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Abstract
Quantum state preparation and block encoding constitute fundamental building blocks in quantum computation.
The state vector representation encodes data within the amplitudes of a quantum state. Conversely, block
encoding is tailored for quantum linear algebra applications, enabling the manipulation of encoded operators
via matrix functions. Because these frameworks are complementary, converting between them is essential for
quantum linear algebra algorithms. In this paper, we provide a quantum subroutine for converting the state
vector representation of 𝐴 ∈ ℂ𝑁×𝑁, where ‖𝐴‖𝐹 = 1, directly into a block encoding of 𝐴, using a constant-depth
circuit of three layers of one- and two-qubit gates and only 𝑛 = log2 𝑁 ancillary qubits. We show that the resulting
normalization factor √𝑁 is theoretically optimal.
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1. Introduction

Quantum state preparation is a fundamental building block of quantum computation [1]. It consists
in evolving a quantum system into a desired target state, so that subsequent unitary operations can
process the data encoded in the amplitudes of the state vector. In many quantum algorithms [2, 3, 4, 5],
the asymptotic advantage crucially depends on the availability of efficient state preparation routines
[6, 7, 8, 9]. Block encoding (BE) [10, 11], on the other hand, is a fundamental tool for implementing
quantum linear algebra algorithms. It allows embedding a general non-unitary matrix into a larger
unitary operator that can be realized by a quantum circuit. Efficient block encoding algorithms exist
for sparse [12, 13] or structured matrix classes [14, 15, 16] — such as matrices with displacement
structure, semiseparable, and hierarchical matrices — that explicitly exploit the underlying structure;
block encoding of general dense matrices is also possible [17, 11].

These two representations, state vectors and block-encoded operators, are complementary and suited
for different algorithmic settings. State vector encodings embed information into the amplitudes of a
quantum state, enabling its preparation and subsequent manipulation via unitary evolution, making it
suitable for vector-based linear algebra operations [18]; operator encodings are preferable when the
goal is to compute matrix functions with QSVT [10], such as inversion of matrices or computation of
the exponential matrix function necessary in Hamiltonian simulation. Given this complementarity, it is
often necessary to convert between the two representations. In this direction, authors in [18] propose a
conversion from exact block encoding to matrix state preparation, while in [19] a subroutine for the
reverse transformation from matrix state to operator is proposed using 3𝑛 qubits, where the matrix
𝐴 ∈ ℂ𝑁×𝑁 and 𝑛 = log2 𝑁. Although the cost in depth is not explicitly analysed, the construction
involves one doubly-controlled |𝑗⟩ ⟨𝑔| operation for each basis pair (𝑗, 𝑔) ∈ {0, … , 𝑁 − 1}2, suggesting
gate count that scales as 𝑂(𝑁 2) in the number of controlled operations, followed by a diffusion layer
and 2𝑛 Hadamard gates. For a more general conversion, the authors in [17] introduce a bidirectional
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transition between arbitrary block encodings and state preparation. Their algorithm for converting a
matrix to a block encoding operator requires an intermediate step where first the matrix is decomposed
as a linear combination of higher-order Pauli matrices, using a multiplexer which they assume to
implement with constant depth. The resulting circuit has constant depth, uses additional 2𝑛 qubits and
the normalization factor is 𝛼𝑁 if the initial state contains also some garbage, and 𝛼 is the normalization
factor for the entries of 𝐴.
In this paper, we propose an approach for constructing a block encoding of a matrix 𝐴

directly from its matrix state preparation operator 𝑀𝐴, using a circuit of constant depth
consisting of 3 layers of single- and two-qubit gates, with normalization factor √𝑁. We
prove that the algorithm is optimal within the class of algorithms that query 𝑀𝐴 ex-
actly once. The code implementation is available at https://github.com/Giacomo-Antonioli/
State-Vector-to-Block-Encoding--An-Efficient-Quantum-Circuit-Transformation.

2. Preliminary notation

For simplicity, all the results are presented for square matrices, but they can be easily extended to the rect-
angular case. Given amatrix𝐴 = (𝑎𝑖𝑗) ∈ ℂ𝑁×𝑁, in the followingwe denote by𝐴𝑗 = [𝑎0𝑗, 𝑎1𝑗, … , 𝑎𝑁−1,𝑗]𝑇 ∈
ℂ𝑁, the 𝑗-th column of 𝐴, i.e. 𝐴 = [𝐴0|𝐴1| … |𝐴𝑁−1], and by vec(𝐴) = [𝑎00, 𝑎10, … , 𝑎𝑁−1,𝑁−1] the vector
obtained concatenating the columns of 𝐴 one after the other. The encoding of the matrix 𝐴 into the
amplitudes of a quantum state is achieved by the matrix state preparation circuit. We assume that
‖𝐴‖𝐹 = 1 since this is a parameter that should be precomputed classically and the entries of 𝐴 always
need to be scaled by this factor.

Definition 1. (Matrix state preparation operator) [18] A 2𝑛-qubit unity operator 𝑀𝐴 is a matrix state
preparation operator for 𝐴 ∈ ℂ𝑁×𝑁, with 𝑁 = 2𝑛, and ‖𝐴‖𝐹 = 1, if, applying 𝑀𝐴 to |0⟩2𝑛, results in

|𝐴⟩ =
𝑁−1
∑
𝑖=0

𝑁−1
∑
𝑗=0

𝑎𝑖𝑗 |𝑗⟩𝑛 |𝑖⟩𝑛 .

Equivalently 𝑀𝐴 |0⟩2𝑛 = |𝐴⟩ = vec(𝐴).

Alternatively, the matrix 𝐴 can be encoded, using block encoding, into a unitary operator 𝑈𝐴 that
encodes 𝐴/𝛼 as its top left block, where 𝛼 ≥ ‖𝐴‖2 is a scaling factor.

Definition 2. (Block encoding). Given a matrix 𝐴 ∈ ℂ𝑁×𝑁 , where 𝑁 = 2𝑁, if there exist 𝛼, 𝜀 ∈ ℝ+, with
𝛼 ≥ ‖𝐴‖2 and a (𝑚 + 𝑛)-qubit unitary matrix 𝑈𝐴 so that

‖𝐴 − 𝛼(⟨0|𝑚 ⊗ 𝐼𝑁) 𝑈𝐴 (|0⟩𝑚 ⊗ 𝐼𝑁)‖2 ≤ 𝜀

then 𝑈𝐴 is called an (𝛼, 𝑚, 𝜀)-block-encoding of 𝐴. In particular, when the block encoding is exact with
𝜀 = 0, 𝑈𝐴 is called an (𝛼, 𝑚)-block-encoding of 𝐴.

In order to implement the proposed method, we employ the elementary gates: Hadamard (H), CNOT
and SWAP. Conventionally, the CNOT gate applied on two consecutive qubits, flips the state of the
target qubit based on the state of the control qubit, and the corresponding operator is a 4 × 4 block
diagonal matrix where the first diagonal block is 𝐼2 and the second block is 𝑋. We now introduce the
definition of the operator of CNOT(𝑎, 𝑏), with 𝑏 > 𝑎, where the parameters are the indices respectively
of the control and target qubit, which may not be consecutive. The matrix representation is as follows

CNOT(𝑎, 𝑏) = [𝐼2(𝑏−𝑎) 𝐼2(𝑏−𝑎−1) ⊗ 𝑋] ∈ ℝ2
𝑏−𝑎+1×2𝑏−𝑎+1 . (1)

Furthermore, the effect of the SWAP gate is to permute two consecutive registers. We denote by
SWAP(𝑎, 𝑏) the operator that permute two generic registers 𝑎 and 𝑏, which may be not contiguous.

https://github.com/Giacomo-Antonioli/State-Vector-to-Block-Encoding--An-Efficient-Quantum-Circuit-Transformation
https://github.com/Giacomo-Antonioli/State-Vector-to-Block-Encoding--An-Efficient-Quantum-Circuit-Transformation


3. Main Result

In this section, we describe the algorithm for obtaining the block encoding operator 𝑈𝐴 from the matrix
state preparation circuit described by 𝑀𝐴. The quantum circuit is in Figure 1.

Theorem 3. Let 𝐴 = (𝑎𝑖𝑗) ∈ ℂ𝑁×𝑁, with 𝑁 = 2𝑛 and ‖𝐴‖𝐹 = 1, and let 𝑀𝐴 be a matrix state preparation
operator such that |𝐴⟩ = 𝑀𝐴 |0⟩2𝑛 = ∑𝑁−1

𝑖,𝑗=0 𝑎𝑖𝑗 |𝑗⟩𝑛 |𝑖⟩𝑛 . Then, there exists a quantum circuit 𝑈𝐴 of constant
depth that realises a (√𝑁, 2𝑛)-block encoding of 𝐴, introducing only 𝑛 ancilla qubits.

Proof. Consider a 2𝑛-qubit initial state |𝐴⟩ = 𝑀𝐴 |0⟩2𝑛. Operator𝑀𝐴 contains in the first column vec(𝐴).
In order to create the block-encoding, we append an ancillary register of 𝑛 qubits, thus obtaining the

state |𝜓1⟩ = |𝐴⟩ ⊗ |0⟩𝑛 = ∑𝑁−1
𝑖,𝑗=0 𝑎𝑖,𝑗 |𝑗⟩𝑛 |𝑖⟩𝑛 |0⟩𝑛 . This extended state corresponds to applying the operator

𝑈init = 𝑀𝐴 ⊗ 𝐼𝑁 to the 3𝑛-qubit initial state |0⟩3𝑛. Each of the first 𝑁 columns of 𝑈init contain a copy of
the columns of 𝐴. From now on we only visualize the first 𝑁 columns of the operators since 𝐴 will be
encoded in the leading 𝑁 × 𝑁 submatrix.

𝑈init(|0⟩2𝑛 ⊗ 𝐼𝑁) = 𝑀𝐴 ⊗ 𝐼𝑁(|0⟩2𝑛 ⊗ 𝐼𝑁) =
⎡
⎢
⎢
⎢
⎣

𝐴0 ⊗ 𝐼𝑁
𝐴1 ⊗ 𝐼𝑁

⋮
𝐴𝑁−1 ⊗ 𝐼𝑁

⎤
⎥
⎥
⎥
⎦

∈ ℂ𝑁 3×𝑁,

where the blocks 𝐴𝑗 ⊗ 𝐼𝑁 ∈ ℂ𝑁 2×𝑁 have the following structure

𝐴𝑗 ⊗ 𝐼𝑁 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑎0𝑗 𝐼𝑁
𝑎1𝑗 𝐼𝑁
⋮

𝑎𝑖𝑗 𝐼𝑁
⋮

𝑎𝑁−1,𝑗 𝐼𝑁

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, where 𝑎𝑖𝑗 𝐼𝑁 =
⎡
⎢
⎢
⎢
⎣

𝑎𝑖𝑗
𝑎𝑖𝑗

⋱
𝑎𝑖𝑗

⎤
⎥
⎥
⎥
⎦

.

To produce the desired block encoding, we first regroup each copy of the columns, and then move them
in the top 𝑁 positions of each column. We achieve this by defining a new operator 𝑈𝑆, whose action on
the state vector is to swap the second and third register and can be described as:

𝑈𝑆 = (
𝑛−1
∏
𝑎=0

𝐼2𝑎+𝑛 ⊗ SWAP(𝑎 + 𝑛, 𝑎 + 2𝑛) ⊗ 𝐼2𝑛−𝑎−1) .

Looking at the effect on the initial operator, we get that he first 𝑁 columns become:

𝑈𝑆 𝑈init (|0⟩2𝑛 ⊗ 𝐼𝑁) =
⎡
⎢
⎢
⎢
⎣

𝐼𝑁 ⊗ 𝐴0
𝐼𝑁 ⊗ 𝐴1

⋮
𝐼𝑁 ⊗ 𝐴𝑁−1

⎤
⎥
⎥
⎥
⎦

∈ ℂ𝑁 3×𝑁.

The next step rearranges, inside each row-block, the 𝑁 copies of the column 𝐴𝑗 so that the useful
copy is brought to the top. We achieve this with the operator 𝑈𝑅, which acts only on the first two
registers (leaving the third untouched) as the bitwise controlled-NOT cascade

𝑈𝑅 = (
𝑛−1
∏
𝑎=0

𝐼2𝑎 ⊗ CNOT(𝑎, 𝑎 + 𝑛) ⊗ 𝐼2𝑛−𝑎−1) ⊗ 𝐼𝑁,

that is, 𝑈𝑅 ∶ |𝑖⟩𝑛 |𝑘⟩𝑛 |⋅⟩𝑛 ↦ |𝑖⟩𝑛 |𝑘 ⊕ 𝑖⟩𝑛 |⋅⟩𝑛. Equivalently, 𝑈𝑅 is block-diagonal in the first register: on the
block selected by |𝑖⟩𝑛 it applies

(𝑈𝑅)𝑖 = 𝑃𝑖 ⊗ 𝐼𝑁, 𝑃𝑖 ∶=
𝑛−1
⨂
𝑘=0

𝑋 𝑖𝑛−1−𝑘 = 𝑋 𝑖𝑛−1 ⊗⋯ ⊗ 𝑋 𝑖0 ,



𝑈init 𝑈𝑆 𝑈𝑅 𝐻⊗𝑛

Figure 1: Block encoding circuit for the state vector produced by the matrix state preparation routine 𝑀𝐴, note
that 𝑈𝑠 and 𝑈𝑅 are realized with depth 1 since the 𝑛 operations act simultaneously on distinct qubits.

where 𝑖 = ∑𝑛−1
ℓ=0 𝑖ℓ 2ℓ with 𝑖ℓ ∈ {0, 1}, and we used 𝑋 0 = 𝐼, 𝑋 1 = 𝑋. The factor 𝑃𝑖 permutes the basis

states of the second register according to |𝑘⟩ ↦ |𝑘 ⊕ 𝑖⟩, while 𝐼𝑁 leaves the third register unchanged.
Since (𝑈𝑅)𝑖 (𝐼𝑁 ⊗ 𝐴𝑖) = 𝑃𝑖 ⊗ 𝐴𝑖, we have

𝑈𝑅 𝑈𝑆 𝑈init (|0⟩2𝑛 ⊗ 𝐼𝑁) =
⎡
⎢
⎢
⎢
⎣

𝑃0 ⊗ 𝐴0
𝑃1 ⊗ 𝐴1

⋮
𝑃𝑁−1 ⊗ 𝐴𝑁−1

⎤
⎥
⎥
⎥
⎦

∈ ℂ𝑁 3×𝑁 .

In particular, in column 𝑚 the copy of 𝐴𝑗 lands in sub-block 𝑚 ⊕ 𝑗; choosing 𝑚 = 𝑗 gives sub-block 0, so
each𝐴𝑗 reaches the top row of its own row-block exactly in column 𝑗, meaning that (𝑃𝑗⊗𝐴𝑗) |𝑗⟩ = |0⟩⊗𝐴𝑗
Finally, by applying 𝐻⊗𝑛 ⊗ 𝐼𝑁 2 , we sum the 𝑁 row-blocks of size 𝑁 2 × 𝑁 2, placing 𝐴 in the leading

𝑁 × 𝑁 principal sub-matrix.

(𝐻⊗𝑛 ⊗ 𝐼𝑁 2) 𝑈𝑅 𝑈𝑆 𝑈init (|0⟩2𝑛 ⊗ 𝐼𝑁) =
1
√𝑁

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝐴0 𝐴1 ⋯ 𝐴𝑁−1
𝐴1 𝐴0 ⋯ 𝐴𝑁−2
⋮ ⋮ ⋱ ⋮

𝐴𝑁−1 𝐴𝑁−2 ⋯ 𝐴0
⋮ ⋮ ⋱ ⋮
⋮ ⋮ ⋱ ⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= 1
√𝑁

[
𝐴
⋆ ]

This gives a (√𝑁, 2𝑛)-block encoding of 𝐴. In Figure 2 we provide a pictorial representation of the steps
of the algorithm, for a matrix of size 𝑁 = 4.

Theorem 4. (Optimality) Let 𝐴 ∈ ℂ𝑁×𝑁 with ‖𝐴‖𝐹 = 1, 𝑁 = 2𝑛, and let𝑀𝐴 be a matrix state preparation
operator for 𝐴. Any circuit that queries 𝑀𝐴 once, where any gates applied before the query act only on
ancilla qubits initialized independently of 𝐴, and that realizes an exact (𝛼, 𝑚)-block encoding of 𝐴 for
every 𝑀𝐴, satisfies 𝛼 ≥ √𝑁. The circuit of Theorem 3 attains 𝛼 = √𝑁 and is thus optimal in this class.

Proof. It suffices to prove this result for a subfamily of matrices. Take 𝐴 = 𝑉/√𝑁 with 𝑉 unitary,
so that ‖𝐴‖𝐹 = 1 and |𝐴⟩ = 𝑀𝐴 |0⟩2𝑛 = 1

√𝑁
∑𝑖𝑗 𝑣𝑖𝑗 |𝑖⟩ |𝑗⟩ is the (normalized) vec(𝑉 ). By Definition 2,



⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯
⊗ 𝐼𝑁 ⋯ ⋯

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯

0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯

0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯

0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯

0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯

0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯

0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯

0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯

0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯
0 0 0 ⋯ ⋯

0 0 0 ⋯ ⋯

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

1
√𝑁

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⋯ ⋯

⋯ ⋯
⋯ ⋯
⋯ ⋯

⋯ ⋯
⋯ ⋯
⋯ ⋯
⋯ ⋯

⋯ ⋯
⋯ ⋯
⋯ ⋯
⋯ ⋯

⋯ ⋯
⋯ ⋯
⋯ ⋯
⋯ ⋯

𝐴
⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

𝑈𝑆 𝑈𝑅 𝐻⊗𝑛 ⊗ 𝐼𝑁2

𝑈init = 𝑀𝐴 ⊗ 𝐼𝑁

Figure 2: Construction of the (√𝑁, 2𝑛)-block encoding of 𝐴, illustrated for 𝑁 = 4 on the first 𝑁 columns of each
operator. 𝑈𝑆 swaps the second and third qubit registers, producing a block-diagonal structure with 𝑁 copies of
each column of 𝐴 along the diagonals. 𝑈𝑅 applies a bitwise XOR on the second register, permuting the copies
so that 𝐴𝑗 reaches the top of the 𝑗-th row-block in column 𝑗 (red boxes). The final Hadamard layer 𝐻⊗𝑛 ⊗ 𝐼𝑁 2

coherently sums the row-blocks, placing 1
√𝑁

𝐴 in the leading submatrix (red box, right-most matrix).

measuring the ancillae of the block encoding on input |𝑏⟩ yields the outcome 0⊗𝑚 with probability
𝑝 = ‖𝐴𝛼 |𝑏⟩ ‖2 = 1

𝛼2
1
𝑁 ‖𝑉 |𝑏⟩ ‖

2 = 1
𝛼2𝑁 , independent of 𝑉 and |𝑏⟩. A single-query, input-independent circuit

doing this is precisely a probabilistic storage-and-retrieval protocol for the unknown unitary 𝑉 from
a single use: the condition that gates preceding the query act independently of the input is exactly
the technical hypothesis required by Theorem 2 of [20] to apply their optimality bound. By [20], any
such protocol succeeds with probability at most 1/𝑁 2. Hence 1/(𝛼2𝑁) ≤ 1/𝑁 2, i.e. 𝛼 ≥ √𝑁. The full
argument is given in the extended version.

4. Conclusion

In this work, we introduced a direct method for converting a matrix state vector into a block encoding
using only elementary one- and two-qubit gates, achieving constant circuit depth and the theoretically
optimal normalization factor of √𝑁. Compared to prior approaches [17, 18, 19], our method avoids
any intermediate decomposition, for example through Pauli decomposition, and reduces circuit depth.
A future direction is to investigate how the inverse transformation can be carried out, namely how a
block-encoded operator can be converted back into a matrix state vector directly without intermediate
representations.
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