from a base class
much weaker than FP, thus strengthening existing recursion-theoretic treatments and establishing a natural
connection to descriptive complexity. Moreover, by isolating three elementary schemas, our framework makes
the computational content of linearity restrictions completely transparent while extending ODE-based implicit
complexity to previously unaddressed counting classes, such as @P. More generally, this work establishes a clear
bridge between differentiation and counting, offering a fresh perspective on the relationships between different
complexity classes, which remains the object of ongoing and future research.
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1. Introduction

In recent years, the use of ordinary differential equations (ODEs) as a framework to design algorithms
and characterize various complexity classes has seen a resurgence of interest. Given their inherent
connections to analog computation, ODEs have been used to characterize complexity over the re-
als [1, 2, 3], and, more recently, their discrete counterparts have also been shown to handle standard
computational models [4, 5]. This establishes the ODE framework as a promising and versatile tool
for machine-independent complexity, the branch of complexity theory dedicated to characterizing
functions without relying on specific machines or cost models (see e.g. [6, 7, 8, 9, 10, 11]).

The seminal work introducing discrete ODEs in complexity established a characterization for the class
of poly-time computable functions (FP) [4]. In a series of subsequent works [5, 12, 13], this approach
has also proven fruitful for studying small circuit classes, revealing one of the key advantages of ODEs:
the interplay of multiple parameters (such as discrete vs. continuous inputs, the choice of functions
to derive along, the syntactical form of the equations, and constraints on their calls) enables a flexible
characterization of (circuit) computational resources. The research project delineated here aims to push
this investigation further by exploring the expressive power of discrete ODEs in a different direction,
namely by considering classes above FP. This proves the versatility of this mathematical tool by showing
that they can naturally capture resources related to different machine models, such as nondeterministic
and counting machines, providing a comprehensive and new perspective on complexity.

2. A Brief Review of Discrete ODEs in Complexity

As is standard, we define ODEs as expressions of the form % = h(z,y, f(x,y)), where % is

the partial derivative of f(x,y) with respect to x (being y fixed). When an initial condition f(0,y) =
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g(y) is added, we obtain a so-called initial value problem (IVP). Here, we focus on the discrete counterpart
of ODEs, such that the discrete derivative of f(x) is defined as f(xz + 1) — f(z). In order to capture
complexity classes two novel concepts are introduced into the standard setting of difference calculus:
(a) the idea of deriving along functions, enabling to control the number of recursion steps and (b) a
syntactic form of the equation enabling to control the object size. These two simple features allow
for the definition of schemas which do not impose explicit bounds on the recursion (as in [6]) or
assign special roles to variables (as in [14, 15, 7]). Formally, (a) is realized through the notion of

A-ODE: a function f is defined by A-ODE from ¢ and w if it is the solution of the IVP with initial

value f(0,y) = ¢(y) and s.t. 8fg§\’y> = g{g‘;’g = wu(z,y, f(x,y)), being a formal synonym of

flz+1,y) = f(z,y) + Mz + 1,y) — A(z,y)) x u(z,y, f(z,y)). This ensures that the value of
f(z,y) changes only when the value of A\(x,y) does, thereby linking the number of recursion steps
directly to the growth rate of the function along which we are deriving. When A is the length function
(s.t. £(0) = 0 and 4(x) = [logy(x + 1)]) this is called length-ODE.

To control (b) function growth, we apply linearity-based syntactical restrictions; these ensure that
the output of recursive calls is strictly bounded at each step, preventing growth explosions.

Definition 1 (Linear A\-ODE). Given g, A, h, the function f is said to be defined by A\-ODE from g
and h if it is the solution of the IVP with initial value f(0,y) = g(y) and such that: % =
A(z,y, f(x,y),h(z,y)) X f(x,y) + B(z,y, f(x,y),h(x,y)) where A and B are expressions over
the signature {+, —, xX,sg} (being sg : Z — Z the sign function over Z taking value 1 for x > 0 and 0
otherwise) in which f occurs only under the scope of the sign function. If no call to f occurs in A and B,
the schema is said to be strict.

So-called linear length ODE, ¢/-ODE, is defined by putting these two features together. This schema
was the crucial novelty introduced to capture poly-time computation, offering the very first charac-
terization of FP in terms of LDIL, an ODE-based function algebra made of standard basic functions
0,1, ﬂ'f, l,sg, 4+, —, x) and closed under composition (o) and ¢-ODE [4]. Subsequently, it was shown
that discrete ODEs also provide a natural tool for expressing core operations of circuit-based com-
putation, such as basic right-shifting or left-shifting with bit addition. This led to multiple original
characterizations for classes ranging from those computable by unbounded Boolean circuits of polyno-
mial size and constant depth (FACY) to those of logarithmic depth (FNC?), also including various
counting gates [5, 12, 13]; notably, most of these latter classes had hitherto lacked implicit characteriza-
tions. Recall in particular that FAC® was characterized by a function algebra called ACDL, defined
by standard basic functions and closed under composition and under a special schema allowing for
iterated left-shifting, with possible bit addition (see [5, 12]).

Motivated by the simplicity with which ODE schemas capture crucial operations like (sharply)
bounded search and counting, our project aims to extend this approach to complexity beyond FP,
thereby simplifying and unifying the characterizations of these classes as well.

3. Uniformly Reasoning about Computation Paths

In recursion theory, complexity classes related to notions of alternation and counting have been mostly
captured by forms of tree recursion with parameter substitution (see, e.g. [7, 16, 17, 18, 19]) or restricted
forms of primitive recursion (see, e.g. [20, 21, 22]). In both cases, one uses recursion schemes that mimic
the traversal of a computation tree: from its root to its leaves for tree recursion (on notation), and from
the last leaf back to the root for primitive recursion.

This approach to recursion can be naturally viewed as a form of discrete differentiation. Thus, our key
strategy is to combine the recognition of accepting computation paths (already doable in FACY, [23,
Th. 1]) with mechanisms for searching and counting over them, tools precisely offered by ODE-schemas
(Def. 1). More generally, this framework makes it possible to capture a wide spectrum of classes, ranging
from small circuits to polynomial space, by relying on the same function algebra and by introducing two



simple modifications to the core defining schemas: (A) a restricted form of composition (Def. 2) and (B)
specific constraints on the linearity of ODEs.

A. Restricted composition. As is standard in recursion theory [6, 24], our characterizations are
in terms of function algebras. However, in order to uniformly capture hierarchy levels, we rely on a
special form of restricted composition, inspired by [25, 19, 18]. This addresses the fact that classes like
NP are not known to be closed under complement, and thus also not under composition.

Definition 2. Given a (base) algebra % and a set of operators Oy, ..., Ok, the algebra ¥ =
[#; 00,01, ...,0] is defined as the standard algebra [#; 0,01, ..., O] but with f being obtained
by composition, f(xz,y) = h(g(x,y)), only when all (inner) functions in g are in .

If the base class 2 is itself defined via operators O7, - - - , O/, , these cannot be used in [#; 0, 01, ..., O],
i.e., one has access to functions in %, but not to operators defining them. This restriction allows for
fine-grained control over the nested application of certain schemas.

B. Some paradigmatic ODE schemas. We consider strict ODE-based schemas obtained by imposing
various restrictions on the linearity of the defining equation. Specifically, when A takes values only in
{—1,0} and B = 0, the computation corresponds to universal bounded search; when A = —B and
B takes values in {0, 1}, it corresponds to existential bounded search; if A = 0 and B takes values in
{0, 1}, counting is obtained.

Definition 3. Let g : NP — {0,1},ky : NP*1 — {10} and ko : NP*1 — {0,1}. The function

. . PR . L of(xy)
[ NP*1 — N defined as the solution of the IVP with initial value f(0,y) = g(y) and s.t.. 2% =
f(z,y) X k1(x,y) is said to be defined by ODE,; 8f((93;,y) = —f(x,y) X ko(x,y) + ka(z,y) is said to be
defined by ODE,;; w = ko(x,y) is said to be defined by ODE .

It is easy to check that solutions of the corresponding systems precisely correspond to the desired
operations: universal and existential bounded search, and counting ([23, Prop. 1]).

C. Recognizing accepting computation paths. Typical machine-independent characterizations
of non-deterministic classes with polynomial resource restrictions (NP, #P, ...) are defined having
as the base class P or FP. Thus, having at our disposal ODE schemas which mimic the operations
required to define these classes, a natural approach to characterize them would be to close the algebra
of functions LDL [4] under these schemas. Here we show that, in fact, we can use a much weaker class
as our basis, namely ACDL [5]. Indeed, while characterizations in [19, 18] rely on schemas to represent
the non-deterministic bits generated by a non-deterministic Turing machine (NTM) M, we instead use
them to generate the entire computation of M. Then, what we need is simply a mechanism allowing us
to check whether the generated words correspond to accepting computations of M, which can be done
already in FAC? (for a self-contained proof see [23, Sec. A]; similar formulations of this result have
been proved in [26, Th. 3.1] and [9, Th. 7.8]). The core intuition behind this result is that, under a suitable
encoding, one can interpret a computation path of a machine M as a binary word. For each machine M,
we can define the set accy; = {(z,7) € N2 : z is an accepting computation of M on input z}. Our
proof that for any (NYTM M and input z, there is an FAC? function deciding acc; (see [23, Th. 1])
partially strengthens the state of the art [26, 25, 19, 18] and establishes a clear(er) bridge between the
ODE-based approach and descriptive complexity, where it is also FO (= AC) which serves as the basis
for the characterization of complexity classes [8, 27, 9].

4. Capturing Classes Beyond F'P via Discrete ODEs: an Overview

Simply combining ACDL and restricted composition with ODE, or ODE\, is enough to capture the base
levels of FPH. For example, the equality FACY U NP = [ACDL; oy, ODE,] is established by relying
on the closure properties of og and ODEy, for (D). Conversely, (C) follows from the fact that for any

poly-time NP-machine M, letting V' (z, 2) € ACDL be the function deciding the set acc); and letting



7 be a polynomial such that for any z, the encoding of an accepting computation of M (x) has precisely
size 7(¢(z)), we can define f via ODEy, from 0 and V' so that f(1#r({(x)),2z) = 1 if and only if there
exists a word z of size 7(£(x)) for which V(z,2) = 1 (see [23, Th. 2]). The class FAC? U coNP is
captured in an analogous way, by considering ODE A, while subsequent levels of PH are characterized
by iteratively considering the previous level as the basic function class (for details see [23, Sec. C]).

A similar approach extends to the study of the counting classes [28] and hierarchy [21] (FCH) and
its levels, where the crucial schema is ODE, i.e., a schema that allows one to “count” paths. Intuitively,
completeness direction shows that if f € #P, i.e. if there is a poly-time NTM M s.t., for every =,
f(z) = #accr e, we can use ODE to define F'(r(x), ) = f(x) using g(2) = 0and V(z,2) € ACDL
which returns 1 iff z is an accepting computation of M on x. Notably, the flexibility of this approach
allows us to straightforwardly capture other counting classes never characterized before, such as ®P
or FMod,, P, by considering, again, ACDL, oq but different-counting ODE schemas (e.g., a schema
counting modulo 2, see [23, Sec. E]).

Other simple restrictions on linearity lead to ODEs with significant computational power. Although
this investigation is still in progress, at least two of them seem especially worth mentioning. Endowing
ACDL with an ODE schema that differentiates with respect to = and such that A = —1 (or is in {0, 1},
see [23, Sec. F]) is enough to capture FPSPACE. Observe that this schema closely mirrors the one
defining FNC!, which instead differentiates with respect to ¢; a connection which deserves further
investigation. Moving to derivations along /, an alternative characterization for FP can be obtained by
considering a schema with generalized linearity, where A = 1 and B takes values in {0, 1} rather than
£-ODE [4] (see [23, Sec. G]).

5. Perspectives

The paper presents a high-level overview of an ongoing project that aims to advance the study of
complexity through the perspective of ODEs and clarify the power of these schemas, for instance, to
capture alternating hierarchies. Developing clear ODE instruments and systematically investigating
these characterizations is the precise focus of the research sketched here.

This investigation is relevant for multiple reasons. First, it further exemplifies how flexible ODEs can
be: besides circuits and dynamical systems, ODEs are able to capture resources associated with non-
determinism, relativized computation and counting machines. Additionally, while most of the classes
mentioned here have already been characterized using standard tools available in recursion theory, the
ODE perspective offers for the first time a unique mathematical object capable of characterizing diverse
aspects of computation, spanning both the discrete and continuous domains. To our knowledge, such
universality is not offered by any previously developed tools in recursion theory. The versatility of this
framework is made possible by the variety of features defining ODE:s (e.g., strict vs. non-strict, functions
to derive along, linearity, etc.). Clarifying the relationship between these constraints remains an open
question for future research, potentially bridging other approaches to implicit complexity, e.g., by
comparing how computational resources are captured by constraints on ODEs vs. logical features [8,
27, 9]. Finally, far from being just another way to rewrite recursion schemas, this framework is capable
of straightforwardly capturing classes never characterized before in recursion theory, as shown in [13]
or here for ®P. We are thus confident that these tools can also provide original characterizations for
other relevant classes (e.g., involving randomness [29] or monotonicity [30]) and offer new means to
study the relationships between them.

deriving along x deriving along ¢
FAC'UPH ‘ FCH ‘ FPSPACE || FTCY ‘ FNC! ‘ FP
lev. 1 Oo;fka2+k2 Oo;kg fXA+B
lev.n | op; —f X ko + ko | onsko —-f+B ko —-f+B
union —f X ko + ko ko f+K

The table summarizes the defining features of ODE schemas characterizing different classes and hierarchy levels. These characterizations are
obtained by closing ACDL or the preceding hierarchy level (denoted by oy, ) under (possibly restricted, og) composition and the given ODE
schema. Whenever composition is not restricted, o is simply omitted. We follow the convention that k1 : N — {—1,0}, k2 : N — {0, 1},
and B (resp., K) is a (resp, generalized) sg-polynomial expression, s.t. f only occurs under the scope of sg (resp., takes values in {0, 1}). The
schema for FINC! is s.t. f occurs in B only in expressions of the form sg(f — ¢), with ¢ € N constant, see [12].
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