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Abstract

Graph modification problems ask whether a given graph can be transformed into a target graph class using a
bounded number of operations. We study such problems under the vertex splitting operation. Given a graph
class &, the problem F-VERTEX SPLITTING asks whether a graph can be transformed into a graph in & using at
most k vertex splits. We consider two variants of the operation: inclusive and exclusive vertex splitting.

We investigate the problem for three fundamental graph classes: cycle union, linear forests, and constellations.
We show that CYCLE UNION-VERTEX SPLITTING and LINEAR FOREST-VERTEX SPLITTING are polynomial-time
solvable for both variants. Notably, the latter contrasts with the corresponding vertex- and edge-deletion problems,
which are NP-complete. In contrast, we prove that CONSTELLATION-VERTEX SPLITTING is NP-complete for both
variants, even on cubic graphs and on planar graphs of maximum degree three.

Our results reveal that the complexity of vertex splitting can differ substantially from that of classical graph
modification operations, highlighting the distinctive algorithmic behavior of this operation and enriching the
understanding of its complexity landscape.
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1. Introduction

Graph modification problems constitute a fundamental area of research in both classical and parameter-
ized complexity theory. Given a graph and a target graph class, the objective is typically to determine
whether the graph can be transformed into the target class using at most k allowed operations. A variety
of graph operations, including vertex deletion, edge deletion, edge editing, and edge contraction, have
been extensively studied from both algorithmic and complexity-theoretic perspectives [1, 2, 3, 4].

In recent years, a relatively new and intriguing graph operation, known as vertex splitting, has
attracted growing attention [5, 6, 7, 8, 9, 10, 11] in the algorithmic and complexity-theoretic community.
A vertex splitting operation replaces a vertex v with two new non-adjacent vertices v; and v, such that
N() = N(v;) U N(vy), where N(v) denotes the neighborhood of v. If the neighborhoods of v; and v, are
disjoint, that is, N(v;) N N(»,) = @, then the operation is called an exclusive vertex splitting. Otherwise,
the operation is referred to as an inclusive vertex splitting.

The vertex splitting operation was first introduced by Tutte [12]. Historically, the operation was
initially defined so that the two newly created vertices were adjacent. Later, a variant in which the two
new vertices are non-adjacent emerged. Vertex splitting was subsequently studied in the context of
graph drawing and planarization [13, 11], where it was used as a technique for reducing edge crossings
in dense graphs. Recent research has focused on the computational complexity of vertex-splitting
problems under various graph classes and different variants of the operation. Beyond its applications in
graph drawing and planarization, vertex splitting has also found relevance in other domains, including
circuit design [14] and statistical data analysis [15].
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For each fixed graph class %, we define a distinct vertex splitting problem, denoted as #-INCLUSIVE
(respectively EXCLUSIVE) VERTEX SPLITTING, which asks whether a given graph G can be transformed
into a graph satisfying % by performing at most k inclusive (respectively exclusive) vertex splits. While
the inclusive variant allows greater flexibility and can simulate the exclusive one, the exclusive variant
is often more restrictive and structurally cleaner. Understanding how these variants differ in their
expressive and algorithmic power remains a central challenge in the theory of vertex splitting.

A variety of graph classes have been studied in the context of vertex splitting, including cluster
graphs [9, 10], bicluster graphs [16, 5], claw-free graphs [6], bipartite graphs [10], pathwidth-one
graphs [8], uniform cluster graphs [17], s-club cluster graphs [18], as well as forest, split, and threshold
graphs [9]. In contrast, comparatively simpler graph classes such as cycle union, linear forests, and
constellations have been overlooked in this setting, despite the fact that these classes have been studied
extensively under other graph modification operations [19, 20]. Motivated by this gap, we investigate
the complexity of vertex splitting problems for cycle union, linear forests, and constellations.

Several of our results are particularly striking. For example, the problem of transforming a graph
into a linear forest through vertex deletion, known as Co-PATH PACKING, is NP-complete [21, 22].
Likewise, the corresponding edge deletion variant, called Co-PAaTH SET, and edge contraction variant,
known as PATH-CONTRACTION are also NP-complete [4, 23, 24]. In contrast, we prove that the vertex
splitting variant for obtaining a linear forest is polynomial-time solvable. This contrast highlights
that, unlike many classical graph modification operations, the complexity of vertex splitting problems
can vary significantly depending on the target graph class. Consequently, studying individual graph
classes, including structurally simple ones, is essential for better understanding the algorithmic and
complexity-theoretic landscape of vertex splitting problems.

1.1. Vertex Splitting Operation and Problem Definitions

A vertex split is a graph modification in which a vertex vis replaced by two new vertices, v; and v,. Each
edge originally incident to vis reassigned to either v; or v, or both. Abu-Khzam et al. [25] proposed
two types of vertex splitting operations: Inclusive Vertex Splitting and Exclusive Vertex Splitting. We
now formally define both notions below.

Definition 1 (Inclusive Vertex Splitting). Let G = (V, E) be a graph and v € V be a vertex. An inclusive
vertex split replaces v with two new vertices v; and vy, such that N(v;) U N(w) = N(v).

Definition 2 (Exclusive Vertex Splitting). Let G = (V, E) be a graph and v € V be a vertex. An exclusive
vertex split replaces v with two new vertices v; and vy, such that:

« N(v) UN(wz) = N(v);
« N(v{) N N(w) = @, ensuring that v and v, have disjoint neighborhoods.

By definition, it is clear that an exclusive vertex split is a special case of an inclusive vertex split. If
vis split into v; and w,, then v; and v, are called the successors of v. Every vertex split increases the
number of vertices in a graph by exactly one. Typically, we are interested in carrying out more than
one vertex split. To facilitate this, we introduce the concept of a splitting sequence.

Definition 3. A splitting sequence of k splits is a sequence of graphs Gy, ..., Gy, such that G; 1 is obtainable
from G; via a vertex split fori € {0, ...,k — 1}.

The notion of successor vertices is extended in a transitive and reflexive way to splitting sequences. For
each fixed graph class &, we define distinct vertex splitting problems as follows.

F-INCLUSIVE VERTEX SPLITTING

Input: An undirected graph G = (V, E) and a positive integer k.

Question: Is there a sequence of at most k inclusive vertex splits that transform G into a graph G’
such that G’ € #?




F-EXCLUSIVE VERTEX SPLITTING

Input: An undirected graph G = (V, E) and a positive integer k.

Question: Is there a sequence of at most k exclusive vertex splits that transform G into a graph G’
such that G’ € #?

In this work, we investigate the computational complexity of #-INCLUSIVE VERTEX SPLITTING and
F-EXCLUSIVE VERTEX SPLITTING, where & corresponds to the class of cycle union, linear forests, or
constellations. When we consider inclusive vertex splitting and & corresponds to the class of cycle union,
linear forests, and constellations, the resulting problems are referred to as CycLE UNION-INCLUSIVE
VERTEX SPLITTING, LINEAR FOREST-INCLUSIVE VERTEX SPLITTING, and CONSTELLATION-INCLUSIVE
VERTEX SPLITTING, respectively. An analogous naming convention is adopted for the exclusive variant,
with the term “Inclusive” replaced by "Exclusive”.

1.2. Our Results and Methods

This work systematically investigates the computational complexity of two variants of vertex splitting:
inclusive and exclusive vertex splitting—for three fundamental graph classes: cycle union, linear forests,
and constellations.

1.2.1. Polynomial-Time Case

We show that both CycLE UNION-INCLUSIVE VERTEX SPLITTING and CyCLE UNION-EXCLUSIVE VERTEX
SPLITTING are polynomial-time solvable. For the inclusive variant, we reduce the problem to finding a
minimum closed walk that traverses every edge of the input graph to an instance of the well-known
CHINESE PosTMAN Problem, which is solvable in polynomial time. A key intermediate result shows that
converting a graph into a disjoint union of cycles using at most k inclusive vertex splits is equivalent to
converting it into a single cycle with the same number of splits. Combined with a structural observation
linking the number of required vertex splits to the length of the covering closed walk, we obtain a
polynomial-time algorithm.

Theorem 1. CycLE UNION-INCLUSIVE VERTEX SPLITTING is solvable in polynomial time.

For the exclusive variant, we derive a necessary condition: any yes-instance requires the input
graph to be Eulerian (all vertices have even degree). If the graph contains vertices of odd degree, no
sequence of exclusive vertex splits can produce cycle union. For Eulerian graphs, we leverage Eulerian
circuits—closed walks traversing each edge exactly once—and adapt the walk-based splitting procedure
from the inclusive case to construct cycle union via exclusive splits in polynomial time.

Theorem 2. CycLE UNION-EXCLUSIVE VERTEX SPLITTING is solvable in polynomial time.

We also show that both LINEAR FOREST-INCLUSIVE VERTEX SPLITTING and LINEAR FOREST-EXCLUSIVE
VERTEX SPLITTING are polynomial-time solvable. Analogous to the cycle case (which relies on closed
walks), linear forest transformation corresponds to decomposing the graph into open edge-disjoint
trails.

Theorem 3. For any graph G, the minimum number of exclusive vertex splits required to obtain a linear
forest Gp can be computed in polynomial time.

We give a lemma (See Lemma 7) that says the minimum number of exclusive splits required is the
same as the minimum number of inclusive splits required to convert a graph G to a linear forest. This
gives us the following theorem.

Theorem 4. For any graph G, the minimum number of inclusive vertex splits required to obtain a linear
forest Gp can be computed in polynomial time.



Abu-Khzam et al. [26] recently established a linear-time algorithm for computing the minimum num-
ber of inclusive or exclusive vertex splits required to transform a graph into a linear forest. Theorem 3
and Theorem 4 follow as a direct corollary of their result by applying the Handshaking Lemma and
distinguishing between Eulerian and non-Eulerian graphs. We note that the work of Abu-Khzam et
al. [26] appeared only recently, and our results were obtained independently.

For all the polynomial-time algorithms, we assume that the input graph is connected because if the
graph is disconnected, then the problems can be solved in each connected component independently.

1.2.2. NP-hardness results

In sharp contrast, we prove that CONSTELLATION-INCLUSIVE VERTEX SPLITTING and CONSTELLATION-
ExcLusive VERTEX SPLITTING are both NP-complete. We establish NP-completeness via a chain of
polynomial-time reductions originating from the classic NP-complete VERTEX COVER problem.

Theorem 5. CONSTELLATION-INCLUSIVE VERTEX SPLITTING is NP-complete on cubic graphs and on
planar graphs of maximum degree three.

Theorem 6. CONSTELLATION-EXCLUSIVE VERTEX SPLITTING is NP-complete on cubic graphs and on
planar graphs of maximum degree three.

Theorem 5 and Theorem 6 strengthen a result of Abu-Khzam et al. [26], who proved that transforming
a graph into a caterpillar is NP-complete. Since every star is a caterpillar, transforming a graph into a
star is a more restrictive requirement. Consequently, our results establish stronger NP-completeness
results than those presented in [26].

2. Preliminaries

Throughout this paper, G = (V, E) denotes a finite, simple, undirected graph with vertex set V and
edge set E C V x V. An edge (u,v) € E is written as uv. For u € V, the open neighborhood is
N() = {v € V : uv € E} and the closed neighborhood is N[u] = N(u) U {u}. The degree of uin G is
dg(u) = IN(u)|. For U C Vand F C E, the induced subgraphs are G[U] and G[F], respectively. We write
G-U=G[V\U],andG—-F = (V,E\ F).

A walk in a graph G = (V,E) is a sequence of vertices vi, , ..., v, such that vyv;,; € E for all
i € [m— 1]; in a walk, both vertices and edges may repeat. A path is a walk in which all vertices are
distinct. A trail is a walk in which no edge is repeated, although vertices may repeat. A closed walk is a
walk where the first and the last vertices are identical. A closed trail is a closed walk that is also a trail.
A cycle is a closed trail where all the vertices except the first and the last are different. An Eulerian
trail is a trail that uses every edge of the graph exactly once. A graph is called Eulerian if it contains
an Eulerian circuit, that is, an Eulerian trail that starts and ends at the same vertex. A graph is called
non-Eulerian if it is not Eulerian. It is very well known that a connected graph is Eulerian if and only if
every vertex has even degree.

A graph is connected if every pair of vertices is joined by a path; otherwise, it is disconnected. Maximal
connected induced subgraphs of a disconnected graph are called components. We denote the number of
connected components of a graph G as 6(G). A linear forest is a graph whose components are paths. A
cycle is a connected graph in which every vertex has degree 2 (equivalently, traditionally it is defined as
a path whose first and last vertices are equivalent). A disjoint union of cycles is called cycle union. A
cubic graph has all vertices of degree 3. A tree is a connected acyclic graph, a forest is a graph whose
components are trees, and a star is a graph with one central vertex adjacent to all others. A disjoint
union of stars is called constellation. For a graph G, a vertex cover is a set X C V(G) such that every edge
of G has at least one endpoint in X. We use 7(G) to denote the size of a minimum vertex cover of G.



3. Cycle Union-Inclusive/Exclusive Vertex Splitting

We formally define the problems considered in this section.

CycLE UNION-INCLUSIVE/EXCLUSIVE VERTEX SPLITTING

Input: An undirected graph G = (V, E), and a positive integer k.

Question: Is there a sequence of at most k inclusive/exclusive vertex splittings that transform G into
cycle union?

Observation 1. Let G be a graph and G’ be a cycle union obtained using a sequence of inclusive vertex
splits from G. Then the number of splits required to obtain G’ from G is exactly |E(G")| — [V(G)|.

Proof. Since G’ is a cycle union, the number of vertices and edges of G’ is the same. As each of the
splits introduces exactly one new vertex, the number of inclusive vertex splits required to obtain G’
from G is exactly |V(G")| — [V(G)|, which is the same as |[E(G")| — [V(G)|. O

Lemma 2. Let G = (V, E) be a connected graph and let W be a closed walk that visits all vertices and
covers all the edges in G. If [W| denotes the length of the walk W, then there exists a sequence of exactly
[W| — |V(G)| inclusive vertex splits such that the resulting graph belongs to the class of cycle union (or a
single cycle) with the only exception being an edge graph.

Proof. Let W = (wy, wy - wj_1, wy) be a closed walk in a graph G, where w; = w;. Note that the walk may
traverse the same edge multiple times. Algorithm 1 provides a procedure for generating a cycle union
using a sequence of inclusive vertex splits. Here, for a vertex v € V(G), v? denotes the copy of vthat is
black and v& denotes the copy of v that is grey. Note that, at an intermediate step of the Algorithm 1,
some vertices are colored grey while others are colored black. Also note that whenever the walk Win G
returns to a previously visited vertex, our algorithm considers the unique black successor of that vertex.

Algorithm 1 Constructing cycle union from a walk W

Input: Closed walk W = (wy, wy, ..., w_1, w) in graph G
Initialize: Color all vertices of G black
Construct multigraph Gy, = (V, E);) where multiplicity of edge uv equals its number of occurrences
inW
w; represents the unique black successor of w;
prev <= wp
je0
while walk not exhausted do

ifj=1-1 or deg(sz) =2 then

Change color of w; from black to grey and call it w]fg

prev <« ng

elseif j #/—1 and deg(sz) > 4 then
Do an exclusive vertex splitting of w; into a black and grey copy, w]b and ng respectively,
making ng adjacent to prev and w(sl. +1) mod I satisfying the exclusive vertex split conditions, we make
w}’ adjacent to the original neighbors of sz using the same edges (and parallel edges) except an edge
to prev and an edge to W(SI.H) mod I
prev « w]‘-gr
end if
j< (+1)modl
end while
Output: Graph G’ with |W| edges, which is a cycle union.

Algorithm 1 constructs the multigraph Gy = (Ey;, V) from G where the number of parallel edges
between two vertices u, v € V(Gyy) is the number of times the edge uvhas appeared in the walk W. The



output graph G’ in Algorithm 1 has |W| edges. Hence, by Observation 1, the number of vertex splits
required to get G’ is exactly |W| — [V(G)|.

e C a
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Figure 1: We run the algorithm on the graph G with the walk-abcdefdba. Note that, the vertices with the green
circle denote the prev vertex (variable) at that step and the vertices denoted as grey and black are the grey and
black vertices as explained in the algorithm.

—> —>

Call the modified graph returned by this algorithm G’. One can check that the number of edges in
G’ is [W]|, and by construction, the resultant connected graph has all vertices as degree 2 vertices. This
is because all the vertices in the end are grey vertices, and every time a grey vertex is constructed, it is
made adjacent to two vertices, one of which is a previous grey vertex. Thus, the final graph is a cycle
generated by a sequence of exclusive vertex splits on G. Figure 1 demonstrates a run of the algorithm to
“open” a walk.

Note that the exclusive split sequence on the multigraph G, which ultimately produces the cycle G’,
can also be viewed as an inclusive vertex split sequence on the graph G that yields the same final graph
G’. In particular, consider an exclusive split of a vertex v adjacent to u, producing vertices v; and v,,
where both v; and v, are made adjacent to u because u was connected to vby parallel edges before the
split. In the inclusive version, we can likewise make both v; and v, adjacent to u. Here, parallel edges
are not required beforehand; the adjacency of u and v alone is sufficient to make the step valid. This
therefore ensures that the adjacency list of all the vertices in the exclusive split variant (from Gy,) is
exactly the same as that of the inclusive split variant (from G) at every step. Furthermore, in any step,
the resulting graph does not have any parallel edge that was not already present in G (as it was never
constructed). This completes the proof. O

An important observation is that, after performing the exclusive splits, the resulting graph admits
a minimum closed walk covering all vertices and edges in which no vertex is visited more than once,
except for the starting and ending vertex. Consequently, for any connected graph G with more than
two vertices, the resulting graph is a cycle. However, consider the graph G, consisting of two vertices
joined by two parallel edges. In this case, the required property is already satisfied without performing
any split operation. Consequently, the expression [W| — |V(G)| incorrectly suggests that no splits are
required. The reason is that G, is the unique boundary case: it is the largest graph satisfying the
property while not itself being a cycle. Hence, the formula does not apply to this exceptional case.

We now state an observation, together with Lemma 2, that highlights the similarity between closed
edge-covering walks and cycles obtained through inclusive vertex splits.

Observation 3. If an inclusive vertex split sequence transforms a graph G into a single cycle, say
(cp>c15 ) with ¢y = ¢ in k splits. Let ¢; be the successor of v; € V(G). Then, the sequence of ver-
tices (vy, vy, -+, V) is a closed walk in G covering all the edges at least once.

Proof Sketch. Since an inclusive vertex split never decreases the number of successors of a vertex in G,
the sequence (v, vy, -+, V) covers (possibly multiple times) all the vertices of G. Therefore, we just need
to show that each v, corresponds to an edge in G and that each edge vjvj of G appears as one of the
edges of the form vy, for some i € [I — 1] U {0}.

For the first part, suppose for contradiction that vy  E(G), but ¢ci4; is an edge in the final cycle
where ¢; and ¢, are successors of v; and v, respectively. Let s be the first split after which an edge
appears between successors of v; and v. During this split, some vertex x (without loss of generality, say



a successor of v)) is replaced by x; and x,, and one of them becomes adjacent to a successor of v that
was not adjacent to x. This step violates the definition of inclusive split, hence, vy € E(G).

For the second part, note that whenever a vertex v adjacent to u is split, one of its successors remains
adjacent to u. This shows that an edge vu in G appears as an edge ¢;c;;; in the final cycle where ¢ is a
successor of vand ¢, is a successor of w.

Note that the first argument essentially shows that the sequence (vy, vy, -+, ) is a closed walk and
the second argument shows that the closed walk traverses each edge of G at least once. Therefore, the
statement of the observation holds.

Now, we observe that if a certain number of inclusive vertex splits is enough to get a cycle union
from a graph, then the same number of inclusive vertex splits is also enough to obtain a single cycle.

Lemma 4. Given a graph G = (V, E). There exists a sequence of k inclusive vertex splits that transforms G
into a disjoint union of cycles if and only if there exists a sequence of k inclusive vertex splits that transforms
G into a single cycle.

Proof. Backward direction is trivial. For the forward direction, let us assume that there exists a sequence
of k inclusive vertex splits that transforms G into a disjoint union of cycles, say G’. By Observation 1,
k = |E(G")| — [V(G)|. If G’ is a single cycle, then we are done. So, we assume that G is a disjoint union
of at least two cycles, say Cy, G, ...,C, (r > 1). Each cycle in G’ corresponds to a closed walk in the
graph G. For each i € [r], let T; denote the closed walk corresponding to the cycle C; in G. These walks
may traverse the same edge multiple times, and different walks may share edges or vertices.

Construct a new multigraph G = (V, E) as follows: for every edge e € E(G) and for every occurrence
of e as an edge in some walk T}, include a distinct parallel copy of e in E. Then each T; becomes a trail in
G and the trails corresponding to different T; are edge-disjoint in G. This implies that every vertex in
the graph G has even degree. Hence G is an Eulerian graph.

We find an Eulerian trail in the graph G. By using the trail, we obtain a single closed walk, say W,
in the original graph, where each parallel edge in G is replaced by its corresponding original edge in
G. W has exactly as many edges (counted with multiplicity) as there are edges in G’. By Lemma 2, we
can obtain a single cycle, say C’, by [W| — [V(G)| number of inclusive vertex splits. We have already
observed that |W| = |E(G”)|. Hence, we need exactly |E(G”)| — [V(G)|, which is equal to k, the number of
splits to get a single cycle. d

As a consequence of Observation 1, Observation 3 and Lemma 4, we conclude that for a graph G, the
problem of determining the minimum number of inclusive vertex splits required to obtain a cycle union
reduces to the problem of finding the smallest closed walk in G that traverses every edge at least once.
The problem of finding the smallest closed walk that visits every edge is precisely the well-studied
CHINESE PosSTMAN problem, which is polynomial-time solvable [27]. Therefore we have that the CycLE
UNION-INCLUSIVE VERTEX SPLITTING is solvable in polynomial time.

Theorem 1. CycLE UNION-INCLUSIVE VERTEX SPLITTING is solvable in polynomial time.

Note that there is no way to obtain a cycle union from an isolated edge by performing a sequence of
exclusive vertex splits. However, the situation changes if we allow inclusive vertex splits. To see this,
consider an isolated edge (x, y). By first splitting x inclusively, where both x; and x, are adjacent to y,
then splitting y similarly, making y; and y, adjacent to both x; and x,, we obtain a cycle of length 4.

We now note the properties of the graphs that should hold for instances that admit an exclusive
vertex split sequence resulting in a cycle union.

Lemma 5. If (G, k) is a yes-instance of CYCLE UNION-EXCLUSIVE VERTEX SPLITTING, then every vertex of
G has even degree.

Proof. Let Gy, ..., Gy be a splitting sequence such that Gy = G and G; is a cycle union. Since we perform
only exclusive vertex splitting, we have



dg(v) = > dg,(v").
v’ :v’ is a successor of vin G;
Since G; is a cycle union, every vertex in Gy has even degree. Therefore, every vertex in G has even
degree. g
By applying Lemma 5, we obtain the following corollary.

Corollary 6. IfG has a vertex with odd degree, then (G, k) is a no-instance of CYCLE UNION-EXCLUSIVE
VERTEX SPLITTING for any k > 0.

If all vertices of a connected graph have even degree, that is, if the graph is Eulerian, then there exists
an Eulerian circuit, a closed walk that traverses every edge exactly once and returns to its starting
vertex. Such a walk can be computed in polynomial time, equivalently as a special case of the Chinese
Postman Problem in the undirected Eulerian setting. In this case, we may apply the same procedure as
in the inclusive vertex split construction; since the Eulerian trail uses each edge with multiplicity one,
the transformation does not increase the number of edges. Consequently, after a sequence of exclusive
vertex splits, we obtain a cycle union. This establishes the stronger result:

Theorem 2. CycLE UNION-EXCLUSIVE VERTEX SPLITTING is solvable in polynomial time.

4. Linear Forest-Inclusive/Exclusive Vertex Splitting

The aim of this section is to give a polynomial-time algorithm for LINEAR FOREST-INCLUSIVE VERTEX
SPLITTING and LINEAR FOREST-EXCLUSIVE VERTEX SPLITTING. Drawing an analogy with the previous
section, we note that the focus of attention now shifts from searching for closed walks to searching for
trails. We first define our problems formally.

LINEAR FOREST-INCLUSIVE/EXCLUSIVE VERTEX SPLITTING

Input: An undirected graph G = (V, E), and a positive integer k.

Question: Is there a sequence of at most k inclusive/exclusive vertex splittings that transform G into
a linear forest?

Lemma 7. The minimum number of exclusive splits required to convert a graph G to a linear forest is the
same as the minimum number of inclusive splits required to convert a graph G to a linear forest.

Proof. Let k™™ and k°* be the minimum number of inclusive and exclusive vertex splits, respectively,
required to convert G to a linear forest. Since every exclusive split is a special case of an inclusive split,
any valid sequence of exclusive splits is also a valid sequence of inclusive splits. Thus, K™ < k.

Now we aim to prove k™ < k', Suppose a sequence of k™™ inclusive splits transforms G into a linear
forest G™. We now construct a new graph G™ using the corresponding sequence of k'™ exclusive splits.
Whenever an inclusive split replaces a vertex x with new vertices x; and x,, we apply an exclusive split
to x by distributing its neighbors as follows:

« If a neighbor yis assigned to only x; or only x; in the inclusive split, we preserve that assignment.
« If a neighbor yis assigned to both x; and x,, we arbitrarily assign y to exactly one of them.

By definition, this ensures the new neighborhoods are disjoint, making every split exclusive. Because
this process perfectly mirrors the inclusive splits but simply drops redundant edge assignments, the
resulting graph G is a subgraph of GI®. Since G'" is a linear forest, its subgraph G must be a linear
forest. Therefore, G can be converted into a linear forest using k™ exclusive splits, which implies
k® < k. Combining both inequalities yields k™ = k. O

To prove the main result of this section, we make use of the following proposition.



Proposition 8 ([28, 29]). For a nontrivial connected graph G = (V, E) with a odd-vertices, the minimum
number of trails (denoted as MN'T(G)) that decompose E(G) is max(%’, 1), i.e, MNT(G) = max( %‘ ,1).

Theorem 3. For any graph G, the minimum number of exclusive vertex splits required to obtain a linear
forest Gp can be computed in polynomial time.

Proof. Let k be a number of splits required to obtain linear forest Gp from G. Since we use only exclusive
vertex splits, the number of edges is preserved, that is, |E(Gp)| = |E(G)|. Note that each split increases
the number of vertices by exactly one. Hence, [V(Gp)| — €(Gp) = [V(G)| + k — €(Gp) = |[E(Gp)| = |E(G)),
where € (Gp) is the number of connected components in Gp, which implies k = |[E(G)| — |[V(G)| + € (Gp).
Thus, minimizing k is equivalent to minimizing the number of connected components of Gp. As in the
cycle case, the paths of the resulting linear forest Gp correspond to trails in G. Hence, minimizing k is
equivalent to minimizing the number of edge-disjoint trails covering all edges of G, which gives a lower
bound to k of |E(G)| — [V(G)| + MNT(G).

Let a be the number of odd-degree vertices in G. We introduce g false edges between paired odd-
degree vertices, making the graph Eulerian. Now we use Algorithm 1 to get a single cycle. Since
the length of cycle is |[E(G)| + %{, the number of splits required to a single cycle is |[E(G)| — |[V(G)| + %{ .
Now we remove the false edges, which gives us a linear forest. If there are no false edges, i.e., G is
Eulerian, an additional split would be required to convert the cycle into a path. Hence an Eulerian
graph will take |[E(G)| — |[V(G)| + 1 splits. In general, the number of exclusive splits used in the process
is |[E(G)| — |[V(G)| + MNT(G). Since this is the lower bound on k, the theorem follows. O

From Lemma 7, we have the following theorem.

Theorem 4. For any graph G, the minimum number of inclusive vertex splits required to obtain a linear
forest Gp can be computed in polynomial time.

5. Constellation-Inclusive/Exclusive Vertex Splitting

A disjoint union of stars is known as a constellation. In this section, we prove that both CONSTELLATION-
INCLUSIVE VERTEX SPLITTING and CONSTELLATION-EXCLUSIVE VERTEX SPLITTING are NP-hard. To do
so, we establish the following chain of polynomial-time reductions, starting from the classical NP-hard
VERTEX COVER problem:

VERTEX COVER <p WEIGHTED STAR DECOMPOSITION

<p CONSTELLATION-INCLUSIVE VERTEX SPLITTING

We formally define the CONSTELLATION-INCLUSIVE/EXCLUSIVE VERTEX SPLITTING and WEIGHTED
STAR-DECOMPOSITION below:.

CONSTELLATION-INCLUSIVE/EXCLUSIVE VERTEX SPLITTING

Input: An undirected graph G = (V, E), and a positive integer k.

Question: Is there a sequence of at most k inclusive/exclusive vertex splitting that transform G into a
constellation?

Definition 4. A star-decomposition Pof G is a set{S;, Sy, ..., S} of subgraphs of G such that E(S;), ..., E(S)
form a partition of E(G), and each S; is a star graph. The weight of Pis defined as

wgto(P) = Y #P(v),

veVv
where #P(v) 1= [{§; | v € V(§)), S; € P}| denotes the number of stars in P that contain v.

Now, we formulate the associated decision problem:



WEIGHTED STAR-DECOMPOSITION
Input: An undirected graph G = (V, E), and a positive integer k.
Question: Does there exist a star-decomposition Zof G such that wgt(P) < k?

Lemma 9. WEIGHTED STAR DECOMPOSITION is NP-complete on cubic graphs and on planar graphs of
maximum degree three.

Proof. 1t is easy to see that WEIGHTED STAR-DECOMPOSITION is in NP. It is known that VERTEX COVER
is NP-complete on cubic graphs and also on planar graphs of maximum degree three [30]. To prove that
WEIGHTED STAR-DECOMPOSITION is NP-hard on cubic graphs and also on planar graphs of maximum
degree three, we give a reduction from VERTEX COVER. We prove that (G, k) is a yes-instance of VERTEX
Cover if and only if (G, m + k) is a yes-instance of WEIGHTED STAR-DECOMPOSITION.

For the forward direction, we assume that (G, k) is a yes-instance of VERTEX COVER. Suppose
X = {v,Vs,..., v} is a vertex cover of G with | < k. Now, we define E; = {ww : w € N(v;)} and
E ={vw : we NW)\ {v,v,...,v_1}} for 2 <i < I We claim that & = {G[E;],G|E;],...,G[E]} is a
star decomposition with wgt(%) < m + k.

Clearly, each E; is a star with center vertex v;. Note that G — X is an independent set, so all the edges
of graph G are either between X and G — X or between the vertices of X. The way the construction of E;
is done and Xis a vertex cover makes it clear that ZPcovers all edges of G. It is also clear that E;NE; = @
whenever i # j.

Note that if E; has p; edges, then the number of vertices in E; is p; + 1. Hence,

wgt(P)= Y V()= Y. (p+1D)= ) p+l=m+I<m+k

1<i<] 1<i<] 1<i<]

For the reverse direction, we assume that there exists a star decomposition, say & of G with wgt(S§) <
m + k. Suppose § = {51, S, ...,Sq}.

Define C = {cy, ¢y, ..., ¢z} where ; is center of star S;. Suppose a star with center ¢; contains p; number
of edges, then the number of vertices is p; + 1 in that star. Now we see that wgt(S) = X1 (pi + 1) =
Yi<i<q Pi + ¢ =m+q. Since wgt(S$) < m+ k, we have g < k.

We claim that C = {c;, ¢y, ..., cq} is a vertex cover of G. Let uvbe an edge of the graph G. Since §'is a
sigma star decomposition of G, uv must be in §; for some i. Since S; is a star graph, either u or v must be
¢;. The edge uvis covered by C because C contains ¢;. So we have proved that C is a vertex cover of size
at most k, hence (G, k) is a yes-instance of the VERTEX COVER. O

Now we aim to prove that CONSTELLATION-VERTEX SPLITTING is NP-hard by giving a polynomial-time
reduction from WEIGHTED STAR DECOMPOSITION. But we first give a few lemmas. The statements and
proof ideas of Lemma 10 and Lemma 11 are influenced by the work in [9].

Lemma 10. Let G = (V, E) be a graph without isolated vertices, and 9 be a star-decomposition of G such
that wgt(P) < [V(G)| + a. Then, either G is already a constellation graph or there exists a vertexu € V
such that u can be exclusively split in G to obtain a graph G’ satisfying:

1. G’ admits a star-decomposition, say P’,
2. wgtp (P <|V(G)|+a—1
3. G’ has no isolated vertices

Proof. Suppose &P ={5;,5,,..., S} is a star-decomposition of G. If G is not already a constellation, there
must exist 5; and S; such that V(S;) N V(S;) # @. Without loss of generality, we assume §; = S; and
S; = S,. In this case, let u € V(S;) N V(S;). We define G’ as the graph obtained by splitting u into two
vertices u;, and uyy,; as follows:

N (uin ) := No(w) N V(Sy),

Ng/ (uout ) 1= NG(”) \ V(Sl)'



We construct a star-decomposition of G’, denoted by %” = {§], 5, ..., 5/}, where:

S; ifS; =S,
S :=1{Sout; fu€V(S)A(S #S),
Si otherwise.

Here, we define

V(Sin) = (VSO N\ {uD) Ui}, E(Sin) ={xy € E(S1) : u & {x, y} U{uinv : uv € E(Sp)},
V(Sout,i) = (V(Si) \ {u}) U {uout}’ E(Sout,i) = {xy € E(Si) u ¢ {x, y}} U {uoutv Tuv e E(Si)}~

We now verify that %’ is indeed a star-decomposition of G’. Clearly S/ = S, since S/ are either
identical to S; or are formed by relabeling of a vertex.

Now we have to verify that all the edges of G” are covered by %’. Since each S/ = §;, we have
|E(S;)| = |E(S/)|. The construction ensures that S; are edge-disjoint. Therefore, the total number of
edges covered by P’ is |E(G)| = |E(G”)|. Thus, &’ covers all edges of G” and is a star-decomposition of
G’

We now examine the weight of the decomposition 9’ and prove the condition 2. We have

wgt(P)= Y. #P'(v) = > P (V) + # P (wyy) + # P (Ugyr)
VEV(G’) VEV(G/)\{uin’uout}
= > tPW) + 1+ FPW -1 = Y. #P()
VEV(G)\{uin’uout} VEV(G)

<V +a=V(G)+a-1.

Finally, since G’ is obtained from G by splitting a vertex, it follows that if G has no isolated vertices,
then G’ does not either. O

Lemma 11. Let G = (V, E) be a graph and G’ = (V’, E’) be obtained from G by inclusive/exclusive vertex
splitting of a vertex u € V into two verticesv,w € V'. If P’ is a star decomposition of G’, then there exists
a star decomposition P of G with wgt(P) < wgt(P’).

Proof. By the proof of Lemma 9, it is clear that the minimum weight of a star decomposition of graph
G’ is |[E(G")| + ©(G’). Let &’ be a star decomposition of G’. Then wgt(%’) > |E(G")| + (G’). An
inclusive/exclusive vertex split does not decrease the size of a minimum vertex cover. Hence, 7(G) <
7(G’). Moreover, an inclusive vertex split cannot decrease the number of edges, that is, |[E(G)| < |E(G”)|.
Therefore, |E(G)| + 7(G) < |E(G")| + ©(G") < wgt(P).

Again by the proof of Lemma 9, graph G admits a star decomposition Pof weight exactly |[E(G)|+17(G).
Consequently, wgt(P) = |[E(G)| + 7(G) < wgt(P’), which completes the proof. O

Lemma 12. Let G = (V,E) be a graph without any isolated vertices. Then (G, k) is a yes-instance of
CONSTELLATION-INCLUSIVE VERTEX SPLITTING if and only if (G, |[V(G)|+k) is a yes-instance of WEIGHTED
STAR DECOMPOSITION.

Proof. Let (G, k) be a yes-instance of CONSTELLATION-INCLUSIVE VERTEX SPLITTING, that is, there exists
a sequence of at most k inclusive vertex splitting in G such that the resulting graph G’ is a disjoint
union of stars. Let Gy, ..., G; be a sequence of graphs with Gy = G and I < k, such that for eachi € [I],
the graph G,; is obtained from G;_; via an inclusive vertex split, and G; is a disjoint union of stars. By
identifying each connected component of G; with its vertex set, we obtain a star decomposition % of
G; with wgt(HA) = |V(Gy)|. Each split used in the construction of Gy, ..., Gy introduces exactly one new
vertex, therefore [V(Gy)| = [V(G)| + L Combining this with the fact that I < k, we derive wgt(A) < |V|+k.
Using the sequence Gy, ..., Gy in reverse order, we iteratively apply Lemma 11 [ times taking & and G; as
base case and obtain %), ..., 9. In particular, it follows that %, is a star decomposition of G satisfying
wgt(R) < [V(G)| + k. Thus, (G, [V(G)| + k) is a yes-instance.



For the backward direction, we assume that (G, |[V(G)| + k) is a yes-instance of WEIGHTED STAR
DECOMPOSITION, that is, there exists a star decomposition, say & = {Hy, Hy, ..., Hp} with wgt(%) <
[V(G)| + k. By iteratively applying Lemma 10 a number of times, say /, either until a constellation is
obtained as a direct result of the lemma, or alternatively, stopping after k iterations, we obtain the
sequences Gy, ..., G and R, ..., 4, where each graph G;V0 < i < k has no isolated vertices.

We now show that G must be a disjoint union of stars. As a consequence of the repeated applications
of Lemma 10, we get wgt(%.) < |[V(Gy)|. The fact that for each vertex v € V(Gy) ensures that there exists
a subgraph, say Hik € A withv e V(Hl-k). Since G has no isolated vertices, we derive wgt(%,) > [V(Gy)|.
Thus, we have that wgt(%.) = |[V(Gy)| and it follows that Gy is a disjoint union of stars. Hence (G, k) is
a yes-instance of CONSTELLATION-INCLUSIVE VERTEX SPLITTING. O

Theorem 5. CONSTELLATION-INCLUSIVE VERTEX SPLITTING is NP-complete on cubic graphs and on
planar graphs of maximum degree three.

Proof. Clearly, CONSTELLATION-INCLUSIVE VERTEX SPLITTING belongs to NP. By Lemma 12, an instance
(G, k) of CONSTELLATION-INCLUSIVE VERTEX SPLITTING is equivalent to the instance (G, |V(G)| + k) of
WEIGHTED STAR DECOMPOSITION. As WEIGHTED STAR DECOMPOSITION is NP-complete on cubic graphs
and on planar graphs of maximum degree three, it follows that CONSTELLATION-INCLUSIVE VERTEX
SPLITTING is NP-hard on these graph classes. Hence, it is NP-complete on cubic graphs and planar
graphs of maximum degree three. O

The proof of Lemma 12 extends to exclusive vertex splitting. The forward and backward implications
rely on Lemmas 11 and 10, respectively, both of which hold for exclusive vertex splitting. Hence the
above observation gives us the following two results.

Corollary 13. Let G = (V, E) be a graph. Then (G, k) is a yes-instance of CONSTELLATION-EXCLUSIVE
VERTEX SPLITTING if and only if (G, |V(G)| + k) is a yes-instance of WEIGHTED STAR DECOMPOSITION

Theorem 6. CONSTELLATION-EXCLUSIVE VERTEX SPLITTING is NP-complete on cubic graphs and on
planar graphs of maximum degree three.
6. Conclusion

We proved that CONSTELLATION-INCLUSIVE/EXCLUSIVE VERTEX SPLITTING is NP-complete on cubic
graphs and planar graphs of maximum degree 3. In contrast, we showed that both variants of CycLE
UNION-VERTEX SPLITTING and LINEAR FOREST-VERTEX SPLITTING are solvable in polynomial time.
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