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Abstract

The article considers the problem of approximating experimental data with a heterogeneous structure, in particular
in cases where several observed values are in the same cross-section. Such a distribution of data can reduce the
accuracy and reliability of mathematical models, which makes additional preprocessing methods necessary. The
study analyzes the approximation of experimental points using several functional dependencies: a linear function,
a quadratic parabola, a cubic polynomial, a 5th degree polynomial and a two-segment linear model. The article
proposes various ways to prove the nonlinearity of the studied sample to exclude a linear model as a possible
approximator. The effectiveness of the models is assessed by building cumulative curves of the approximation
residuals and comparing the ratio of their ranges to the standard deviation. Attention is also paid to the predictive
qualities of the selected mathematical models. The proposed approach can be used to increase the reliability of
mathematical modeling in applied problems where experimental data are unevenly distributed or contain several
values in a certain section.
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1. Introduction

In modern research in various branches of science and technology, an important place is occupied
by the construction of mathematical models based on experimental data. One of the key tasks is to
increase the accuracy of approximation of such data, especially in cases where several experimental
values observation are observed in individual sections. Such a situation complicates the construction of
an adequate model and requires additional approaches to data processing [1, 2, 3, 4].

This work considers the problem of approximating experimental points using different types of
approximation functions. At the initial stage, the original data are approximated using a linear function,
a parabola, a cubic model, and a two-segment linear approximation. This approach allows us to compare
the effectiveness of different models for describing the studied data set [1, 2, 5].

Special attention is paid to cases when several experimental points are present in individual cross-
sectional data. To take this feature into account, an approach is proposed that takes place in the
correlation field compression (scatter data set). After this data transformation dispersion is decreasing.
An approximation is performed using the same methods, which allows us to estimate the impact of
pre-processing on the accuracy of the models [6, 7, 8].

Additionally, cumulative curves of residuals are constructed to analyze the results, which allow us to
assess the approximation quality. Cumulative curves are a second method for assessing approximation
accuracy. For quantitative comparison, the ratio of the ranges of the cumulative curves of residuals
to the standard deviation of the corresponding models is used. This makes it possible to determine
the most appropriate approximation function for experimental data. This allows us to determine the

CMiGIN’26: Fifth International Workshop on Conflict Management in Global Information Networks, June 26-27, 2026, Krakow,
Poland

*Corresponding author.

"These authors contributed equally.

& kuzmin_vn@i.ua (V. Kuzmin); panijulia.p@gmail.com (Y. Petrova); alina.osipchuk2012@gmail.com (A. Osipchuk)

® 0000-0003-4461-9297 (V. Kuzmin); 0000-0002-3768-7921 (Y. Petrova); 0000-0002-3768-7921 (A. Osipchuk)

© 2026 Copyright for this paper by its authors. Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0).
5


mailto:kuzmin_vn@i.ua
mailto:panijulia.p@gmail.com
mailto:alina.osipchuk2012@gmail.com
https://orcid.org/0000-0003-4461-9297
https://orcid.org/0000-0002-3768-7921
https://orcid.org/0000-0002-3768-7921
https://creativecommons.org/licenses/by/4.0/deed.en

best mathematical model [9, 10, 11, 12]. The results obtained can be used to improve the accuracy of
mathematical modeling in problems where experimental data have a heterogeneous structure.

2. Literature review and problem statement

The building of mathematical models based on the approximation of experimental data remains one
of the key areas of modern applied research. The classical approach to solving such problems is the
usage of the least squares method (LSM), which ensures ease of implementation, statistical validity, and
ease of results interpretation [1, 2, 5, 10, 11, 13]. However, as modern research shows, this method does
not always provide sufficient adequacy in cases of complex data structure or the presence of abnormal
observations.

In this regard, alternative approaches to approximation are actively being developed. In particular,
modern studies propose improved weighted least squares methods, which improve the performance
of models through adaptive weighting of deviations [14]. Recently, considerable attention is paid to
methods that take into account the heteroscedasticity of data in approximation, since a violation of the
assumption of constant variance can lead to ineffective estimates and distortion of the modeling results
of the studied data [7, 15, 16, 17].

A separate area of research is the application of clustering methods to analyze data structure[11, 12,
15, 18, 19].

Modern research also emphasizes the need for a comprehensive assessment of approximation quality.
It has been shown that minimizing the standard deviation alone does not ensure complete model
compliance with experimental data, as local deviations or asymmetries in the error distribution can have
a significant impact on modeling results. Therefore, along with classical criteria, additional indicators of
adequacy are increasingly used, taking into account the balance of the location of experimental points
in relation to the approximating function, maximum deviations, as well as the structure of the residuals.

Methods of data preprocessing and structuring occupy a special place in modern research. Clustering
algorithms are used to identify hidden patterns and improve model stability, particularly k-means,
which remains one of the most common approaches due to its computational efficiency [20, 21, 22, 23].
However, research indicates its sensitivity to outliers and initial conditions, stimulating the development
of modified methods combined with approximation methods and preliminary experimental data analysis
procedures [24, 25, 26, 27, 28].

Among the main criteria for building approximating models in modern research, the following can
be distinguished [3, 4, 19, 20]:

1. Minimization of the sum of squared deviations;
2. Minimization of the sum of absolute deviations;
3. Minimization of the maximum deviation.

At the same time, the following approaches are used to assess the quality of approximation and
increase its reliability:

1. Taking into account heteroscedasticity of data, in particular by minimization of maximum devia-
tions.

2. Analysis of the balance of the number of observations relative to the approximating function.

It should be noted that the choice of the approximation criterion and the method of assessing its
quality are always interrelated tasks [19].

Thus, the modern development of the applied approximation theory is characterized by the transition
from classical methods to combined and robust approaches that take into account the features of real data,
in particular their heterogeneity, the presence of outliers and the complex structure of dependencies,
which is confirmed by modern research [7, 9, 12, 24].

Consequently, the evolution of mathematical modeling methods is characterized by a transition from
the usage of classical approximation criteria alone to the development of comprehensive adequacy



Table 1
Experimental Data

T, s A, um T, s A, um T,s Apum T,s A, um

50 19 100 30;29;33 125 28 155  41;33
60 20;21 105  35;32 130 31;32 160 40; 30; 37
70 17;22 110 30;28;30 135 3425 165 32

80 25;28 115 31;36;30 140 26,33 170 35

90 21;25;31 120 36;25;28 145 31 180 38

95 25 150  36; 33

criteria that take into account the characteristics of real data, their heterogeneity, the presence of
outliers, and the structure of the error distribution. This determine the relevance of developing new
adequacy criteria for constructing mathematical models capable of providing a more reliable and
objective assessment of approximation quality [4, 7, 12, 29].

Despite the significant number of existing approaches to approximating experimental data, the issue
of improving the reliability of models in cases of complex data set structure remains open [7, 13].

In particular, situations where several experimental values are available in some cross-sectional data
remain insufficiently studied, which complicates the building of an adequate approximating function
(7, 27].

In addition, the usage of traditional quality criteria, such as the standard deviation, does not always
allow to detect local deviations of the model, which may lead to incorrect conclusions about its adequacy.
This necessitates the usage of additional analysis methods, in particular the usage of cumulative curves
and alternative indicators of the approximation quality [11, 12].

Therefore, it is important to explore approaches to data preprocessing, in particular, to test the
original data for nonlinearity using various criteria, in particular using various methods of correlation
field compression [10, 13].

3. Materials and methods

The purpose of this work is to increase the reliability of the approximation of experimental data by
combining methods of data set preprocessing and the use of different classes of approximating functions
with subsequent assessment of their quality based on cumulative curves of residuals and predictive
properties.

For this study, experimental data representing the growth of ice crystals A (um) as a function of time
T (s) were selected [1] in Table 1. The data were obtained in the time range from 50 s to 180 s.

A feature of this data set is that in some time intervals (cross-section) there are several repeated
length values. This indicates the presence of experimental scatter in the results, caused by both random
measurement errors and possible physical features of the crystal growth process.

The experimental data and their approximation by a linear function are shown in Figure 1.

In the work of Draper and Smith’s [1] these data were approximated by a straight line and the
approximation was considered satisfactory (Fig. 1). But even a visual analysis of this data raises doubts
that linear approximation is the best option. This can be confirmed by the fact that the first 5 points
in the initial (60-79 s) section lie below the linear approximation, and the probability of this is at least
1/32. And in the center (80-140 s) of the data, most of the experimental points lie above the linear
approximation. To prove the impossibility of using linear approximation, a new test proposed in the
work [24] was used.

3.1. The first method for proving nonlinearity

The test is based on constructing a cumulative curve of residuals relative to a linear approximation. In
this case, the maximum range of the cumulative curve is calculated, which consists of the sum of the
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Figure 1: Experimental data and their approximation by a straight line.

maximum upper half-range and lower half-range relative to the zero line. Next, the standard deviation
for the linear approximation was calculated. The ratio of the maximum range of the cumulative curve
(Rmaz) to the standard deviation (S) shows the degree of adequacy of the applied approximation. This
parameter (D) is called the maximum relative range.

Rma:t
S .

For this linear approximation, Ry,q; = 39.4066um; S = 3.7216um; D = 10.5886.
Using Table 1 in [27] for 43 experimental values with a confidence probability of 0.975, it can be
stated that the studied data are nonlinear.

D= (1)

3.2. The second method for proving nonlinearity

Since some cross-sectional data contain repeated observations, a second method of proving nonlinearity
is proposed, which is based on compression of the correlation field of the data. Compression consists in
averaging the data in cross-sections where repeated values are observed, namely replacing the original
data with the same number of average values within that cross-section.

This resulted in a partially compressed correlation field.

A linear approximation for the transformed data by the LSM was performed.

Next, a cumulative curve of residual was constructed for the transformed data, and the standard
deviation, maximum range of the cumulative curve, and maximum relative range were found: R4, =
30.4693um; S = 2.4404pm; D = 12.4852.

Then, Table 1 from the [27] was similarly applied to 43 transformed data points, leading to the
conclusion that the studied data are nonlinear with a confidence probability of 0.99. These calculations
proved that the second method showed the nonlinearity of the data more reliably.

3.3. The third method for proving nonlinearity

It consists of ranking both parameters of the original data and establishing a rank correspondence
between the parameters. As a result, new pairs of values are organized and a complete compression of
the correlation field is obtained. Let’s analyze this correlation field. Let’s construct a straight line using
the LSM and calculate the standard deviation.
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Figure 2: Partially transformed data according to the 2nd method and their approximation by a straight line.
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Figure 3: Transformed data according to the 3rd method and their approximation by a straight line.

Further, by analogy with the second method, cumulative curve of residuals is constructed a and the
standard deviation, the maximum range of the cumulative curve and the maximum average range are
determined as follows : Rmax = 12.85um; S = 0.8811um; D = 14.5834.

To prove the impossibility of using linear approximation, we use Table 1 in paper[27]. For 43 data
points and the relative range obtained from the table, the resulting confidence level is 0.995. This further
enhances the reliability of the proof. The results of constructing cumulative curves of residual for these
three cases were not presented in the paper.
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Figure 4: Experimental data and their approximation by a parabola.

3.4. Building of alternative models

Since linear approximation is finally recognized as unsatisfactory, it is necessary to consider several
alternative methods of mathematical models building to ensure their maximum adequacy. Usually, the
procedure for building, justification and selection an appropriate mathematical model is carried out in
the following order:

1. The linear mathematical model is initially verified.
2. Since a simple linear model is not adequate, more complex versions of mathematical models
should be considered.

Based on the steps described above, more adequate alternative mathematical models are further consid-
ered.

3.5. Parabolic model

At the first stage, approximation by a parabola of the second degree using the least squares method was
carried out. The quadratic model (parabola) makes it possible to recognize the presence of curvature in
the data. It is often used in cases where nonlinearity is observed. The model has the form

A=c+bT +aT?, ()

where a, b, c is model parameters.

For our case:
A =5.27+0.3020T — 0.0007397T2, (3)

As can be seen from Figure 4, the parabolic approximation more adequately describes the first five
points, i.e. better than linear approximation. Although this model has a smaller standard deviation than
the linear approximation, it is not an appropriate model for describing the data because it goes down
after the time value of 204.05 seconds, that contradicts the physical nature of the data under study.
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Figure 5: Experimental data and their approximation by a cubic model.

3.6. Cubic model

At the next stage, the mathematical model will be built in the cubic form by the LSM (Fig. 5), its equation
taking the form:

A= —14.73 4+ 0.9046T — 0.006352T2 + 1.6387 * 10T, (4)

The graph shows that the cubic approximation has two sections that do not correspond to the physical
nature of crystal growth: namely, in the initial segment at 7' = 0, it has negative values for crystal
growth A, and in the time segment after 7" = 140 s, the values for A increase sharply. Therefore, this
approximating function also cannot be accepted as satisfactory.

3.7. Polynomial model

An even more complex model in the form of a 5th degree polynomial obtained using LSM will be used
to increase the accuracy of the approximation. The resulting 5th degree polynomial equation has the
form:

A = 269.47 — 13.359T 4 0.265772 — 0.0024673 + 1.0858 « 107°7* — 1.835210°%75.  (5)

The graph of a 5th degree polynomial is shown in Fig. 6. The graph shows that the polynomial of the 5th
degree has significant fluctuations outside the range of the given data, making it entirely inappropriate
for forecasting. This indicates that this approximating function cannot be accepted too. In the opinion of
the authors, it would be more rational to use two-segment linear approximation as the best mathematical
model.

3.8. Building of a two-segment linear model

A two-segment linear model with a single switching point allows one to describe relationships that
vary across different ranges of independent variable values. This approach is appropriate in cases
where a process has different modes of operation or where a trend change is observed. The analytical
description of the trend change is performed using a modular representation, namely, by the formula:
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Figure 6: Experimental data and their approximation by a 5th degree polynomial.

A=a+bT+c(T-T)y, (6)

: (T —T)+ (T~ 1)
(T-T)4 = 5 : (7)
where a, b, ¢ - model parameters, T' - is the abscissa of the switching point.
The choice of such mathematical model is driven by the need to construct a more adequate model,
while still maintaining low complexity. Moreover, such a model has very good predictive properties.

An important point when using this model is the determination of the optimal abscise of the switching
point.

Let’s now proceed to calculation of the two-segment model for the original experimental data using
the least-squares method. To do this, the following system of equations should be solved. To simplify

the notation, we denote x as the independent variable, & as the abscissa of the switching point, and y as
a function of z.

Yyi=Na+by zi+c) (z;—13)t
Syiri=ay xi+ by ai + ey wi(w — &)y 8)
Syilwi— @) =ad (z — &) 4 + b wi(wi — )y + e (z — &)

To correctly solve this system, it should be taken into account that (z; — )% = (z; — @)1 - (z; — &)+

Let’s determine the abscissa of the optimal switching point. For this, 5 variants of the two-segment
linear model for the abscissas of the switching points 80, 90, 100, 110 and 120 should be calculated. For
each model variant, the standard deviation should be calculated and a parabola should be constructed
for the obtained data using LSM (Fig. 7). Next, the minimum of this function is determine, which
represents the optimal abscissa of the switching point.

The optimal abscissa for the switching point is z,;,, = 100.84 .

It should be noted that determining the optimal abscissa of the switching point is an iterative process;
however, the current study is limited to one iteration.
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Figure 8: Experimental data and their approximation by two-segment linear regression with confidence intervals.

Next, system (8) was solved using the abscissa of the optimal switching point to find the coefficients
a,b,c.
The two-segment linear regression equation for this case has the form:

A =5.818+0.2335T — 0.1466(T — 100.84) .. )

Also, for this approximation, the figure shows a confidence band of 2 standard deviations. It should
be noted that all experimental points fell within this band.

A preliminary analysis of the results of the studied models — namely, linear, parabolic and 5th degree
polynomial - showed that due to their inherent shortcomings, these models cannot be used as the
optimal choice.
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Table 2
Statistical Accuracy Parameters of Different Approximation Types of Original Data
Type of Standard The maximum range of the Maximum relative
approximating deviation cumulative curve of residuals range
function
Linear 3.7216 39.4066 10.5886
Parabola 3.6624 30.2115 8.2491
Cubic model 3.5576 26.2629 7.3821
5th degree polynomial 3.4219 18.2379 5.3298
Two-segment linear 3.5482 27.8186 7.8403
regression

Further, a comparative analysis of the remaining models adequacy was carried out - for cubic model
and two-segment linear regression. For these models, cumulative curves of residuals were constructed.

For all studied types of approximating functions, a summary table of statistical accuracy (adequacy)
parameters was compiled.

Analysis of Table 2 shows that the best quantitative indicators of model adequacy are provided
by cubic approximation and two-segment linear regression (with the exception of the 5th degree
polynomial, which is not considered due to poor predictive properties). However, due to the poor
predictive properties of cubic approximation, the two-segment linear approximation with the optimal
switching point was chosen as the best approximation.

4. Conclusions

This study involved searching for the optimal mathematical model for the analyzed data by selecting
the best approximating function.

The proof of nonlinearity was performed by three methods. The first involved testing the nonlinearity
of the original data, while the second involved testing the transformed data by partially compressing



the correlation field. The third method utilized full compression of the correlation field. In all three
cases, convincing evidence of the data nonlinearity was obtained, i.e., demonstrating the impossibility
of using linear approximation for studied data set.

The following approximation functions were considered as alternative models: parabolic, cubic,
fifth-degree polynomial, and two-segment linear regression. To construct the two-segment regression
approximation function, the optimal switching point was determined. When considering the best
models, the linear, parabolic, and fifth-degree polynomial approximations were discarded due to their
predictive shortcomings.

A further comparative analysis of the cubic and two-segment linear regression models was carried
out using a new test, which consists of construction a cumulative curve of residuals.

As a result, the optimal two-segment linear regression with the optimal switching point was selected
as the best model, which showed very good adequacy and good predictive properties.

It was also shown that while the 5th degree polynomial has the smallest standard deviation of the
approximation functions, its predictive properties are unsatisfactory; therefore its usage is not recom-
mended. This once again demonstrates that models based on high-order polynomials are ineffective for
such applications, and that two-segment regression should be used more frequently when constructing
mathematical models.

It should be remembered that when choosing the best mathematical model, there must always be a
compromise between the best parameters of the model’s adequacy and its predictive properties.
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