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Abstract
Broadcasting is a classical information-dissemination problem in which an originator vertex must transmit a

message to all vertices of a network in the minimum number of synchronous time units. We study broadcasting

in 𝑘-path graphs, also known as melon graphs, which consist of 𝑘 internally vertex-disjoint paths between two

junction vertices. Although this graph family has a restricted structure, computing an optimal broadcast scheme is

NP-complete, motivating the study of simple approximation algorithms. We introduce and analyze deterministic

odd–even schedules for both junction-originator and internal-originator placements. These schedules coordinate

the two junction vertices through complementary parity orders on the remaining paths: one junction processes

odd-indexed paths first and then even-indexed paths, while the other processes even-indexed paths first and

then odd-indexed paths. We prove that the odd–even schedules achieve an unconditional 1.5-approximation

for all 𝑘-path graphs and all originator placements. Once the paths are indexed by non-increasing length, the

schedules are constructed in 𝑂(𝑘) time. We also show that the 1.5 analysis is asymptotically tight by giving

infinite families of instances whose achieved ratios approach 3/2.

Keywords
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1. Introduction

Broadcasting is a fundamental information-dissemination process in interconnected networks, where

a message originating at one node, called the originator, must be transmitted to all other nodes as

quickly as possible. This primitive appears throughout parallel and distributed computing, and many

communication models have been studied [1, 2, 3]. We focus on the classical, or telephone, model of

broadcasting.

The network is modeled as a connected undirected graph 𝐺 = (𝑉,𝐸), whose vertices represent

nodes and whose edges represent communication links. The process is divided into synchronous time

units; initially only the originator is informed; in each time unit, every informed vertex may call at

most one uninformed neighbor; all calls occur in parallel; and the process stops when all vertices are

informed. A broadcast scheme is an ordered list of the calls made in each time unit.

Definition 1 (Broadcast time). The broadcast time of a vertex 𝑣 in a graph 𝐺 is the minimum number

of time units required to broadcast in 𝐺 when 𝑣 is the originator, denoted 𝑏(𝑣,𝐺). The broadcast time

of 𝐺 is 𝑏(𝐺) = max𝑣∈𝑉 𝑏(𝑣,𝐺).

Two standard lower bounds are used throughout the broadcasting literature. Since the number of

informed vertices can at most double per round, 𝑏(𝑣,𝐺) ≥ ⌈log2 𝑛⌉ for 𝑛 = |𝑉 |; and since information

advances at most one edge per round along any root-to-leaf chain, 𝑏(𝑣,𝐺) ≥ ecc(𝑣), the eccentricity of

𝑣.

Broadcasting has been studied from both network-design and scheduling perspectives. In network

design, the goal is to construct sparse minimum broadcast graphs that still allow broadcasting in

the optimal ⌈log2 𝑛⌉ rounds from every originator [4, 5]. In scheduling, the graph is fixed and the

goal is to compute an optimal broadcast scheme; closed-form broadcast times are known for several
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standard topologies, including grids and tori, hypercubes and recursive circulant graphs, and Knödel

graphs [6, 7, 8]. The broadcast-time decision problem is NP-complete for arbitrary graphs [9, 10],

and remains NP-complete for restricted classes such as 3-regular planar graphs and bounded-degree

graphs [11, 12]. This has motivated exact algorithms for structured families [13, 14, 15, 16], heuristics [17],

and approximation algorithms for the general problem [18, 19, 20, 21]. Other models, including 𝑘-

broadcasting and weighted-vertex variants, have also been studied [22, 23]; see [1, 2, 24, 3] for surveys.

In this paper we study broadcasting in 𝑘-path graphs, also known as melon graphs, which consist

of 𝑘 internally vertex-disjoint paths joining two junction vertices. Although simple to describe, this

family creates nontrivial scheduling choices because both junctions may contribute to informing the

remaining paths. Bhabak and Harutyunyan [25] gave specialized algorithms for this family, achieving

a (4 − 𝜀)-approximation in 𝑂(|𝑉 | + 𝑘 log 𝑘) time. Harutyunyan and Hovhannisyan [26] later gave

a simpler 2-approximation based on a predetermined junction ordering, running in 𝑂(𝑘) time and

achieving a (2 − 𝜀)-approximation when the shortest path has length at least one. More recently,

the broadcast-time problem was shown to be NP-complete for 𝑘-path graphs, and polynomial-time

approximation schemes were obtained for melon and cycle-star graphs [27]. A simple linear-time

fixed-ratio 1.5-approximation has also been developed for the closely related 𝑘-cycle graphs [28].

The existence of an EPTAS for melon graphs shows that approximation ratios arbitrarily close to

1 are achievable in polynomial time [27]. However, the stated running-time upper bound for using

that scheme to obtain a fixed 1.5-approximation has a substantially larger dependence on the input

parameters than the construction bound for the schedules considered here. Setting the approximation

parameter to 𝜖 = 1/2 gives 𝑂
(︀
264𝑘(𝑘 + 𝑛) log 𝑛

)︀
, where 𝑛 = |𝑉 |. In the worst case, when 𝑘 = Θ(𝑛),

this bound becomes 𝑂
(︀
264𝑛2 log 𝑛

)︀
. In contrast, the schedules analyzed in this paper achieve the same

fixed approximation factor through simple deterministic rules and are constructed in 𝑂(𝑘) time once

the paths are indexed by non-increasing length.

Our contribution We study a deterministic odd–even schedule for 𝑘-path graphs, in which the

two junctions follow complementary parity orders: one processes odd positions first and then even

positions, while the other processes even positions first and then odd positions. We prove that this

schedule gives an unconditional 1.5-approximation for both junction and internal originators. We also

show that the analysis is asymptotically tight by giving infinite families of instances whose achieved

ratios approach 3/2.

2. 𝑘-Path Graphs

A 𝑘-path graph 𝐺 = (𝑃1, 𝑃2, . . . , 𝑃𝑘) is obtained from two vertices 𝑢 and 𝑣 by adding 𝑘 ≥ 2 internally

vertex-disjoint paths 𝑃1, 𝑃2, . . . , 𝑃𝑘 between them. The vertices 𝑢 and 𝑣 are the junctions of 𝐺 (Fig. 1).

We assume the paths are indexed in non-increasing order of their lengths; formally 𝑙1 ≥ 𝑙2 ≥ · · · ≥
𝑙𝑘 ≥ 0, where 𝑙𝑖 is the number of internal vertices on 𝑃𝑖 (excluding 𝑢 and 𝑣). Since the graph is simple, at

most one path can have 𝑙𝑖 = 0, namely 𝑃𝑘 . As 𝑘-path graphs are among the simplest families containing

intersecting cycles, they form a natural setting for studying the broadcast-time problem in structured

graphs.

The broadcasting process begins at an originator 𝑠 ∈ 𝑉 . We distinguish two cases: 𝑠 is a junction

vertex (𝑢 or 𝑣), or 𝑠 is an internal vertex on one of the paths. For an algorithm 𝒜, we write 𝑏𝒜(𝑠,𝐺) for

the broadcast time achieved by its scheme, and compare it to the optimal broadcast time 𝑏(𝑠,𝐺). For

each path 𝑃𝑖, let 𝑡𝑖 denote the first time unit by which all vertices of 𝑃𝑖 are informed under the schedule

being analyzed.

Definition 2 (Approximation ratio). An algorithm𝒜 is an𝛼-approximation, where𝛼 ≥ 1, if 𝑏𝒜(𝑠,𝐺) ≤
𝛼 · 𝑏(𝑠,𝐺) for all 𝑘-path graphs 𝐺 and all originator vertices 𝑠.

The following two structural lemmas guide the algorithm design.
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Figure 1: An example of a 𝑘-path graph with junction vertices 𝑢 and 𝑣.

Lemma 1 ([25]). There exists a minimum broadcast scheme from a junction originator 𝑢 in which 𝑢 starts
propagation on the shortest path 𝑃𝑘 in the first time unit.

Lemma 2 ([25]). There exists a minimum broadcast scheme from an internal originator 𝑤 ∈ 𝑉 (𝑃𝑚) in
which 𝑤 first sends the message along a shortest subpath of 𝑃𝑚 toward a junction vertex.

In any broadcast scheme where a junction vertex is the originator, an internal (non-junction) vertex

has at most one uninformed neighbor once it becomes informed. Hence, to describe a scheme it suffices

to specify the order of calls placed by the junction vertices.

Throughout the fixed-order schedules, each path retains its prescribed position in the corresponding

order. If a scheduled call is unnecessary because the path is already fully informed, that call is omitted,

but the prescribed times of paths occurring later in the order remain unchanged.

3. Fixed-Order 𝑘-Path Schedules

We study a deterministic odd–even scheduling rule. The junction that is informed first considers the odd

positions in the relevant path order first and then the even positions. The other junction, once informed,

follows the complementary order: it considers the even positions first and then the odd positions. We

denote the resulting schedules by 𝐶𝐽 and 𝐶𝐼 for junction and internal originators, respectively.

The parity refers to positions in the non-increasing path-length order, not to the parity of the path

lengths. The purpose of the complementary orders is to balance the prescribed starting times of each

path: a path considered early by one junction is considered later by the other junction, and conversely.

For a path that is started from both junctions, its informing time is controlled by its length and by the

sum of these two starting times. The odd–even order keeps this sum sufficiently small to obtain the 1.5
approximation bound. For an internal originator, the same rule is applied to the corresponding active

list of paths.

3.1. Junction-originator schedules

Assume w.l.o.g. that the junction vertex 𝑢 is the originator. In the first time unit, the schedule starts

propagation on the shortest path𝑃𝑘 , so the opposite junction 𝑣 is informed in time unit 𝑙𝑘+1. Meanwhile,

𝑢 considers the odd-indexed paths first and then the even-indexed paths. Once 𝑣 is informed, it follows

the complementary order, considering the even-indexed paths first and then the odd-indexed paths.

The full procedure is given in Algorithm 1.

Let 𝑎 = ⌈(𝑘 − 1)/2⌉ and 𝑐 = ⌊(𝑘 − 1)/2⌋. Thus 𝑎 is the number of odd indices and 𝑐 is the number

of even indices in {1, . . . , 𝑘 − 1}.

The path 𝑃𝑘 is excluded from the two parity orders above, since it is used in the first time unit to

inform 𝑣. If a scheduled call is no longer needed because the path has already been fully informed, the

call is skipped. If both junctions would inform the same remaining vertex in the same time unit, only



Algorithm 1 Broadcasting from a junction vertex, odd–even order

Input: a 𝑘-path graph 𝐺 = (𝑃1, . . . , 𝑃𝑘), junction vertices 𝑢, 𝑣, originator 𝑢.

Output: a broadcast scheme with broadcast time 𝑏𝐶𝐽
(𝑢,𝐺).

1. procedure OddEvenJunction

2. In the first time unit, 𝑢 passes the message along 𝑃𝑘 .

3. for 1 ≤ 𝑟 ≤ 𝑎 do
4. if 𝑃2𝑟−1 contains an uninformed vertex then
5. 𝑢 passes the message along 𝑃2𝑟−1 in time unit 𝑟 + 1.

6. end if
7. end for
8. for 1 ≤ 𝑟 ≤ 𝑐 do
9. if 𝑃2𝑟 contains an uninformed vertex then
10. 𝑢 passes the message along 𝑃2𝑟 in time unit 𝑎+ 𝑟 + 1.

11. end if
12.end for
13.𝑣 receives the message in time unit 𝑙𝑘 + 1.

14.for 1 ≤ 𝑟 ≤ 𝑐 do
15. if 𝑃2𝑟 contains an uninformed vertex then
16. 𝑣 passes the message along 𝑃2𝑟 in time unit 𝑙𝑘 + 𝑟 + 1.

17. end if
18.end for
19.for 1 ≤ 𝑟 ≤ 𝑎 do
20. if 𝑃2𝑟−1 contains an uninformed vertex then
21. 𝑣 passes the message along 𝑃2𝑟−1 in time unit 𝑙𝑘 + 𝑐+ 𝑟 + 1.

22. end if
23.end for
24.end procedure

one of the two calls is made. This only removes a redundant call and does not increase the broadcast

time.

Example. Consider a 5-path graph with

(𝑙1, 𝑙2, 𝑙3, 𝑙4, 𝑙5) = (6, 5, 3, 2, 0),

and let 𝑢 be the originator. Since 𝑃5 is the edge 𝑢𝑣, the junction 𝑣 is informed in time unit 1. Here

𝑎 = 𝑐 = 2. The order followed by 𝑢 on the remaining paths is 𝑃1, 𝑃3, 𝑃2, 𝑃4, while the order followed

by 𝑣 is 𝑃2, 𝑃4, 𝑃1, 𝑃3. Thus the prescribed starting times are

𝑃1 𝑃2 𝑃3 𝑃4

𝑢 2 4 3 5
𝑣 4 2 5 3

and the corresponding times by which the paths are fully informed are 𝑡1 = 5, 𝑡2 = 5, 𝑡3 = 5, 𝑡4 = 4.
In particular, 𝑃4 is already fully informed when 𝑢 reaches its prescribed call in time unit 5, so that

call is omitted. Since 𝑃5 is fully informed in time unit 1, the broadcast time produced by the schedule

is 𝑏𝐶𝐽
(𝑢,𝐺) = 5. Note that the optimal broadcast time is 𝑏(𝑢,𝐺) ≥ 4, because there is a cycle with

length 8 formed by the paths 𝑃1 and 𝑃4, so the approximation ratio is 𝑏𝐶𝐽
(𝑢,𝐺)/𝑏(𝑢,𝐺) ≤ 1.5.

Lemma 3. For the odd–even junction schedule, all vertices of 𝑃𝑘 are informed in time unit 𝑙𝑘 + 1, and for
every 1 ≤ 𝑖 ≤ 𝑘 − 1,

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑖+ ⌈𝑘/2⌉

2

⌉︂
. (1)



Consequently,

𝑏𝐶𝐽
(𝑢,𝐺) ≤ max

{︂
𝑙𝑘 + 1, max

1≤𝑖≤𝑘−1

⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑖+ ⌈𝑘/2⌉

2

⌉︂}︂
. (2)

Proof. All vertices of 𝑃𝑘 are informed in time unit 𝑙𝑘 + 1. Now fix 1 ≤ 𝑖 ≤ 𝑘 − 1.

First suppose that 𝑖 is odd, say 𝑖 = 2𝑟 − 1. Then 𝑃𝑖 is the 𝑟-th odd-indexed path. The vertex 𝑢 starts

propagation on 𝑃𝑖 in time unit 𝑟+ 1, while 𝑣 considers 𝑃𝑖 in time unit 𝑙𝑘 + 𝑐+ 𝑟+ 1. Before 𝑣 reaches

𝑃𝑖, the message has already moved along 𝑃𝑖 from the 𝑢-side for

(𝑙𝑘 + 𝑐+ 𝑟 + 1)− (𝑟 + 1) = 𝑙𝑘 + 𝑐

time units.

If 𝑙𝑖 ≤ 𝑙𝑘 + 𝑐, then all vertices of 𝑃𝑖 are informed before 𝑣 needs to start it. In this case, 𝑡𝑖 ≤ 𝑟 + 𝑙𝑖.
Since 𝑙𝑖 ≤ 𝑙𝑘 + 𝑐, we have 2(𝑟 + 𝑙𝑖) ≤ 𝑙𝑖 + 𝑙𝑘 + 𝑐+ 2𝑟, and therefore

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑐+ 2𝑟

2

⌉︂
.

Now suppose that 𝑙𝑖 > 𝑙𝑘 + 𝑐. When 𝑣 reaches 𝑃𝑖, the number of uninformed internal vertices

remaining on 𝑃𝑖 is 𝑙𝑖 − (𝑙𝑘 + 𝑐). From that time on, the remaining part of 𝑃𝑖 is informed from both

sides. Hence

𝑡𝑖 ≤ 𝑙𝑘 + 𝑐+ 𝑟 +

⌈︂
𝑙𝑖 − (𝑙𝑘 + 𝑐)

2

⌉︂
=

⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑐+ 2𝑟

2

⌉︂
.

Thus, for odd 𝑖 = 2𝑟 − 1,

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑐+ 2𝑟

2

⌉︂
.

Since 2𝑟 = 𝑖+ 1 and

𝑐+ 1 = 1 +

⌊︂
𝑘 − 1

2

⌋︂
=

⌈︂
𝑘

2

⌉︂
,

we obtain

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑖+ ⌈𝑘/2⌉

2

⌉︂
.

Now suppose that 𝑖 is even, say 𝑖 = 2𝑟. Then 𝑃𝑖 is the 𝑟-th even-indexed path. The vertex 𝑣 considers

𝑃𝑖 in time unit 𝑙𝑘 + 𝑟 + 1, while 𝑢 considers 𝑃𝑖 in time unit 𝑎+ 𝑟 + 1.

First assume that 𝑙𝑘 ≥ 𝑎. Then 𝑢 reaches 𝑃𝑖 no later than 𝑣. Before 𝑣 reaches 𝑃𝑖, the message has

already moved along 𝑃𝑖 from the 𝑢-side for (𝑙𝑘 + 𝑟 + 1)− (𝑎+ 𝑟 + 1) = 𝑙𝑘 − 𝑎 time units.

If 𝑙𝑖 ≤ 𝑙𝑘 − 𝑎, then all vertices of 𝑃𝑖 are informed before 𝑣 needs to start it, and 𝑡𝑖 ≤ 𝑎+ 𝑟+ 𝑙𝑖. Since

𝑙𝑖 ≤ 𝑙𝑘 − 𝑎, we have 2(𝑎+ 𝑟 + 𝑙𝑖) ≤ 𝑙𝑖 + 𝑙𝑘 + 𝑎+ 2𝑟, and therefore

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑎+ 2𝑟

2

⌉︂
.

If 𝑙𝑖 > 𝑙𝑘 − 𝑎, then when 𝑣 reaches 𝑃𝑖, the number of uninformed internal vertices remaining is

𝑙𝑖 − (𝑙𝑘 − 𝑎). Hence

𝑡𝑖 ≤ 𝑙𝑘 + 𝑟 +

⌈︂
𝑙𝑖 − (𝑙𝑘 − 𝑎)

2

⌉︂
=

⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑎+ 2𝑟

2

⌉︂
.



It remains to consider the case 𝑙𝑘 < 𝑎. Then 𝑣 reaches 𝑃𝑖 before 𝑢. Before 𝑢 reaches 𝑃𝑖, the message

has already moved along 𝑃𝑖 from the 𝑣-side for (𝑎+ 𝑟 + 1)− (𝑙𝑘 + 𝑟 + 1) = 𝑎− 𝑙𝑘 time units.

If 𝑙𝑖 ≤ 𝑎 − 𝑙𝑘, then all vertices of 𝑃𝑖 are informed before 𝑢 needs to start it, and 𝑡𝑖 ≤ 𝑙𝑘 + 𝑟 + 𝑙𝑖.
Since 𝑙𝑖 ≤ 𝑎− 𝑙𝑘, we have 2(𝑙𝑘 + 𝑟 + 𝑙𝑖) ≤ 𝑙𝑖 + 𝑙𝑘 + 𝑎+ 2𝑟, and therefore

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑎+ 2𝑟

2

⌉︂
.

If 𝑙𝑖 > 𝑎 − 𝑙𝑘, then when 𝑢 reaches 𝑃𝑖, the number of uninformed internal vertices remaining is

𝑙𝑖 − (𝑎− 𝑙𝑘). Hence

𝑡𝑖 ≤ 𝑎+ 𝑟 +

⌈︂
𝑙𝑖 − (𝑎− 𝑙𝑘)

2

⌉︂
=

⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑎+ 2𝑟

2

⌉︂
.

Therefore, for even 𝑖 = 2𝑟,

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑎+ 2𝑟

2

⌉︂
.

Since 𝑖 = 2𝑟 and

𝑎 =

⌈︂
𝑘 − 1

2

⌉︂
≤

⌈︂
𝑘

2

⌉︂
,

we obtain

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑖+ ⌈𝑘/2⌉

2

⌉︂
.

Combining the odd and even cases proves the lemma.

3.2. Internal-originator schedules

Now let the originator 𝑤 be an internal vertex on 𝑃𝑚. Let 𝑑 be the length of the subpath from 𝑤 to the

nearer junction 𝑢, and let 𝜏(𝑚) = 𝑙𝑚 + 2− 2𝑑. Since 𝑤 starts propagation toward 𝑣 in time unit 2, the

junction 𝑣 is informed through the originator path 𝑃𝑚 in time unit 𝑑+ 𝜏(𝑚) = 𝑙𝑚 + 2− 𝑑.
Alternatively, after 𝑢 is informed in time unit 𝑑, it can inform 𝑣 through the shortest path 𝑃𝑘 in time

unit 𝑑+ 𝑙𝑘 + 1. Thus the comparison between 𝜏(𝑚) and 𝑙𝑘 + 1 determines which of these two routes

informs 𝑣 earlier. The schedule 𝐶𝐼 first sends the message from 𝑤 toward 𝑢 and then toward 𝑣 along

𝑃𝑚. If 𝜏(𝑚) ≤ 𝑙𝑘 + 1, then 𝑣 is informed through 𝑃𝑚, and the odd–even rule is applied to the list

obtained from 𝑃1, . . . , 𝑃𝑘 after deleting 𝑃𝑚 and also deleting 𝑃𝑘 if 𝑙𝑘 = 0. If 𝜏(𝑚) > 𝑙𝑘 + 1, then 𝑢
informs 𝑣 through 𝑃𝑘, and the odd–even rule is applied to (𝑃1, . . . , 𝑃𝑘−1), with 𝑃𝑚 skipped by 𝑢 but

kept in the order followed by 𝑣. The full procedure is given in Algorithm 2.

If a scheduled call is no longer needed because the corresponding path has already been fully informed,

the call is skipped. If both junctions would inform the same remaining vertex in the same time unit, only

one of the two calls is made. This only removes a redundant call and does not increase the broadcast

time.

Lemma 4. For the odd–even internal schedule, the following bounds hold.
If 𝜏(𝑚) ≤ 𝑙𝑘 + 1 and ℒ1 = (𝑄1, . . . , 𝑄𝑁 ) is the active list used by the algorithm, then for every

𝑃𝑖 = 𝑄𝑟 ∈ ℒ1,

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 2𝑑+ 𝜏(𝑚) + 𝑟 + ⌈𝑁/2⌉ − 1

2

⌉︂
. (3)

If 𝜏(𝑚) > 𝑙𝑘 + 1, then for every 1 ≤ 𝑖 ≤ 𝑘 − 1 with 𝑖 ̸= 𝑚,

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 2𝑑+ 𝑙𝑘 + 𝑖+ ⌈𝑘/2⌉

2

⌉︂
. (4)



Algorithm 2 Broadcasting from an internal vertex, odd–even order

Input: a 𝑘-path graph 𝐺 = (𝑃1, . . . , 𝑃𝑘), junction vertices 𝑢, 𝑣, originator 𝑤 ∈ 𝑉 (𝑃𝑚) ∖ {𝑢, 𝑣}.

Output: a broadcast scheme with broadcast time 𝑏𝐶𝐼
(𝑤,𝐺).

1. procedure OddEvenInternal

2. Let 𝑑 be the length of the subpath 𝑤𝑢 on 𝑃𝑚 and let 𝜏(𝑚) = 𝑙𝑚 + 2− 2𝑑.

3. In the first time unit, 𝑤 passes the message along 𝑃𝑚 toward 𝑢.

4. In the second time unit, 𝑤 passes the message along 𝑃𝑚 toward 𝑣.

5. 𝑢 receives the message in time unit 𝑑.

6. if 𝜏(𝑚) ≤ 𝑙𝑘 + 1 then
7. 𝑣 receives the message in time unit 𝑡𝑣 = 𝑑+ 𝜏(𝑚).
8. Let ℒ1 be the ordered list obtained from 𝑃1, . . . , 𝑃𝑘 after deleting

𝑃𝑚 and also deleting 𝑃𝑘 if 𝑙𝑘 = 0.

9. 𝑢 follows the order of the paths in odd positions of ℒ1 first and then

the paths in even positions of ℒ1.

10. 𝑣 follows the order of the paths in even positions of ℒ1 first and then

the paths in odd positions of ℒ1.

11.else
12. 𝑢 passes the message along 𝑃𝑘 in time unit 𝑑+ 1.

13. 𝑣 receives the message in time unit 𝑡𝑣 = 𝑑+ 𝑙𝑘 + 1.

14. Let ℒ2 = (𝑃1, 𝑃2, . . . , 𝑃𝑘−1).
15. 𝑢 follows the order of the paths in odd positions of ℒ2 first and then

the paths in even positions of ℒ2, skipping 𝑃𝑚 whenever it is reached.

16. 𝑣 follows the order of the paths in even positions of ℒ2 first and then

the paths in odd positions of ℒ2.

17.end if
18.end procedure

Moreover, in this case let 𝑟𝑚 be the position of 𝑃𝑚 in the odd–even order followed by 𝑣 on {𝑃1, . . . , 𝑃𝑘−1}.
Then

𝑡𝑚 ≤
⌈︂
𝑙𝑚 + 𝑙𝑘 + 𝑟𝑚 + 1

2

⌉︂
. (5)

In particular, since 𝑟𝑚 + 1 ≤ 𝑚+
⌈︀
𝑘
2

⌉︀
, we have

𝑡𝑚 ≤
⌈︂
𝑙𝑚 + 𝑙𝑘 +𝑚+ ⌈𝑘/2⌉

2

⌉︂
. (6)

Proof. The proof was omitted because of the space constraints.

Complexity analysis Once the paths are indexed by non-increasing length, the odd–even orders

are determined directly from the path positions. No adaptive path selection or dynamic scheduling is

required. For each path, the relevant start times can be computed from its index, or from its position

in the active list in the internal-originator case. Therefore a single scan over the 𝑘 paths is enough to

compute the broadcast time, and the compact description of the schedule is constructed in 𝑂(𝑘) time.

If the full broadcast scheme is written explicitly as a list of calls in every time unit, then the output

size may be Θ(|𝑉 |), because internal vertices forward the message along the paths. Thus the expanded

scheme can be generated in 𝑂(|𝑉 |) time from the compact representation. If the paths are not already

indexed by non-increasing length, an additional 𝑂(𝑘 log 𝑘) preprocessing step is needed for sorting.

4. Broadcasting from a Junction Vertex

Assume w.l.o.g. that 𝑢 is the originator.



Lower bound. The following lower bound appears in prior work and will be used in the approximation

analysis.

Lemma 5 ([25]). Let 𝐺 = (𝑃1, . . . , 𝑃𝑘) be a 𝑘-path graph with 𝑙1 ≥ · · · ≥ 𝑙𝑘 ≥ 0, and let the originator
be a junction vertex 𝑢. Then, for every 1 ≤ 𝑖 ≤ 𝑘 − 1,

𝑏(𝑢,𝐺) ≥
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑖+ 1

2

⌉︂
≥ 𝑙𝑖 + 𝑙𝑘 + 𝑖+ 1

2
.

Theorem 1. The schedule 𝐶𝐽 is a 1.5-approximation for 𝑘-path graphs when the originator is a junction
vertex.

Proof. Let 𝑏 = 𝑏(𝑢,𝐺) be the optimal broadcast time. First, every broadcast scheme from 𝑢 must inform

the opposite junction 𝑣. Since 𝑃𝑘 is a shortest path from 𝑢 to 𝑣, we have 𝑏 ≥ 𝑙𝑘 + 1. Thus all vertices

of 𝑃𝑘 are informed by Algorithm 1 within 𝑏 time units, and therefore 𝑃𝑘 does not violate the desired

approximation bound.

Now fix 1 ≤ 𝑖 ≤ 𝑘 − 1. By Lemma 5,

𝑏 ≥
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑖+ 1

2

⌉︂
.

Therefore 𝑙𝑖 + 𝑙𝑘 + 𝑖+ 1 ≤ 2𝑏, and hence

𝑙𝑖 + 𝑙𝑘 + 𝑖 ≤ 2𝑏− 1. (7)

We also need a lower bound on 𝑏 in terms of 𝑘. By Lemma 1, there exists a minimum broadcast

scheme in which 𝑢 starts propagation on 𝑃𝑘 in the first time unit. After this first time unit, 𝑢 has at

most 𝑏 − 1 remaining opportunities to start propagation on the other paths by time 𝑏. Moreover, 𝑣
cannot start propagation on any other path before it becomes informed. Since 𝑣 is informed no earlier

than time 𝑙𝑘 +1, it can start propagation on the remaining paths only in time units 𝑙𝑘 +2, 𝑙𝑘 +3, . . . , 𝑏.
Hence 𝑣 has at most 𝑏− 𝑙𝑘 − 1 such opportunities.

Because 𝐺 is simple, each of the paths 𝑃1, . . . , 𝑃𝑘−1 contains at least one internal vertex. In any

broadcast scheme completing by time 𝑏, each of these 𝑘−1 paths must therefore be started from at least

one of the two junctions. Thus 𝑘 − 1 ≤ (𝑏− 1) + (𝑏− 𝑙𝑘 − 1). Hence 𝑘 − 1 ≤ 2𝑏− 𝑙𝑘 − 2 ≤ 2𝑏− 2,
and so 𝑘 ≤ 2𝑏− 1. It follows that ⌈︂

𝑘

2

⌉︂
≤ 𝑏. (8)

Combining (7) and (8), we get 𝑙𝑖 + 𝑙𝑘 + 𝑖+
⌈︀
𝑘
2

⌉︀
≤ (2𝑏− 1) + 𝑏 = 3𝑏− 1. Using (1), we obtain

𝑡𝑖 ≤
⌈︂
𝑙𝑖 + 𝑙𝑘 + 𝑖+ ⌈𝑘/2⌉

2

⌉︂
≤

⌈︂
3𝑏− 1

2

⌉︂
.

Since 𝑏 is an integer, ⌈︂
3𝑏− 1

2

⌉︂
≤ 3𝑏

2
.

Therefore all vertices of every path 𝑃𝑖, 1 ≤ 𝑖 ≤ 𝑘 − 1, are informed by time 3𝑏/2. Together with the

bound for 𝑃𝑘, this gives 𝑏𝐶𝐽
(𝑢,𝐺) ≤ 3

2𝑏(𝑢,𝐺). Hence Algorithm 1 is a 1.5-approximation.

Theorem 2. The 1.5 approximation guarantee of the odd–even junction schedule 𝐶𝐽 is asymptotically
tight.

Proof. Let 𝑞 ≥ 2, let 𝑘 = 2𝑞, and let 𝐺𝑞 = (𝑃1, . . . , 𝑃𝑘) have path lengths 𝑙1 = 2𝑞, 𝑙2 = 𝑙3 = · · · =
𝑙𝑘−1 = 1, 𝑙𝑘 = 0. Thus 𝑃𝑘 is the edge 𝑢𝑣, and the originator is the junction 𝑢.

We first show that 𝑏(𝑢,𝐺𝑞) = 𝑞 + 1. The path 𝑃1 has 2𝑞 internal vertices. In any broadcast scheme,

let 𝑥 and 𝑦 be the first time units in which propagation starts on 𝑃1 from the 𝑢-side and from the 𝑣-side,



respectively. If 𝑢 informs 𝑣 through 𝑃𝑘 in time unit 1, then neither junction can start propagation on 𝑃1

before time unit 2, so 𝑥, 𝑦 ≥ 2. Otherwise, 𝑣 cannot be informed before time unit 2, and hence 𝑦 ≥ 3
while 𝑥 ≥ 1. Thus, in all cases, 𝑥+ 𝑦 ≥ 4, and so

𝑏(𝑢,𝐺𝑞) ≥
⌈︂
2𝑞 + 4− 2

2

⌉︂
= 𝑞 + 1.

This lower bound is attainable: in time unit 1, 𝑢 informs 𝑣 through 𝑃𝑘; in time unit 2, both junctions

start propagation on 𝑃1; and in time units 3, . . . , 𝑞+1, the two junctions start all remaining length-one

paths. Hence 𝑏(𝑢,𝐺𝑞) = 𝑞 + 1.
Under the schedule 𝐶𝐽 , the junction 𝑢 starts 𝑃1 in time unit 2. The junction 𝑣 first considers the

even-indexed paths 𝑃2, 𝑃4, . . . , 𝑃2𝑞−2 and then considers 𝑃1 in time unit 𝑞 + 1. None of these even-

indexed paths is skipped before 𝑣 reaches 𝑃1, since each has one internal vertex and has not yet been

fully informed when 𝑣 considers it. Therefore all vertices of 𝑃1 are informed by 𝐶𝐽 in time unit⌈︂
2𝑞 + 2 + (𝑞 + 1)− 2

2

⌉︂
=

⌈︂
3𝑞 + 1

2

⌉︂
.

All other paths have length at most one and are fully informed no later than 𝑃1. Thus

𝑏𝐶𝐽
(𝑢,𝐺𝑞) =

⌈︂
3𝑞 + 1

2

⌉︂
,

and hence

𝑏𝐶𝐽
(𝑢,𝐺𝑞)

𝑏(𝑢,𝐺𝑞)
=

⌈(3𝑞 + 1)/2⌉
𝑞 + 1

approaches 3/2 as 𝑞 increases.

5. Broadcasting from an Internal Vertex

Let the originator 𝑤 be an internal vertex on 𝑃𝑚, with 𝑑 and 𝜏(𝑚) as defined in Section 3.2.

Lower bounds. We first state the lower bounds used in the internal-originator analysis.

Lemma 6 (Active-list lower bound). Let 𝑤 be an internal originator on 𝑃𝑚, let 𝑑 be the distance from 𝑤
to the nearer junction 𝑢, and let 𝑣 be the other junction. Suppose that, in a minimum broadcast scheme
from 𝑤 satisfying Lemma 2, the junction 𝑣 cannot be informed before time unit 𝑑+ 𝜎, where 𝜎 ≥ 1.

Let ℒ = (𝑄1, 𝑄2, . . . , 𝑄𝑁 ) be an ordered list of non-originator paths, each having at least one internal
vertex, listed in non-increasing order of length. If 𝑄𝑟 = 𝑃𝑖, then

𝑏(𝑤,𝐺) ≥ 𝑑+

⌈︂
𝑙𝑖 + 𝜎 + 𝑟 − 1

2

⌉︂
.

Proof. The proof was omitted because of the space constraints.

Lemma 7 (Delayed active-list lower bound). Under the assumptions of Lemma 6, suppose additionally
that the junction 𝑢 cannot start propagation on any path of ℒ before time unit 𝑑+ 2. If 𝑄𝑟 = 𝑃𝑖, then

𝑏(𝑤,𝐺) ≥ 𝑑+

⌈︂
𝑙𝑖 + 𝜎 + 𝑟

2

⌉︂
.

Proof. The proof was omitted because of the space constraints.



For every 𝑗 ̸= 𝑚, define

𝜌𝑚(𝑗) =

{︃
𝑗, 𝑗 < 𝑚,

𝑗 − 1, 𝑗 > 𝑚.

Thus 𝜌𝑚(𝑗) is the position of 𝑃𝑗 in the sequence obtained from 𝑃1, . . . , 𝑃𝑘 by deleting the originator

path 𝑃𝑚.

Lemma 8. Let 𝐺 = (𝑃1, . . . , 𝑃𝑘) be a 𝑘-path graph with 𝑙1 ≥ · · · ≥ 𝑙𝑘 ≥ 1, and let the originator 𝑤 be
an internal vertex on 𝑃𝑚. Let 𝑑 be the length of the subpath from 𝑤 to the nearer junction 𝑢 along 𝑃𝑚,
and let 𝜏(𝑚) = 𝑙𝑚 + 2− 2𝑑. Then:

1. if 𝜏(𝑚) < 𝑙𝑘 + 1, then for every 1 ≤ 𝑗 ≤ 𝑘 with 𝑗 ̸= 𝑚,

𝑏(𝑤,𝐺) ≥ 𝑑+

⌈︂
𝑙𝑗 + 𝜏(𝑚) + 𝜌𝑚(𝑗)− 1

2

⌉︂
;

2. if 𝜏(𝑚) ≥ 𝑙𝑘 + 1, then for every 1 ≤ 𝑗 ≤ 𝑘 − 1 with 𝑗 ̸= 𝑚,

𝑏(𝑤,𝐺) ≥ 𝑑+

⌈︂
𝑙𝑗 + 𝑙𝑘 + 𝜌𝑚(𝑗)

2

⌉︂
;

3. if 𝜏(𝑚) > 𝑙𝑘 + 1, then the stronger bound

𝑏(𝑤,𝐺) ≥ 𝑑+

⌈︂
𝑙𝑗 + 𝑙𝑘 + 𝑗

2

⌉︂
holds for every 1 ≤ 𝑗 ≤ 𝑘 − 1 with 𝑗 ̸= 𝑚.

Proof. The proof was omitted because of the space constraints.

Theorem 3. The schedule 𝐶𝐼 is a 1.5-approximation for 𝑘-path graphs when the originator is an internal
vertex.

Proof. The proof was omitted because of the space constraints.

Theorem 4. The 1.5 approximation guarantee of the odd–even internal schedule 𝐶𝐼 is asymptotically
tight.

Proof. The proof was omitted because of the space constraints.

6. Conclusion

We studied broadcasting in 𝑘-path graphs under the classical model and analyzed a simple deterministic

odd–even schedule based on complementary parity orders at the two junction vertices. We proved

that this schedule is an unconditional 1.5-approximation for both junction and internal originators.

Once the paths are indexed by non-increasing length, the schedule is constructed and evaluated in 𝑂(𝑘)
time, with an additional 𝑂(𝑘 log 𝑘) preprocessing step only if sorting is required. We also showed that

the analysis is asymptotically tight for the odd–even schedules by giving infinite families of instances,

for both choices of originator, whose achieved ratios approach 3/2. Thus, improving beyond the 1.5
guarantee would require a different scheduling rule or additional structural ideas. An interesting

direction for future work is to determine whether comparably simple fixed-order schedules can beat this

bound, or whether stronger guarantees for 𝑘-path graphs necessarily require more adaptive methods.
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