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Abstract
The Weisfeiler-Leman (WL) algorithm was originally introduced as a refinement procedure for analysing graph
symmetries and as a tool for graph isomorphism testing. It distinguishes a large class of graphs up to isomorphism.
For the k-dimensional WL algorithm, its indistinguishability power coincides with that of the finite-variable
fragment of first-order logic with counting quantifiers, Cy.

We study indistinguishability from an algebraic perspective. We introduce a program algebra with counting
capabilities and a local version of k-WL, and show that both coincide in expressive power with the guarded
fragment of counting logic, GCg.
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1. Introduction

Graph neural networks (GNNs) are deep learning models for graph-structured data that learn relational
representations via message passing. While highly effective, their reasoning mechanism remains largely
implicit: aggregation over multisets of neighbours captures structural information through counting,
but without an explicit symbolic interpretation [1, 2, 3, 4].

The Weisfeiler-Leman (WL) algorithm provides a canonical bridge between combinatorial structure
and counting-based reasoning. Originally introduced for graph isomorphism testing [5], WL iteratively
refines vertex colours by aggregating neighbourhood information, and its k-dimensional extension
refines k-tuples of vertices. WL has been widely studied in graph theory, finite model theory, and
machine learning [6, 1, 2, 3]. In finite model theory, WL is closely connected to finite-variable counting
logics: 1-WL corresponds to the two-variable guarded counting logic, while for k£ > 2, k-WL corresponds
to the k-variable counting logic with counting quantifiers [6, 4, 7].

Despite these correspondences, no analogous characterization is known for guarded counting logic
(GC), the local counterpart of counting logic in which quantification is restricted by guards. This gap
is particularly intriguing in light of recent work on localized variants of WL, which demonstrate that
locality can be incorporated into colour refinement while retaining substantial expressive power [8, 9].

A possible obstacle is that the two formalisms propagate information differently. Guarded quantifica-
tion extends an assignment by moving along a guard relation through an already assigned variable,
whereas WL refinement updates colours directly from neighbourhood information. In this paper, we
define an algebraic framework whose propagation behaviour mirrors the locality constraints of GC.
Based on this fragment, we develop a refinement procedure that captures guarded propagation, moving
toward a WL-style characterization of guarded counting logic.

Our goal is to develop a compositional, isomorphism-invariant semantic framework for sequential
computation with counting. We propose an algebra of nondeterministic programs over relational
structures, equipped with actions, tests, sequential composition, and antidomain (dynamic negation).
Unlike counting logics, our language contains no quantifiers or explicit counting operators; instead,
counting emerges operationally from program structure. The antidomain operation traces back to
dynamic negation in modal and dynamic logic [10, 11].
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Contributions. We introduce a new variant of the local k-WL algorithm that combines locality in
the input graph with locality induced by the underlying algebra at each iteration. We also consider
guarded variants of all three formalisms—our algebra, WL, and counting logic—and prove the following
equivalence with respect to their ability to distinguish vertex tuples:

Iwl, = GRL, = GCj,.

To the best of our knowledge, this is the first exact characterization of guarded counting logic 3, 12] in
terms of a local Weisfeiler-Leman procedure and an algebraic formalism.

2. Algebra and Logic

In this section, we define the syntax and semantics of our algebra, and subsequently introduce the logic
built upon it. We begin with an informal overview.

Our algebra represents nondeterministic computations over relational structures. Programs manipu-
late unary “registers” via atomic actions, and are combined using sequential composition and tests; in
addition, the algebra includes a dynamic negation operator inspired by antidomain operations [10, 11].

Crucially, the algebra features a novel construct that induces counting-like behaviour: it restricts
successful executions to traces in which exactly one specified register changes. This mechanism enables
threshold-style reasoning without explicit numeric quantifiers or arithmetic operations over domain
elements.

The semantics is trace-based: each program denotes a set of successful executions (i.e., strings of
relational structures). Double negation induces a logic that determines whether a program admits a
successful execution from a state (antidomain applied twice gives domain).

A relational structure over a vocabulary 7 consists of a universe together with an interpretation
of each relation symbol in 7 according to its arity. A (labelled) graph can be viewed as a relational
structure whose vocabulary comprises a binary edge relation £ and, optionally, a collection of unary
predicates Py, ..., P, representing vertex labels. Throughout this paper, we restrict our attention to
finite, undirected, simple, vertex-labelled graphs.

Syntax We call our logic register logic (RL). RL is based on an algebra of terms. The vocabulary 7
is fixed and partitioned into two disjoint parts: 7 := 7gpp W TreG. Here, Tgpp denotes the vocabulary
of the underlying input structure.! In this paper, Tepp := { F, =, P|, P», ... }, where E denotes the
binary edge relation and each P; is a unary vertex label predicate. Vocabulary 7pgc := {R1,..., R, } is
a set of unary relational symbols representing registers. The key distinction between 7gpp and Tggg is
that interpretations of 7gpp relations (e.g., ;) remain fixed during execution, whereas the values of
registers R; may change.

Terms  RL terms are built from a collection of atomic actions and atomic tests, and are closed under
a set of operators. The syntax of well-formed RL terms is given by

(RLterms) tu=A|T |ti;ta |~t]|Cr,(t).

Intuitively, terms are programs. Atomic actions A represent elementary computation steps on registers,
while atomic tests T' check whether the current register values satisfy certain atomic predicates, without
modifying them. The construct ¢;;¢3 denotes sequential composition. The operator ~ t tests whether
the term ¢ has no successful execution. The operator Cg, (t) restricts executions of ¢ to those in which
only the contents of R; may change, and these values are pairwise distinct throughout. We read Cg, as
“Count on R;”. This operator allows us to iterate over distinct values for R; while keeping the other
registers fixed.

'EDB stands for “Extensional Database”, a standard term from the Datalog literature, referring to a relational structure given
as input.



We also consider a guarded variant of RL, called guarded register logic (GRL). The syntax of GRL
differs only in its set of atomic actions:

(GRL terms) ¢ ::= Agyarded | T | t13t2 |~ 1 | Crg,(2).

Atomic actions The atomic actions of RL and GRL are represented by singleton rule sets.? Their
unique rules are of the following forms:

A = {R;(x) —},
Aguarded L= {Rj(y) = E(x,y),RZ(x)} | {Rj(x) — Rl(x) }7

where ¢ # j and R;, R; € Tpeg. The first variant assigns an arbitrary value to the register. There
are two kinds of atomic actions in the second (guarded) variant: (1) propagation along edges and (2)
copying the contents of registers. Each atomic action represents a nondeterministic modification of
the register values, constrained by the associated rules. In the context of graphs, the possible updated
values are guarded by the edge relation.’

Atomic tests Atomic tests T are defined as

T = {— E(z,y), Ri(z), Rj(y) } | { — Pj(2), Ri(z) } [ { — Ri(z), Rj(x) }

where R;, R; € Tpec. There are three kinds of atomic tests: (1) checking whether R; and R; contain
adjacent vertices in the input graph, (2) checking whether R; contains a vertex labeled P; in the input
graph, and (3) equality comparisons between register contents. Tests capture Boolean conditions over
register values. They do not modify the values stored in the registers.

Semantics Given a Tgpp-structure I, a state is a 7-structure that extends I' by interpreting the
symbols in Trg. Each register contains exactly one vertex, so the interpretation of each R} is a
singleton set. We use R} = v as a shorthand for R = {v}. Given a tuple v = (v1, ... ,v,), we write
I'; for the extension of I satisfying R{T’ = v; for all 1.

In this paper, register values change one at a time. We write ¢;(0, w) for the tuple obtained from ©
by replacing its i-th component with w. Accordingly, we write ®;(2(, w) for the state obtained from 2
by updating the value of register R; to w, with Rq) iQ@w) — ) Thus, ®;(A, w) = T'y, (5,)- Moreover,
we write N (v) := {w | (v,w) € E' } for the set of neighbours of v.

Let W be the set of states, and let W™ denote the set of finite non-empty sequences over W. A trace
is an element of W, For a trace 7, we write || for its length, 7(7)
and 7 (4, j) for its subtrace from i to j. For traces 7, 7/, we write 7 - 7’ for their concatenation. We write
7w C 7’ if 7 is a prefix of 7.

The semantics of a term ¢ is then defined as a subset of W™, the traces of t, denoted by A (¢).

« AT({R;(z) —}) = { A & Qlw) | weVl},

« AT({R;(y) — E(x, )RZ ={2A-0;(A,w) | weN(R},

« AY({Rj(z) — Ry(x {Ql <1> (A, RQ‘)}

-AF({HEx,y Rz<z> Rj(y)}) = {2 | Rl e N(RY)},

« AT({—~ Ri(z),R;j(x)}) = {2 | R = Rm}

-AF({HPx ), Ri(z)}) = {QL\RQ‘GPF}

« Al(t1;t9) = {7 (1, ]7T| -1) ‘ T e Al'(ty), 7" € Al(t) and 7 (|7|) = 7'(1) },
A0~ {m|vﬂeAF<> £},

« AT(Cg,(t)) = {7 e AT(?) ’ T ) ®;(m (1), w;) for distinct wy, ..., Wi, }.

%For readers familiar with Datalog, we note that, unlike Datalog, our rules place only one nondeterministically chosen element
into the relation in the head of the rule.

’Although Aguarded A, the guarded atomic actions are merely syntactic sugar. Specifically, { R;(y) «— E(z,y), Ri(z) }
abbreviates {R;(z) —};{—~ E(z,y),Ri(z),R;(y)}, while { R;j(z) < Ri(x)} abbreviates {R;(x) «};{~
Ri(z), Rj(z)}.



For a state 2 € W, we define the abbreviation A} (¢) := {7 € Al'(¢) | m(1) = 2}, which denotes
the set of traces whose initial state is 2. Since every state expands I', we may omit the superscript I
when it is clear from the context and write Ag instead of Ag{-

We say that a term ¢ successfully executes on a state 2 if it admits at least one execution trace starting
from £, that is, if Ag((¢) is non-empty.

Logic We now obtain a logic by associating each term with a test term via the mapping ¢ — ~~ t.
For a given initial state 2, the test ~~ ¢ succeeds precisely if there exists an execution trace of ¢ starting
from 2. Formally, we define 2 |=~~t <= Agy(t) # 0.
If t is already a test, we may omit the double negation ~~.

Figure 1: Example graph I';.

Example 1.

Problem: Extend to 4-Cycle

Given: A simple vertex-labeled graph I' and an edge(in forms of 2 vertices w1, w2).
Question: Does the edge extend to a 4-cycle?

We construct a term t such that the edge (w1, ws) extends to a 4-cycle if and only if Ty, s w) = t for
every vertex w.

taagonat = Cry (1 Ra(y) — E(w,y), Ba(2) }; { — E(z, ), Ra(), Ra(y) })?)’

The term t giagonal checks whether the vertices stored in Ry and Ry have at least two common neighbours,
and hence can serve as opposite vertices of a 4-cycle.

t = {— Bz, y), Ri(2), Raly) }; { Rs(y) — E(w,y), Ra(w) }; { Ra(x) —~ Rs(2) }; iagona

The term t propagates the vertex stored in Ry to one of its neighbours and then checks whether the
resulting vertices in Ry and Ry can serve as a diagonal of a 4-cycle.

For instance, the following trace on the graph I'1 shown in Figure 1 successfully executes t.

R1 V2 V2 V2 V2 UV
Ro: vy vy vs w5 w5,
R3 LW vs Vs V3 V4

where each column represents a state and each row records the value of a register throughout the trace.
Since w is arbitrary, this trace witnesses that the edge (v2, v4) extends to a 4-cycle.

3. Depth of a Term

In this section, we introduce the notion of depth of a term, which corresponds to the refinement level
in the colour refinement algorithm and to the quantifier rank in counting logic.

In the colour refinement algorithm, the number of refinement iterations determines how far the
colouring deviates from the initial assignment. Similarly, in counting logic, the quantifier rank controls
the number of nested variable substitutions. To capture this intuition for algebraic terms, we introduce
a notion of depth that bounds how far register values can influence the evaluation of a term.

At first glance, the length of a trace—i.e., the number of atomic actions executed—appears to be a
natural measure of depth, since each atomic action modifies a register. However, dynamic negation

*For a term t, the notation ¢ denotes the n-fold composition of ¢ with itself.



does not fully align with this intuition: a term consisting of a single test always produces a trace of
length 1, even though satisfying the test may require the hypothetical execution of multiple atomic
actions. To account for this discrepancy, we introduce two notions of depth: actual depth, which records
the maximum length of executed traces, and depth, which captures the maximum length including
hypothetical executions.

Definition 1.

« Atomic actions have depth 1 and actual depth 1.
« Atomic tests have depth 0 and actual depth 0.

Suppose terms tq, . .., ty have depth x, . . .,z and actual depth yq, . . . , yx, respectively. Then:

« The sequential composition t1;to has depth
max{z1, y1 + x2} and actual depth y; + ya.

+ The negation ~ t1 has depth x1 and actual depth 0.

« Ift := CRg,(to;m1;...; my; ty), where each m; is an atomic action and each t; is a test, then t has
depth max{xo, x1 + 1, ..., zx + 1} and actual depth 1.

Intuitively, an execution can be viewed as a labeled computation tree. Nodes correspond to states,
which may be actual states appearing in the execution trace or hypothetical states introduced during the
evaluation of tests. Edges are labeled by atomic actions. Branching arises from the counting operator
C, which aggregates multiple possible continuations. In this view, the depth of a term corresponds to
the height of the resulting computation tree, while the actual depth is defined as the maximal depth of
nodes that correspond to actual (trace-reachable) states.

Figure 2: Tree(t), where thick edges indicate connections between the actual nodes, and dotted edges indicate
other edges.

Example 2. Let m, ..., my be atomic actions. The syntactic tree of the term
my; Cr, ( ~ (mg; ~ ms;my); ms; ~ me; m7)

is illustrated in Figure 2. The term has depth 3 and actual depth 2.

Definition 2. We define the fragment GRL% is the set of guarded terms that use at most k registers and
have depth at most d.

4. Main Results

In this section, we introduce a local version of the Weisfeiler-Leman algorithm and compare its
distinguishing power with our algebra and guarded counting logic. We begin by giving the formal
definitions.

The counting logic (C) [3, 12] is a variant of first-order logic extended with counting quantifiers of
the form 32*. Its guarded fragment (GC) restricts quantification to be guarded by the edge relation,
i.e., formulas of the form 3%z (E(y, ) A ), where all free occurrences of z in ¢ are within the scope
of the guard E(y, x). We write GCj, for the fragment using at most k variables and quantifier rank at
most r.



Definition 3. We say that GCJ, distinguishes vertex tuples u, v of I',I" if there exists a formula ¢ € GC],
such that T' = ¢(u) <= T ¥ ¢(0).

The WL algorithm was originally introduced as a heuristic for graph isomorphism testing [5, 6]. The
k-dimensional WL algorithm (k-WL) is a fundamental tool in this area: if two graphs yield different
stable colourings, then they are not isomorphic. Although k-WL is not complete for graph isomorphism,
it provides a powerful polynomial-time approximation that distinguishes many non-isomorphic graphs.
We introduce a local variant of it that captures the aggregation behaviour of the guarded fragment of
our algebra.

For a graph I' = (VI EY Pl ... PL), we write V for V' for simplicity. The k-WL algorithm
generates a sequence of colouring functions {wl}, },cry, where r denotes the refinement level. They are
defined as follows:

k
« WI%(7) = atp(v), where atp : V¥ — {0, 1}2<2)+km is a vector that, for 1 <14 < j <k, has two
entries indicating whether v; = v; and whether E (vi, vj), and for 1 < ¢ < k, has m entries

indicating whether P(v;). We call this the atomic type of ©.
. Forr > 1, Iwl}(v) := (wly 1 (0), M7 (0), M5t (0), ..., M} 1 (0)) where

ety (Wl (0@, 0)) W (60, w)) [ w € N(vy) B) ifi #
Mij (0) = 0 iy

where {{ - }} denotes a multiset, i.e., elements may occur with multiplicity.
Each M;’jﬁl(@) collects the colours of all possible states obtained by applying atomic actions to
I';. Here, ®;(I'y, vj) is the unique state resulting from the atomic action { R;(z) «— R;(z) },
while { ®;(I's, w) | w € N(v;) } is the multiset of all possible states resulting from { R;(y) <
E(z,y), R;(z) }.
Definition 4. We say that Iwlj, distinguishes vertex tuples u, v of I', "' if Iwl, (@) # Iwl ().
Definition 5. We say that GRL}, distinguishes vertex tuples u, v of I, I if there exists a term t € GRL],
such that Ty |~~~ t <= TL F ot

We write Ay J Ay if A; distinguishes all vertex tuples that Ao distinguishes, that is, if A; has greater
expressive power than As. Moreover, we define A; = A, if both directions hold.’

Theorem 1 (GRL) 3 GCj). Given an underlying graph " and a formula ¢ from GC%. There exists a
guarded test termt € GRL% such that, for any tuple v, we have
'Ep) <= IsEt

Proof. We proceed by structural induction on the formula ¢ to prove the theorem. Assume the statement
holds for the subformulas ¢ and o with test terms ¢1, t5 respectively.

- Case 1. ¢ = 32", (E(z;, ;) A ¢1). Therefore qr(¢) = qr(p1) + 1. We define

t =~ Cr(({Ri(2) = Bla.y), By(y)}kita)").
Here, the superscript n denotes the n-fold composition of the enclosed term. Then,
| (37" ¢1)(0)
<= there exist n distinct w € N (v;) such that I' |= ¢ (¢ (v, w)),
<= there exist n distinct w € N(v;) such that ®;(I';, w) = t; by induction,
<= there exist distinct w', ..., w™ € N(v;) such that 'z - ®;(T5,w') - ... - ®;(T5, w")
is a trace of ({Rl(x) — E(x,y),Rj(y)}; tl)n,
= Ty =~ C(({Rie) = Bz, ), Ri()1ih)").
By Definition 1, the depth of ¢ is the depth of { R;(x) <~ E(x,y), R;j(y)};t1, and thus equals the
depth of t; plus 1, which is ¢gr(¢p).

*In [9], the authors use A; C A, instead.



« Case 2. ¢ = (1 A (9. In this case, we define t = t1; to.
« Case 3. ¢ = —;. In this case, we define t =~ ¢;. O

Theorem 2 (GC}, I Iwl}). Given a vertex tuplew € V* and an integerr, there exists a formula o € GC},
that characterizes the colour wl,(w), that is, for all v,

T (i) < Wi(3) = wl (D).

Proof. Suppose the statement holds for » — 1. We show how to characterize the multiset
{wl " (pi(w,u)) | w € N(wj) }, wherei # j.

We group the vertices of N (w;) by colour; suppose there are n groups with representatives u!, ..., u",

and each group has size k1, . .., kn, respectively. For each u!, by the induction hypothesis, there exists
a formula ; ,; characterizing the colour Il (i (@, ul)).
Consider the formula ¢;; := (3=%a; E(zi, ;) A p;0) A A (32 a; B(zi, 25) A iun).
[ = ¢ij(v)
<= there exist k; distinct u € N(v;) such that ' = ¢; 1 (¢3(v,u)) for 1 <1 <n
<= there exist k; distinct u € N (v;) such that Iwl} ~*(¢;(7,u)) = wl} ! (¢:(w, u))for1<l<n
= w6, w) [ue N(vy) } 2 {iwl ™ (¢i(w,w) | uw e N(wy) }.

Moreover, I' | =32V Wi)l+1g, B(x;,2)(0) <= |N(v;)| < |N(wj)|. Thus, their exists a for-
mula that characterizes the multiset { Iwl} " (¢;(@,u)) | u € N(w;) }. The remaining details are
straightforward and are omitted. O

Lemma 1. Suppose Iwlj,(a) = Iwl,(v). Consider colour C' = Iwl} " (¢;(,w)) for some w € N(u;).
Then, B ~ 3 ~
[{we VW™ (¢i(a,w) =C} = H{we V| (¢:(v,w) =C}.

The lemma states that tuples of the same colour have the same number of neighbouring tuples of
every colour. This follows directly from the fact that {w € V | Iwl} ' (¢;(7,w)) = C} = {w €
N(uj) | Wl (¢i(,w)) = C'}, since the colour C contains the atomic-type information specifying
whether w is adjacent to u;. Combined with { wl} =" (¢; (@, w)) | w € N(u;) } = { Wl (¢:(v,w)) |
w € N(vj) }, the lemma follows immediately.

Lemma 2. For any term of the form Cg, (t), there exist atomic actions my, . .., my, and teststo, ..., t
such that A(Cg, (t)) = A(CRg, (to; ma; ... ;mg; ti))

The lemma states that nested applications of the C operator can be eliminated. Intuitively, the C
operator restricts changes to a single register, rendering traces satisfying multiple nested C operators
trivial. We omit the proof.

Theorem 3 (Iwl, 3 GRL}). Supposet € V¥ andv € V'* are two tuples such that Iwly,(a) = Iwly(v).
Let t be a guarded term of depth d < r using k registers. Then, for every trace m € Ar,, (t), there exists a
trace 7' € Ar (t) such that . s
Wl (e ([)) = Wl = (7" (I7°])).
where o is the actual depth of t.

Proof. We proceed by structural induction and omit routine details.

« Case 1. ¢ is an atomic test. We simply take 7’ = B.

« Case 2.t := {R;(z) «~ E(z,y), Rj(x)} is an atomic action. Then m = 2 - ®;(2, u’) for some
u'. Since { wl; " (¢;(w,w)) | w € N(uj) } = {Iwl;, " (¢s(v,w)) | w € N(vj) }, we may take
' =B D,(B,v'), where ¢;(v,v’) has the same colour as ¢;(u, u’).

« Case 3. t := t1;to. Then m = 7 - m2. By the induction hypothesis, there exist traces 7} and 7
corresponding to 71 and o, respectively. Hence, we may take 7’ = 7} - 7).



« Case 4.t :=~ t'. We simply take 7’ = B.

« Case 5.t := Cg,(t'). By induction, there exists a trace 7’ € Ay (¢'). If 7’ contains no repeated
states, then 7' € Ag(Cg,(t')). Otherwise, we construct a trace 7" by replacing repeated
states with states of the same colour, i.e., wl} " (7"(i)) = Iwl} ! (7'(i)). By Lemma 1, there are
sufficiently many such states to eliminate repetitions. By Lemma 2, t' does not contain C operator
and 7" € A(t') follows by induction on the other cases. O

The main theorem follows as a corollary.

Theorem 4.
Iwl, = GRL}, = GC},

Conclusion. We introduced a compositional algebraic framework for reasoning with counting over
relational structures, and established its exact correspondence with guarded counting logic and a local
variant of the Weisfeiler-Leman algorithm. This provides a unified perspective on counting, locality,
and compositionality. Several directions for future work remain, including extensions to richer logics
and algorithmic applications.
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