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Abstract

We consider two deterministic automata models over infinite alphabets: nominal automata and register automata
with permutations (pDRA). We prove that a data language is recognizable by a nominal automaton with n orbits
and dimension k if and only if it is recognizable by a pDRA having n states and k registers. The equivalence
builds a bridge between abstract algebraic models and concrete algorithmic implementations in data language
theory, ultimately allowing the use of pDRAs to efficiently write down nominal automata. It also enables the
transfer of algorithmic complexity bounds such as memorability and language equivalence from pDRAs into
nominal automata.

1. Introduction

Automata over infinite alphabets have been studied extensively[1, 2, 3]. Among the proposed models,
register automata, introduced as finite-memory automata by Kaminski and Francez [4], are perhaps the
most widely studied. They model systems that process data words using only finitely many remembered
data values: a register automaton over an infinite data domain D is a finite-state automaton equipped
with finitely many registers, whose contents can be compared with incoming data and updated along
transitions. Deterministic register automata (DRAs) enjoy closure under complement and a decidable
equivalence problem; the languages they recognise are the regular data languages.

Two robust theories of regular data languages have emerged, of rather different flavours. On the
foundations side, nominal automata [5, 6] recast finite-state automata inside the universe of nominal
sets [7], generalising finiteness of the state space to orbit-finiteness; this yields a clean Myhill-Nerode
characterization and neat generalisations of classical constructions, such as automata learning [8].
On the concrete side, register automata give an operational, implementable description of the same
languages, and the two are equi-expressive [9]. Nonetheless, the gap between them is more than
cosmetic: the inner workings of nominal automata rely on nominal-set reasoning (e.g. equivalence
under data permutation), which adds a level of indirection, and direct register-automata algorithms
tend to be faster in theory and practice [10, 11, 12]. Conversely, as observed in [6, Sec. 6.2], extending
finite automata with registers implicitly imposes a linear order on the stored data, which is incompatible
with minimality in the sense of Myhill-Nerode.

Register automata with permutations (pDRAs) [13] reconcile the two views: a pDRA is a deterministic
register automaton in which every transition also applies a permutation of the registers. This removes
the linear-order obstruction — pDRAs admit canonical, minimal representatives based on a finite-index
word equivalence — while retaining a polynomial-time equivalence test from their permutation-free
fragment [10]. Our main result (Theorem 14) makes the bridge precise: a data language L is recognised
by a deterministic nominal automaton with n orbits and dimension £ if and only if it is recognised by a
pDRA with n states and k registers, with minimal models corresponding on both sides. Consequently,
pDRAs are a finite, concrete syntax for (minimal) nominal automata — orbits become states, the
dimension becomes the number of registers — so a nominal automaton can be written down as a finite
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labelled graph (Proposition 15) and algorithmic results transfer from pDRAs to nominal automata,
notably polynomial-time language equivalence and memorability, as does succinctness. The connection
between pDRAs and nominal automata was suggested by an anonymous reviewer of [13], where pDRAs
were introduced; here we isolate and develop it. Proofs of our results are in the appendix.

2. Preliminaries

Fori,j € N, [i,j] = {k | i < k < j} and P(X) is the powerset of X. For a relation R we
write dom(R), rng(R) for its domain and range, R|x- for its restriction, R;; R for composition, and
Rli— j] ={(,7)}U(R\ ({i} x Y)) for update. We fix an infinite alphabet D of data, ranged over by
d,a,b,...;adata word is w € D*, with € the empty word, wli] its i-th datum and @ : [1, |w|] — D its
functional view. A data permutation is a bijection 7 : D — D fixing all but finitely many data; Perm(D)
is the set of data permutations and (d d’) the transposition of d, d'.

A nominal set [7] is a set X with a group action - : Perm(D)x X — X. Aset S C D supportsx € X if
7-x = x for every 7 fixing S pointwise; we require every element to have finite support and write supp(z)
for its least one, calling x equivariant if supp(x) = @. Supports are closed under intersection, so supp(z)
is well defined. Then D* is a nominal set under 7 - w = w; 7, with supp(w) = {w[i] | i € [1,|w|]},
and L C D* is a data language if it is equivariant (7 - L = L for all 7). Finally, a register assignment
is a partial injection p : [1,r] = D; S, is the group of permutations of [1, n], id the identity, (i j) a
transposition; the canonical extension 7 € S,, of a partial permutation 7 on [1, n] closes its maximal
paths and is the identity elsewhere.

3. Automata over Infinite Alphabets

We recall the two deterministic models over infinite alphabets that we relate: register automata with
permutations, which are concrete and based on memory; and nominal automata, which use elements of
nominal set theory.

Register automata with permutations. We recall here the relevant definitions from [13].

Definition 1. A deterministic permutation register automaton (pDRA) is a tuple A = (1, Q, i, qo, F, )
where [1, 7] is a set of registers (r > 0); () is a finite set of states with initial state go and final states
F CQ;p:Q— P([1,7]) is an availability function with 1(qo) = @; and 6 = (6= U d) is a pair of
partial transition functions:

= :Qx[Lr] = QxS and §.:Q = Q x[L,r+1] xS,.

We write p ko, q for 6_(p, k) = (¢, 7) and p ko, q for 6£(p) = (q,k, 7). Transitions obey the
availability condition: if p == ¢ with 2 € [1,7] then z € u(p) and pu(q) C m(u(p)); and if = = k* with
k€ [1,r + 1] then u(q) C w(u(p) U {k}). Ais complete if 6, is total and dom(d—(p, -)) = p(p) for all

p.

Thus, each state p carries a set u(p) C [1, 7] of available registers. While examining an input word,
the automaton keeps a register assignment p : u(p) — D. On datum d: if d = p(z) for available x and
d—(p,x) = (g, ™), it moves to ¢, permutes registers by 7 and deletes the contents outside (q); if d is
locally fresh (d ¢ rng(p)) and d+(p) = (q, k, ), it stores d in register k (a dummy when k = r + 1, so
d is discarded), permutes by 7 and deletes unavailable contents. Formally, a configuration is (p, p) with

p: p(p) — D injective; C 4 is the set of configurations and — 4 has (p, p1) im (g, p2) whenever:
« p1(k) = d, 6=(p,k) = (¢,m) and pa = (77"; p1)l,u(q) (Equality),
« ord ¢ mg(p1), 5+(p) = (¢, k,m) and pp = (=5 p1[k = d])],,(g) (Disequality).
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Figure 1: A pDRA recognising L = {abab} U {abba} (Example 3); available registers are shown below each state
and the rejecting sink [aa] is omitted. It uses two registers and the transposition (2 1), and is in fact the minimal
pDRA for L, with six states.

A run of w = dy---d, starts from k9 = (qo,d); determinism gives at most one transition per
datum. Writing (¢, p) —4 (¢, p') for such a run, £(q,p) = {w | (¢,p) =4 (¢,p), ¢ € F} and
L(A) = L(ko). A regular data language is one recognised by a pDRA, and the residual of L by w is
u 'L = {w | uw € L} (which need not be equivariant, but supp(u~1L) C supp(u)).

The permutation-free pDRAs — using only id — are exactly the MRT-automata of [10], which are equi-
expressive with register automata [4]. Permutations add no expressive power, but do add succinctness:
e.g. for L, = {dy - dndr) - dry) | di pairwise distinct, 7 € S,} a pDRA needs 2n + 1 states
whereas any MRT-automaton needs exponentially many, to hard-code the order in which data are read
back.

Lemma 2 ([13, Lemma 5]). pDRAs are exponentially more succinct than MRT-automata.

Example 3. Let L = {abab | a # b € D} U{abba | a # b € D}; a pDRA for L is shown in Figure 1.
After storing distinct a, b in registers 1, 2 (state ab), it accepts ab (test registers 1 then 2) or ba (test
2 then 1). To merge both continuations into one state aba, the transition reading the third datum
on register 1 applies (2 1), so that the datum still to be read is always in register 1 — exactly what a
permutation-free model cannot do without splitting the state.

A pDRA also has a semantic reading: its configuration graph is a nominal automaton whose state
space is a strong nominal set [14, 9]. We now recall nominal automata, and in Section 4 make this
connection exact.

Nominal automata. Let X be a nominal set and x € X. The orbit of x is orb(x) = {7 - x |
7 € Perm(D)}; orbits are equal or disjoint, so orbits(X) = {orb(z) | z € X} partitions X. X is
orbit-finite if orbits(X) is finite; its size N (X)) is the number of orbits and its dimension is dim(X) =
max{|supp(x)| | z € X}.

Definition 4. A (deterministic) nominal automaton over D is a tuple N' = (Q, qo, F, ) with Q an
orbit-finite nominal set of states, gy € @ and F' C () equivariant, and § : (Q x D) — @ equivariant,
ie. d(7-q,7(d)) =7-d(q,d) and supp(d(q,d)) C supp(q, d). Its dimension is that of @, and it hasn
orbits if () has n orbits.

For L C D*, the Myhill-Nerode relation =N is given by u =N v iff uw =, vw for all w (where
u =g, vmeansu € L < v € L). It is known that L is recognised by a nominal automaton iff D*/ =MN

is orbit-finite, and then the minimal such automaton has state space D*/ E’}:‘N [5,6].

4. A Correspondence Between the Two Models

We connect the two models through memorable data and a word equivalence =;, characterising pDRA-
recognisability. Throughout, L C D* is a data language.

The memorable data of a word with respect to L capture what any automaton accepting L must
keep in memory after reading said word [15]: d is L-memorable in u if d € supp(u~'L), and one lets
memy (u) = supp(u~'L). A pDRA is frugal if rng(p) = supp(L(q, p)) for every configuration, and
minimal if it is complete, frugal and state-minimal.



Lemma 5 ([13, Lemma 9]). Let d’ be fresh in u. Then d is L-memorable inw iffu='L # ((d d') - u) "' L.
Hence if a pDRA recognising L reaches (q, p) on reading u, then memp,(u) C rng(p).

Definition 6. Words u, v are L-equivalent, written u =, v, if uw L = (1- U)*lL for some data
permutation 7; we write u =7 v to record 7 (this is not an equivalence relation in general).

Proposition 7 ([13, Proposition 13 and Lemma 14]). =, is an equivalence relation, and if u =7 v then
memp,(u) = 7 - memp,(v); in particular |memp,(u)| = |memp(v)|.

Example 8. For L = {abab} U {abba} from Example 3, =, has six classes, [¢], [a], [aa], [ab], [aba],
[abab], where [aa] collects every non-empty word that is not a prefix of a word in L (e.g. aba =7 abb
for 7 swapping a, b, since both residuals equal {b}, while abab =¢ abba). The memorable data are
memp(¢) = memp(abab) = &, memr(a) = {a}, memp(ab) = {a,b}, memg(aba) = {b}, so the
maximal memory is 2, matching the two registers of Figure 1.

Theorem 9 ([13, Theorem 16]). L is recognisable by a pDRA iff =1, has finite index.

The right-to-left direction is witnessed by a canonical pDRA Ay, [13, Section 4]: its states are the
=7 -classes, each equipped with an assignment of its memorable data, and its transitions permute
registers so that residual languages match up to =y. This automaton is minimal and exhibits the exact
resources used.

Lemma 10 ([13, Lemma 18]). Ay, recognises L and is minimal, with |D* /=y, | states and max,, |[mem,(u)]|
registers; moreover any pDRA recognising L has at least as many of each.
We now relate =, to E’i"N, and memy, to least supports. The key point is that =, is EE"N taken up

to a data permutation. We start with the following lemma.
Lemma 11. For allu € D* and data permutations T, T - [u] N = [T ’LL]EALAN.
Proof. By nominal-set reasoning, using that L is equivariant. O

Lemma 12. Foru,v € D*, u =g, v iffu =¥N 7 - v for some 7; equivalently, iﬁ‘[u]zﬁiw and [U]EALAN lie in

the same orbit.
Thus the orbits of D*/ =MN are in bijection with the =/ -classes. The memories match too:
Lemma 13. Forallu € D¥, SUpp([U]E/ZiN) = memyp(u).

Combining these with the canonical pDRA of Lemma 10 and the nominal Myhill-Nerode theorem
yields the correspondence.

Theorem 14. Given L C D*, the following are equivalent:
1. D*/ =¥N hasn orbits and nominal dimension k;
2. D*/ =r, has sizen and k = sup{|memp,(v)| | v € D*};

3. L is recognised by a deterministic nominal automaton with n orbits and dimension k; moreover
every deterministic nominal automaton recognising L hasn' > n orbits and dimension k' > k;

4. L is recognised by a deterministic pDRA with n states and k registers; moreover every deterministic
pDRA recognising L hasn' > n states and k' > k registers.

Proof. By Lemmas 11 and 12, D*/ =¥N has n orbits iff D*/ =, has size n, while Lemma 13 ensures
that the nominal dimension of D*/ =MN is k = sup{|memy(v)| | v € D*}. Therefore, the first two
statements are equivalent. The equivalence between the first and the third statement was proven in [6].
Finally, Lemma 10 yields the equivalence between the second statement and the last one. O



Hence the minimal nominal automaton and the minimal pDRA for L carry the same data: orbits
correspond to states, and the dimension to the number of registers. For the running example, =, has
six classes and maximal memory 2, so the minimal pDRA of Figure 1 has six states and two registers,
and Theorem 14 shows the minimal nominal automaton for L has six orbits and dimension two.

The correspondence is effective in both directions. From a pDRA one gets a nominal automaton by
casting its configuration graph as one; the reverse turns a nominal automaton into a concrete pDRA.
Call a nominal set X strong [14]if 7 -2 = x <= Vd € supp(x).7(d) = d; not all nominal sets
are strong (e.g. {{a, b} | a # b}). Intuitively, the construction below collapses each orbit of states of
nominal automaton N into a single state of a language-equivalent pDRA A5 whose registers store the
support of a chosen representative, and reads the transitions of Axs off those of \V; the two are then
bisimilar, and even isomorphic when () is strong.

Proposition 15. Given a nominal automaton N' = (Q, qo, F’, 0) of dimension r, one can construct a
PDRA Ay = (r, @', i, q, F', 8" such that

« Q' = orbits(Q), ¢, = orb(qo) = {qo}, F' = orbits(F);
- foreach q € Q, p(orb(q)) = [1, [supp(g)|];

« there is a relation R C Q x C4,, such that (qo, (¢(,@)) € R and, for each (q,(c,p)) € R,
¢ = orb(q) and rmg(p) = supp(q), and R is a bisimulation (with respect to N and the transition

graph of An).

Moreover, if Q is strong, then N and the configuration graph of Axs are isomorphic.

Proposition 15 lets one write down a nominal automaton as a finite labelled graph with permutations
on its edges, of size its number of orbits and using as many registers as its dimension; for minimal strong-
support automata this is faithful up to isomorphism. Conversely, algorithmic results for pDRAs transfer
to nominal automata: language equivalence and bisimilarity of pDRAs are decidable in polynomial
time [13, Theorem 8], as is testing memorability of a datum in a word [13, Theorem 11], so the
same bounds hold for nominal automata once presented as pDRAs — without explicit nominal-set
machinery. Finally, since pDRAs are exponentially more succinct than MRT-automata, i.e. register
automata (Lemma 2), so are nominal automata in their number of orbits. The same correspondence
should help transfer further pDRA results, such as active learning [13, Section 6].
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A. Omitted Proofs from Section 4
We use the following equality, for all data permutations 7 and words v,
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Proof of Lemma 12. The first equivalence is immediate from Definition 6, as u™'L = (7 - v) 'L means

exactly u =M"N 7 - v. For the second, u =N 7 - v iff [U]EIZ\N =[r- U]EIZ\N =7- [U]EI\LAN by Lemma 11, i.e.
iff [U]Ezw and [U]E/\LAN are in the same orbit. O

Proof of Lemma 13. We recall that memp,(u) is defined as supp(u~'L). First, note that the equality
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above holds true for any representative of [U]EIZ\N. Indeed, if u =N v, then u™!L = v~!L and so, we

get memy (u) = supp(u~'L) = supp(v~'L) = memy (v).
We use the following characterization (f) of least supports [16]: for any nominal set X, element
x € X and datum d, it holds that d € supp(z) iff the set of data d’ such that (d d') - x # x is infinite.
For brevity, we write [u]7, instead of [U]E/\LAN. Then, we prove that supp(u|r) € mempg(u). Let
d € supp([u]r). By (1), there are infinitely many d’ such that (d d') - [u]p # [u]r. Take such a datum d’.

The inequality (d d') - [u], # [u]L, implies the existence of some data word v such that v =¥N v and

(dd')-v 2PN u. By definition of =Y, this is equivalent to u 'L = v~ 'Land u™'L # ((dd’) -v) "' L.
As((dd')-v)"'L = (dd')- (v"'L) by Equation (1) and u 'L = v~ 'L, wegetu 'L # (dd')- (u"'L).
This inequality is true for infinitely many d’, so by (1), it implies that d € supp(u~'L) = memp (u).
Conversely, let d € memy,(u) = supp(u~1L). By (1), we get that (d d’)- (u~'L) # u~!L for infinitely
many data d’. Take such a datum d’. By Equation (1), we get ((d d’)-u) "L # u~'L and so by definition
of =N (dd') - u PN u. So, [(dd') - u]r, # [u]L. By Lemma 11, we have [(d d') - u], = (d d') - [u].
It implies that [u];, # (d d’) - [u]r. Since it holds for infinitely many d’, by (1), it is equivalent to
d € supp([u]L). O

Proof of Proposition 15. Given N as above, we pick for each orbit ¢ € @’ a representative ¢, (i.e.
orb(g.) = ¢) and an assignment p. : [1,|supp(q.)|] — supp(g.). Moreover, for each ¢ € orb(q.),
we fix some data permutation 7, such that ¢ = 7, - g.. We define ¢’ as follows. For each ¢ € Q" we

include in ¢’ precisely the following transitions. For each ¢, 4 ¢ in g, setting ¢/ = orb(¢):
« if d € supp(g.) then add ¢ 25 ¢ in &, where i = p_'(d) and r is the canonical extension to
[L,7] of pe; 75 o
« ifd ¢ supp(g.) thenadd ¢ —5 ¢ in &', where i = min({i | pe(i) ¢ supp(ge ) }U{|supp(qe)|+1})
and 7 is the canonical extension to [1, 7] of p.[i — d]; 7'(1_,1; Pt
We next show that the relation

R:{(Qa(C,Pc;T))|q€Q/\c:orb(q)/\q:7—.qc}

is a bisimulation. Note first that supp(p.; 7) = supp(7 - pc) = 7 - supp(pe) = 7 - supp(q.) = supp(q),
where the last equality follows from ¢ = 7 - .. Now suppose (g, (¢, pc; 7)) € R.

-1(q .
. Ifg 4 ¢’ then q. T—()> ¢" = 7! ¢ and, by definition: if d € supp(q) then ¢ - ¢/, and if

d ¢ supp(q) then ¢ T, o where ¢! = orb(771-¢') = orb(q’). In either case, (c, p¢; T) LN (d,p).
We need to show that (¢/, (¢, p')) € R and in particular that p’ = po; 7’ for some ¢ = 7’ - qu. If
d € supp(q) then:

P = (171 pes T) ey = idpu(erys Pes Tgrs Pa s Pei T = Per Tqns T
and (747;7) - qo =T - Tgr - o = 7 - ¢" = ¢'. On the other hand, if d ¢ supp(q) then:

/

p = (1Y (pes T = d))l ey = id ey pers T peli = 7 HA)] T (e [ d]
= P Tq's Pc[i — T_l(d)]_l; pc[i — T_l(d)]; T =P;Tg"; T

and we conclude as above.
cIfe S ¢ ore = ¢ thenlet o % ¢ be the corresponding transition in §. We can repeat the
argument from the previous case above to find a 7’ such that (¢/, (¢, por; 7)) € R.
Note that R is injective: if (q1, (¢, pc; 71)), (g2, (¢, pe; T2)) € R with pe; 71 = pe; 2 then Ti[gypp(qe) =
T2|supp(qe) @0d, thus, g1 = 71-qc = T2-qc = go. If Q) is a strong nominal set then we show that R is a func-
tion and, therefore, an isomorphism. Suppose that () is strong and let (g, (¢1, pe,; 1)), (¢, (€2, pey; T2)) €
R. By definition, ¢; = cg = orb(q), so let us write ¢ = ¢; = co. We have thatq = 71 - ¢ = T2 - qo,
therefore ¢ = (7137, ') - ¢. By strong support, the latter implies that (r1;7, *)(d) = d for all
d € supp(qe) = rg(pc), therefore pc; 71; 75 1 = p., from which we obtain p.; 7y = p; T2 by multiplying
both sides with 7. O
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