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Abstract
We report on ongoing research efforts aimed at exact asymptotic analysis of running time in probabilistic
while loops. We focus on guarded-counter programs, translate them into probabilistic pushdown automata
with global resets, and derive polynomial systems for their probability generating functions. After extracting
dominant singularities, transfer theorems from analytic combinatorics yield coefficient asymptotics for runtime
distributions.
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1. Introduction

Probabilistic Programming (PP) [1, 2] provides formal specification and verification tools for analyzing
probabilistic models programmatically. Applications range from randomized algorithms and proba-
bilistic graphical models to cognitive models, security protocols, and model checking [3, 4, 5, 6, 7].
The analysis of probabilistic programs is notoriously difficult: even for simple discrete languages,
exact quantitative questions about termination, expected runtime, higher moments or distribution tails
quickly lead to undecidability [8] This motivates both simulation-based approaches [9, 10] and the
search for interesting tractable fragments [11, 12, 13, 14, 15].

In this communication, we report on ongoing work on an algebraic method for probabilistic while
loops with one guarded counter, generalized constant probability programs (GCPs). The loop guard is
𝑑 > 0, and each iteration performs a state update, and either a relative 𝑑 := 𝑑+ 𝑘 or an absolute 𝑑 := ℎ
counter update (Fig. 1 left). We encode such programs as a type of probabilistic pushdown automata
(pPDAs) with resets, over a unary input alphabet, where the stack height represents the counter value
and each consumed letter marks one loop iteration (Fig. 1 right). The acceptance generating function
𝐴(𝑧) =

∑︀
𝑛≥0 𝑎𝑛𝑧

𝑛 induced by such pPDA is the probability (sub-)distribution of the program’s
runtime, counted as number of loop iterations. We provide a method to build a system of polynomial
equations 𝒫 of which 𝐴(𝑧) is the unique analytic solution, akin to the classical PDA-to-CFG construction
[16]. For the pPDAs arising from our program translation, the classic analytic Implicit Function Theorem
(IFT) is sufficient to identify 𝐴(𝑧) as (a component of) the unique solution of 𝒫 at the origin. Gröbner
elimination [17] is then used to produce a single polynomial equation 𝑃 (𝑧,𝐴) = 0 satisfied by 𝐴(𝑧).
Singularity analysis via Puiseux series from analytic combinatorics [18] leads finally to exact asymptotics
for the coefficients 𝑎𝑛.

Related and further work. The formal semantics of probabilistic programs goes back to Kozen [19]
and to the monograph of McIver and Morgan [20]; further semantic accounts for discrete probabilistic
programs include [21, 22, 23, 24, 25, 26, 27]. Generating-function techniques for probabilistic programs
have been developed in [11, 12, 13] and used for exact inference and verification [14]. Differently from
these works, we focus on runtime and coefficient asymptotics, leveraging algebraic generating functions
and pPDAs. This is also related to the line of work on pPDAs by Brazdil et al. [28, 29], which focus
on moments and on tail bounds, rather than exact asymptotics. Our variables 𝑅𝑝𝑋𝑞 are the weighted
analogue of the classical PDA-to-CFG triple construction [16]. Our final asymptotic step relies on the
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while (𝑑 > 0){
if (𝑞 = 1) { 1

2
: 𝑑 := 𝑑+ 1; 𝑞 := 2 [] 1

2
: 𝑑 := 𝑑− 1; 𝑞 := 1}

else { 2
3
: 𝑑 := 𝑑+ 1; 𝑞 := 2 [] 1

6
: 𝑑 := 𝑑− 2; 𝑞 := 1 [] 1

6
: 𝑑 := 0; 𝑞 := 2}}

𝑞1 𝑞2 𝑡

1
2
, 𝑎, 𝑋/𝜖

1
2
, 𝑎, 𝑋/𝑋𝑋

2
3
, 𝑎, 𝑋/𝑋𝑋

1
6
, 𝑎, 𝑋/𝜖

1, 𝜖, 𝑋/𝜖

1
6
, 𝑎, 𝜖

Figure 1: Left: a GCP program. Right: a pPDA with global reset, obtained from translation of the program on
the left. Solid arrows are pushdown transitions, the dashed arrow is a reset transition.

analytic-combinatorics viewpoint on algebraic functions [18, 30]. Current work includes extensions
beyond GCP programs, as well as alternative methods avoiding the expensive Gröbner elimination step
[31, 32]. The present investigation is part of a broader research agenda, aimed at developing flexible
formal methods applicable across diverse, probability-related domains, including dynamical systems
with safety-related aspects [33, 34, 35, 36, 37, 38, 39], information leakage and security [40, 41, 42, 43],
distributed systems with notions of failure and recovery [44, 45], randomized testing [46, 47].

2. Probabilistic While-loops and pPDAs

GCP programs We introduce GCPs, a subclass of pGCL [20], also considered in [32]. A GCP has
one integer counter 𝑑 taking values in Z, and one finite-valued control variable 𝑞 taking values in
{1, . . . , 𝑁}, for a fixed integer 𝑁 ≥ 1. The loop guard is 𝑑 > 0, thus a computation terminates as soon
as 𝑑 ≤ 0. The program allows two types of counter updates: relative counter update 𝑑 := 𝑑 + 𝑘 for
𝑘 ∈ Z, and absolute counter update 𝑑 := ℎ for ℎ ∈ N. In any case, this is followed by an absolute
update of 𝑞. The case ℎ = 0 is immediate termination, since the next guard test fails.

Definition 1 (GCP programs). Fix 𝑁 ≥ 1. A 𝑁 -state GCP specification is a family 𝒯 =
(︀
(𝒮𝑖, 𝒞𝑖)

)︀
1≤𝑖≤𝑁

,
where 𝒮𝑖 ⊆ (0, 1]× Z× {1, . . . , 𝑁} (relative updates from state 𝑖), and 𝒞𝑖 ⊆ (0, 1]× N× {1, . . . , 𝑁}
(absolute updates from state 𝑖) are such that

∑︀
(𝜆,𝑘,𝑗)∈𝒮𝑖

𝜆+
∑︀

(𝜆,ℎ,𝑗)∈𝒞𝑖 𝜆 = 1.

In traditional syntax, the program associated with 𝒯 can be written as follows. We write []𝑖∈𝐼 𝜆𝑖 : 𝑃𝑖

for probabilistic choice among commands 𝑃𝑖, where 𝜆𝑖 > 0. Empty probabilistic choices are omitted.

while (𝑑 > 0) {
if 𝑞 = 1 { [](𝜆,𝑘,𝑗)∈𝒮1

𝜆 : 𝑑 := 𝑑+ 𝑘; 𝑞 := 𝑗 [] [](𝜆,ℎ,𝑗)∈𝒞1
𝜆 : 𝑑 := ℎ; 𝑞 := 𝑗 }

else if 𝑞 = 2 { [](𝜆,𝑘,𝑗)∈𝒮2
𝜆 : 𝑑 := 𝑑+ 𝑘; 𝑞 := 𝑗 [] [](𝜆,ℎ,𝑗)∈𝒞2

𝜆 : 𝑑 := ℎ; 𝑞 := 𝑗 }
· · ·
else if 𝑞 = 𝑁 { [](𝜆,𝑘,𝑗)∈𝒮𝑁

𝜆 : 𝑑 := 𝑑+ 𝑘; 𝑞 := 𝑗 [] [](𝜆,ℎ,𝑗)∈𝒞𝑁
𝜆 : 𝑑 := ℎ; 𝑞 := 𝑗 } }.

Probabilistic PDAs with resets A finite probabilistic pushdown automaton with resets over the unary
input alphabet Σ = {𝑎} is a triple 𝐴 = (𝑄,𝒵,Δ), where 𝑄 is the finite set of control states, 𝒵 a finite
stack alphabet, and Δ = (Δloc,Δrst) is a pair of finite sets of local and reset transitions, specified as
follows. We have Δi ⊆ 𝑄×𝒵 × [0, 1]×{𝑎, 𝜖}×𝑄×𝒵* for 𝑖 ∈ {loc, rst}. A local transition 𝑒 ∈ Δloc

is written as 𝑞𝑋 𝜋,𝜎−−→ 𝑟𝛽, where 𝑞, 𝑟 ∈ 𝑄,𝑋 ∈ 𝒵, 𝛽 ∈ 𝒵*, 𝜋 ∈ [0, 1], 𝜎 ∈ {𝑎, 𝜖}. The transition pops
𝑋 from the stack, pushes 𝛽 onto it, moves to state 𝑟, and consumes 𝜎. We define the weight function:
𝑤(𝑎) = 𝑧, 𝑤(𝜖) = 1, where 𝑧 is a formal variable that tracks the length of a computation, with each
𝑧-labeled transition contributing one unit. A reset transition 𝑒 ∈ Δrst is written as 𝑞𝑋 𝜋,𝑎−−→rst 𝑟𝛾 with
𝛾 ∈ 𝒵*. Such a transition reads one input letter, discards the entire current stack, and restarts in state 𝑟
with stack 𝛾. Thus, unlike a local transition, it does not expose the stack below 𝑋 . The case 𝛾 = 𝜖 is
immediate empty-stack termination. The automaton 𝐴 is assumed to be sub-stochastic, i.e. for each
𝑞 ∈ 𝑄, the sum of the probabilities 𝜋 of all (local or reset) transitions from 𝑞 is ≤ 1. Stacks 𝛾 ∈ 𝒵* are
written with their top symbol on the left. A configuration is a pair (𝑞, 𝛾) ∈ 𝑄×𝒵*, written 𝑞𝛾. A local
transition 𝑒 : 𝑞𝑋

𝜋,𝜎−−→ 𝑟𝛽 is enabled in every configuration of the form (𝑞,𝑋𝜂), and induces the move
(𝑞,𝑋𝜂)

𝑒−→ (𝑟, 𝛽𝜂). Its input contribution is |𝑒|𝑎 = 1 if 𝜎 = 𝑎, and |𝑒|𝑎 = 0 if 𝜎 = 𝜖. A reset transition
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𝑒 : 𝑞𝑋
𝜋,𝑎−−→rst 𝑟𝛾 is enabled in (𝑞,𝑋𝜂) and induces (𝑞,𝑋𝜂)

𝑒−→ (𝑟, 𝛾); thus the lower stack context 𝜂 is
discarded. Its input contribution is |𝑒|𝑎 = 1. Configurations with empty stack are terminal. A run is a
finite sequence 𝜌 = (𝐶0, 𝑒1, 𝐶1, 𝑒2, . . . , 𝑒𝑚, 𝐶𝑚) (𝑚 ≥ 0) of alternating (local or reset) transitions 𝑒𝑖
and configurations 𝐶𝑖 such that 𝐶𝑖−1

𝑒𝑖−→ 𝐶𝑖 for every 1 ≤ 𝑖 ≤ 𝑚. We write 𝐶0
𝜌
=⇒ 𝐶𝑚 for such a run.

Its probability weight is wt(𝜌) :=
∏︀𝑚

𝑖=1 𝜋(𝑒𝑖), and its input length is |𝜌| :=
∑︀𝑚

𝑖=1 |𝑒𝑖|𝑎. The empty run
𝜌 = 𝜖 is allowed, with weight 1, input length 0, and satisfies 𝐶 𝜖

=⇒ 𝐶 . A run is accepting if its final
configuration 𝐶𝑚 is a terminal.

From GCPs programs to pPDAs Fix 𝒯 =
(︀
(𝒮𝑖, 𝒞𝑖)

)︀
1≤𝑖≤𝑁

, an 𝑁 -state GCP program specification.
We translate 𝒯 into a pPDA with resets 𝐴𝒯 = (𝑄,𝒵,Δ), with 𝑄 = {𝑞1, ..., 𝑞𝑁} ∪ 𝑄aux for 𝑄aux a
finite set of auxiliary states as specified below, 𝒵 = {𝑋} and Δ built as follows. The driving idea is that
a counter value 𝑑 ≥ 0 is represented by the unary stack 𝑋𝑑. Each transition (𝜆, 𝑘, 𝑗) in 𝒯 is translated
into one local or reset transition, possibly followed by some 𝜖-transitions. For every 𝑖 = 1, ..., 𝑁 ,
consider the following. In the second clause, we have 𝑡𝑖,𝑗,𝑚ℓ ∈ 𝑄aux for 1 ≤ ℓ < 𝑚, while 𝑡𝑖,𝑗,𝑚𝑚 := 𝑞𝑗 .

1. For each (𝜆, 𝑘, 𝑗) ∈ 𝒮𝑖 with 𝑘 ≥ 0, we add to Δloc: 𝑞𝑖𝑋
𝜆,𝑎−−→ 𝑞𝑗𝑋

𝑘+1.

2. For each (𝜆, 𝑘, 𝑗) ∈ 𝒮𝑖 with 𝑘 = −𝑚 < 0, we add to Δloc: 𝑞𝑖𝑋
𝜆,𝑎−−→ 𝑡𝑖,𝑗,𝑚1 𝜖 and 𝑡𝑖,𝑗,𝑚ℓ 𝑋

1,𝜖−→
𝑡𝑖,𝑗,𝑚ℓ+1 𝜖 (1 ≤ ℓ ≤ 𝑚− 1).

3. For each (𝜆, ℎ, 𝑗) ∈ 𝒞𝑖, we add to Δrst: 𝑞𝑖𝑋
𝜆,𝑎−−→rst 𝑞𝑗𝑋

ℎ.

In the second clause, if the stack becomes empty at any point during the pop chain, the loop has
terminated: this matches the intended GCP semantics, since 𝑑+ 𝑘 ≤ 0 implies that the next test of the
guard 𝑑 > 0 fails; the final control state is then irrelevant. Overall, the only 𝜖-transitions introduced by
the translation are the auxiliary pop transitions for updates 𝑘 < −1. They form finite acyclic chains.
Global reset transitions consume one input letter, and hence introduce no 𝜖-cycles. The third case
includes ℎ = 0 (termination).
Example 1. Consider the GCP program in Fig. 1, left. 𝐴𝒯 has five local and one reset transitions. See
Fig. 1, right.

𝑞1𝑋
1/2,𝑎−−−→ 𝑞2𝑋𝑋, 𝑞1𝑋

1/2,𝑎−−−→ 𝑞1𝜖, 𝑞2𝑋
2/3,𝑎−−−→ 𝑞2𝑋𝑋, 𝑞2𝑋

1/6,𝑎−−−→ 𝑡𝜖, 𝑡𝑋
1,𝜖−−→ 𝑞1𝜖, 𝑞2𝑋

1/6,𝑎−−−→rst 𝑞2𝜖.

3. Summary series for pPDAs

Definition 2. For 𝑛 ≥ 0, 𝑝 ∈ 𝑄 and 𝛽 ∈ 𝒵*, let 𝒜(𝑛)
𝑝𝛽 := {𝜌 : |𝜌| = 𝑛 and ∃𝑞 : 𝑝𝛽

𝜌
=⇒ 𝑞𝜖}. Set

𝑎
(𝑛)
𝑝𝛽 :=

∑︀
𝜌∈𝒜(𝑛)

𝑝𝛽

wt(𝜌). The acceptance generating function for 𝑝𝛽 is: 𝐴𝑝𝛽(𝑧) :=
∑︀

𝑛≥0 𝑎
(𝑛)
𝑝𝛽 𝑧𝑛.

So the 𝑛-th coefficient of 𝐴𝑝𝛽(𝑧) is the probability of termination in exactly 𝑛 steps; 𝐴𝑝𝛽(1) is the
termination probability; 𝐴′

𝑝𝛽(1) is the expected runtime, and so on. 𝐴𝑝𝛽(𝑧) is therefore the mathematical
object we are interested in. For the purpose of its analysis, it is convenient to decompose 𝐴𝑝𝛽(𝑧) in
terms of two other types of series, which we introduce next. For 𝑝, 𝑞 ∈ 𝑄 and 𝛽 ∈ 𝒵*, define
ℛ(𝑛)

𝑝𝛽𝑞 := {𝜌 : |𝜌| = 𝑛, 𝑝𝛽
𝜌
=⇒ 𝑞𝜖 and no reset transitions occur in 𝜌}, and set 𝑟(𝑛)𝑝𝛽𝑞 :=

∑︀
𝜌∈ℛ(𝑛)

𝑝𝛽𝑞

wt(𝜌).

The local-return generating function is 𝑅𝑝𝛽𝑞(𝑧) :=
∑︀

𝑛≥0 𝑟
(𝑛)
𝑝𝛽𝑞𝑧

𝑛. This is the series of runs starting
in 𝑝, consuming 𝛽 and terminating in 𝑞 with no reset transition. Next, define ℰ(𝑛)

𝑝,𝛽 := {𝜌 : |𝜌| =
𝑛 and ∃𝑞 : 𝑝𝛽

𝜌
=⇒ 𝑞𝜖 and 𝜌 contains at least one reset transition}, and set 𝑠(𝑛)𝑝𝛽 :=

∑︀
𝜌∈ℰ(𝑛)

𝑝𝛽

wt(𝜌). The

escape generating function is 𝐸𝑝𝛽(𝑧) =
∑︀

𝑛≥0 𝑠
(𝑛)
𝑝𝛽 𝑧𝑛. The fundamental relation linking 𝐴(𝑧), 𝑅(𝑧)

and 𝐸(𝑧) is:

𝐴𝑝𝛽(𝑧) = 𝐸𝑝𝛽(𝑧) +
∑︁
𝑞∈𝑄

𝑅𝑝𝛽𝑞(𝑧). (1)
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This will be exploited in the next section. It is easy to prove that 𝐴𝑝𝛽(𝑧), 𝑅𝑝𝛽𝑞(𝑧) and 𝐸𝑝𝛽(𝑧) are
sub-probability generating functions. Therefore they are absolutely convergent and, as functions of 𝑧,
analytic for |𝑧| < 1.

4. Polynomial systems
From pPDAs to polynomial systems We now characterize the generating functions𝐴𝑝𝛽(𝑧), 𝑅𝑝𝛽𝑞(𝑧)
and 𝐸𝑝𝛽(𝑧) as solutions of a polynomial system. To this purpose, let us introduce a set of formal
indeterminates

𝒳 := {𝐴𝑝𝑋 : 𝑝 ∈ 𝑄, 𝑋 ∈ 𝒵} ∪ {𝑅𝑝𝑋𝑞 : 𝑝, 𝑞 ∈ 𝑄, 𝑋 ∈ 𝒵} ∪ {𝐸𝑝𝑋 : 𝑝 ∈ 𝑄, 𝑋 ∈ 𝒵}.

We shall work in the polynomial ring C[𝑧,𝒳 ]. To avoid notational ambiguities, we will distinguish
an indeterminate 𝑈 ∈ 𝒳 from the eponym generating function 𝑈(𝑧), defined in Section 3, by always
making the argument 𝑧 explicit in the second case. This convention extends to polynomials in C[𝑧,𝒳 ]
as expected. We now introduce auxiliary polynomials 𝑅𝑝𝛽𝑞, 𝐸𝑝𝛽 ∈ C[𝑧,𝒳 ], as follows: 𝑅𝑝𝜖𝑞 :=
1𝑝=𝑞, 𝐸𝑝𝜖 := 0; for 𝛽 = 𝑋 , 𝑅𝑝𝛽𝑞, 𝐸𝑝𝛽 are indeterminates in 𝒳 ; and for 𝛽 = 𝑋𝛾 (𝛾 ∈ 𝒵+), we
have inductively: 𝑅𝑝𝑋𝛾𝑞 :=

∑︀
𝑠∈𝑄𝑅𝑝𝑋𝑠𝑅𝑠𝛾𝑞, and 𝐸𝑝𝑋𝛾 := 𝐸𝑝𝑋 +

∑︀
𝑠∈𝑄𝑅𝑝𝑋𝑠𝐸𝑠𝛾 . Finally, define

𝐴𝑝𝜖 := 1 and 𝐴𝑝𝛽 := 𝐸𝑝𝛽 +
∑︀

𝑟∈𝑄𝑅𝑝𝛽𝑟 for |𝛽| ≥ 2. For each 𝑈 ∈ 𝒳 , we define the polynomial
(equation) 𝒫𝑈 , as follows.

𝒫𝐴𝑝𝑋 := 𝐴𝑝𝑋 − (𝐸𝑝𝑋 +
∑︁
𝑞∈𝑄

𝑅𝑝𝑋𝑞) 𝒫𝑅𝑝𝑋𝑞 := 𝑅𝑝𝑋𝑞 −
∑︁

𝑝𝑋
𝜋,𝜎−−→𝑟𝛽

𝜋𝑤(𝜎)𝑅𝑟𝛽𝑞

𝒫𝐸𝑝𝑋 := 𝐸𝑝𝑋(
∑︁

𝑝𝑋
𝜋,𝜎−−→𝑟𝛽

𝜋𝑤(𝜎)𝐸𝑟𝛽 +
∑︁

𝑝𝑋
𝜋,𝑎−−→rst𝑟𝛾

𝜋𝑧 𝐴𝑟𝛾).

Let 𝒫 := {𝒫𝑈 : 𝑈 ∈ 𝒳}, which we see as a set of polynomial equations. Note that 𝒫𝐴𝑝𝑋
is an

instance of (1), while 𝒫𝑅𝑝𝑋𝑞
,𝒫𝐸𝑝𝑋

mimic the definitions of sets ℛ(𝑛)
𝑝𝑋𝑞, ℰ

(𝑛)
𝑝𝑋 , respectively. A tuple of

formal power series 𝑥(𝑧) ∈ C[[𝑧]]𝒳 is a solution of 𝒫 if all polynomials in 𝒫 vanish after substituting
𝑋𝑖 = 𝑥𝑖(𝑧) for every 𝑋𝑖 ∈ 𝒳 . Below, the first part follows from the definition of the summary series;
uniqueness follows from the classical Implicit Function Theorem (IFT).

Theorem 1. Let 𝐴 be a pPDA. The tuple of formal power series (𝑈(𝑧))𝑈∈𝒳 , as defined in Sect. 3, is a
solution of 𝒫 . If 𝐴 = 𝐴𝒯 for some GCP specification 𝒯 , then this is the unique analytic solution 𝑥(𝑧) of
𝒫 near 𝑧 = 0 that satisfies 𝑥(0) = (𝑈(0))𝑈∈𝑋 .

Example 2. Consider again our running GCP example. In what follows, for the sake of notation we
denote 𝑞𝑖 by 𝑖 and omit ‘𝑋’ from subscripts. The translation from the pPDA gives rise to the following
system 𝒫 of 15 equations (here we read polynomials as equations). For 𝑠, 𝑖, 𝑗 ∈ {1, 2, 𝑡}

𝐴𝑖 = 𝐸𝑖 +
∑︁
𝑠

𝑅𝑖𝑠, 𝑅1𝑗 =
1

2
𝑧 1𝑗=1 +

1

2
𝑧
∑︁
𝑠

𝑅2𝑠𝑅𝑠𝑗 , 𝑅2𝑗 =
1

6
𝑧 1𝑗=𝑡 +

2

3
𝑧
∑︁
𝑠

𝑅2𝑠𝑅𝑠𝑗 , 𝑅𝑡𝑗 = 1𝑗=1,

𝐸1 =
1

2
𝑧(𝐸2 +

∑︁
𝑠

𝑅2𝑠𝐸𝑠), 𝐸2 =
1

6
𝑧 +

2

3
𝑧(𝐸2 +

∑︁
𝑠

𝑅2𝑠𝐸𝑠), 𝐸𝑡 = 0.

It is immediate to check that 𝑅12 = 𝑅22 = 𝑅1𝑡 = 0, 𝑅2𝑡 =
1
6𝑧 and that 𝑅𝑡1 = 1, 𝑅𝑡2 = 𝑅𝑡𝑡 = 0. We

now focus on the equation for 𝐴1 = 𝐴𝑞1𝑋 . Let 𝑆 = 𝑅11, 𝑈 = 𝐸1, and define 𝐿 :=
∑︀

𝑠𝑅2𝑠𝑅𝑠1 =
𝑅2,𝑋𝑋,1, and 𝑊 := 𝐸2 +

∑︀
𝑠𝑅2𝑠𝐸𝑠 = 𝐸2,𝑋𝑋 . Focusing on 𝐴1, the system reduces to

𝐴1 = 𝑆 + 𝑈, 𝑆 =
1

2
𝑧 +

1

2
𝑧𝐿, 𝑈 =

1

2
𝑧𝑊, 𝐿 =

1

6
𝑧 +

2

3
𝑧𝐿𝑆, 𝑊 =

1

6
𝑧 +

2

3
𝑧𝑊 +

2

3
𝑧𝐿𝑈. (2)

From this system, one can already build a Taylor series1 of 𝐴1(𝑧) hence the coefficients 𝑎(𝑛)𝑞1𝑋
up to any

finite order: 𝐴1(𝑧) =
1
2𝑧 +

1
6𝑧

2 + 1
18𝑧

3 + 7
108𝑧

4 + 11
324𝑧

5 + 31
972𝑧

6 + · · · .

1E.g. from an ODE system obtained via IFT.
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The general case 𝐴𝑝𝛽(𝑧) with 𝛽 = 𝑋𝑑 (𝑑 ≥ 1) can be expressed in terms of
𝐴𝑝𝑋(𝑧), 𝑅𝑝𝑋𝑞(𝑧), 𝐸𝑝𝑋(𝑧) as follows. Let 𝑅𝑋(𝑧) be the 𝑄×𝑄 matrix of entries 𝑅𝑝𝑋𝑞(𝑧), and 𝐸𝑋(𝑧)

the column vector of entries 𝐸𝑝𝑋(𝑧) (𝑝 ∈ 𝑄). Then 𝐴𝑝𝑋𝑑(𝑧) = 𝑒𝑇𝑝 (𝑅
𝑑
𝑋(𝑧)1+

∑︀𝑑−1
𝑖=0 𝑅𝑖

𝑋(𝑧)𝐸𝑋(𝑧)),
where 1 is the all-1 column vector, 𝑒𝑝 is the standard basis vector for state 𝑝, and 𝑒𝑇𝑝 denotes its transpose.
We omit the details.

5. Asymptotic analysis

We now analyze the system 𝒫 to find the dominant singularities of components 𝐴𝑝𝑋(𝑧) of its unique
solution, i.e. the (non-removable) singularities in C of smallest modulus of 𝐴𝑝𝑋(𝑧). This will be
instrumental to obtain an asymptotic expansion of the coefficients 𝑎𝑛 := 𝑎

(𝑛)
𝑝𝑋 , using the classical

transfer theorems of [18, Ch.6,7]. As this is a standard procedure, we only outline its main steps, using
𝐴1(𝑧) = 𝐴𝑞1𝑋(𝑧) from our running example as an illustration.

1. From 𝒫 , or directly from (2), we find a nonzero polynomial 𝑃 (𝑧, 𝑌 ) such that 𝑃 (𝑧,𝐴1(𝑧)) = 0
identically. This can be done algorithmically using either Groebner bases or resultants, see e.g. [17].
For our example, we obtain 𝑃 (𝑧, 𝑌 ) = 𝑏(𝑧)𝑌 2+(−2𝑧4+10𝑧3−18𝑧2+42𝑧−36)𝑌 +𝑧4−2𝑧3−15𝑧2+18𝑧,
where 𝑏(𝑧) = (6𝑧3 − 28𝑧2 + 24𝑧) is the leading coefficient.

2. From 𝑃 (𝑧, 𝑌 ), we build a finite set of candidate singularities Σ, which includes all those of 𝐴1(𝑧).
Basically, Σ is the set of 𝑧 ∈ C where the hypotheses of the IFT for 𝑃 (𝑧, 𝑌 ) = 0 fail for some 𝑌
(branch points), union {𝑧 : 𝑏(𝑧) = 0} (poles). Again, this set can be characterized algorithmically
(details omitted).

3. Σ is scanned in order of increasing modulus in search of singularities. 𝜁 ∈ Σ is a singularity of
𝐴1(𝑧) iff the power series expansion of 𝐴1(𝑧) in 𝑧 − 𝜁 is non-analytic, i.e. it has either negative
or fractional exponents. Technically, such expansions are known as Puiseux series, and can be
computed given 𝑃 and 𝜁 by Newton’s polygon algorithm [18, Ch.7]. Using this method, in our
example the only dominant singularity is found to be 𝜁 = 7−

√
13

3 ≈ 1.131.

4. Consider the Puiseux series of 𝐴1(𝑧) in 𝑧 − 𝜁 , say 𝑆(𝑧). Write the dominant singular term — the
one of smallest negative or fractional exponent — of 𝑆(𝑧) in the form 𝑐 ·

(︁
1− 𝑧

𝜁

)︁𝛼
, for 𝛼 /∈ N.

The transfer theorem of [18, Th.VI.4] gives the asymptotic expansion 𝑎𝑛 ∼ 𝑐 𝜁−𝑛

Γ(−𝛼)𝑛
−𝛼−1 for the

coefficients of 𝐴1(𝑧). In our case, the dominant singular term is 𝑐 · (1− 𝑧
𝜁 )

−1, for 𝑐 ≈ 0.01703

and 𝜁 defined above. We get the expansion

𝑎𝑛 ∼ 𝑐 · 𝜁−𝑛 =
26− 5

√
13

468

(︂
7 +

√
13

12

)︂𝑛

= 0.01703... × 0.88386...𝑛

The general case of multiple dominant singularities is only slightly more complicated, see [18, Th.VII.8].
Finally, building the Puiseux series of 𝐴1(𝑧) in 𝑧 − 1, we can read off from its first two coefficients the
exact probability of termination 𝐴1(1) = 1 and expected running time 𝐴′

1(1) =
5
2

√
2 ≈ 3.5355.

Declaration on Generative AI

During the preparation of this work, the authors used ChatGPT in order to check spelling and gram-
mar, paraphrase and reword. The authors reviewed and edited the content as needed and take full
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