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Abstract

In nonlinear dimensionality reduction, the quality of at-SNE embedding strongly depends on the perplexity
factor (PF), exaggeration factor (EF), learning rate (LR), and the Barnes — Hut approximation parameter
(BHAP). When the dataset is labeled, the hyperparameter quadruple of PF, EF, LR, BHAP, producing the
minimum Kullback — Leibler (KL) divergence, does not necessarily provide the most informative
embedding for visualization or subsequent data analysis. This induces an eight-objective optimization
problem, where KL divergence, Davies — Bouldin index, and runtime are minimized, whereas
Trustworthiness, Continuity, Silhouette coefficient, Calinski — Harabasz index, and classification accuracy
are maximized. The solution is Pareto-optimal, which is determined by the suggested algorithm and
obtained in a few iterations to several tens of iterations with linear time complexity.
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1. Introduction

The rapid and continuing growth of high-dimensional data in science, engineering, finance,
medicine, and information systems has been raising the importance of dimensionality reduction
methods so that reducing dimensionality today is a common part in data mining and knowledge
engineering [1, 2]. Such methods transform big data or overly-attributed data (having too many
features) from a high-dimensional feature space into a low-dimensional representation while
preserving the most informative properties of the original dataset [3]. Low-dimensional embeddings
facilitate visualization, exploratory data analysis, cluster interpretation, anomaly detection, and the
development of machine learning models [4]. Among nonlinear dimensionality reduction
techniques, t-distributed Stochastic Neighbor Embedding (t-SNE) remains one of the most widely
used approaches for constructing two- and three-dimensional visualizations of complex datasets [5,
6]. Unlike linear methods such as Principal Component Analysis (PCA) [7], t-SNE is designed to
preserve local neighborhood relationships and therefore often produces considerably better visual
representations of datasets containing nonlinear structures [8]. Recent reviews and application
studies confirm that t-SNE remains an important tool for visualization and exploratory analysis
across many application domains [7, 9]. The quality of a t-SNE embedding strongly depends on
several hyperparameters, including the perplexity factor (PF), exaggeration factor (EF), learning rate
(LR), and the Barnes— Hut approximation parameter (BHAP) [10]. Although practical
recommendations for selecting these hyperparameters do exist, their values are still commonly
chosen empirically or by trial and error. Moreover, recent studies have demonstrated that while
automatic hyperparameter selection can improve embedding quality, this does not perform optimally
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for every dataset [11]. Most existing approaches evaluate the quality of a t-SNE embedding primarily
through minimizing the Kullback — Leibler (KL) divergence between neighborhood probability
distributions in the original and embedded spaces [1, 8]. However, when class labels are available
within the dataset (i. ., the dataset objects or points are labeled), additional characteristics become
important, including cluster compactness [12], cluster separation [13], neighborhood preservation
[14, 15], and classification performance [16]. Consequently, the hyperparameter vector (consisting
of PF, EF, LR, BHAP) producing the minimum KL divergence does not necessarily provide the most
informative embedding for visualization or subsequent data analysis.

2. Relevance of the Research

It is clear that the selection of t-SNE hyperparameters (PF, EF, LR, BHAP) is an important practical
problem since the embedding produced by t-SNE depends quite differently on those user-defined
hyperparameters. When the dataset is preliminarily labeled, the quality of a low-dimensional em-
bedding can be assessed from the abovementioned complementary perspectives. Cluster compact-
ness and separation may be evaluated using the Silhouette coefficient [12, 17], the Davies — Bouldin
index [11, 13], and the Calinski — Harabasz index [18], which assess the general geometric quality
of the resulting clusters. Preservation of local neighborhood relationships can be quantified by the
Trustworthiness and Continuity measures [11, 15], whereas the practical usefulness of the embed-
ding for supervised learning may be estimated through the classification accuracy of a k-nearest
neighbors (k-NN) classifier trained on the embedded data [16]. The k-NN classifier reflects the prac-
tical usefulness of the embedding for supervised learning [19]. Since these criteria characterize dif-
ferent properties of the embedding, they along with the KL divergence may lead to conflicting eval-
uations of the same hyperparameter configuration [10, 20, 21].

The above considerations indicate that selecting t-SNE hyperparameters should be formulated as
a multi-objective optimization problem rather than as the minimization of a single objective function
(the KL divergence in this case) [22, 23]. Instead of searching for one universally optimal
hyperparameter vector [20, 24], it is more reasonable to identify a set of Pareto-optimal solutions
[25, 26] representing different trade-offs among neighborhood preservation, cluster quality,
classification performance, and the internal optimization criterion of the t-SNE algorithm. Such an
approach must provide a more informative and richer dimensionality reduction as for labeled
datasets, as well as for non-labeled datasets, whose subsequent application (via their embeddings)
may relate to classification or regression analysis.

3. Statement of the Problem

This paper investigates the problem of selecting t-SNE hyperparameters from a multi-objective per-
spective. Instead of minimizing solely the final KL divergence, the eight complementary embedding
quality criteria are considered simultaneously: the KL divergence (denoted by d,, for further consid-

eration), Trustworthiness (u,,,), Continuity (u..), the Silhouette coefficient (by.), the Da-
vies — Bouldin index (Vv ), the Calinski — Harabasz index (v, ), the classification accuracy of a k-NN
classifier (a, ), and the runtime (t,,, ) evaluating computational cost. Namely this hierarchy of the

eight criteria creates a logical progression (Figure 1), which is much easier to understand than a mixed
list. However, no hierarchic weighting of the criteria will be applied further because no additional
information is assumed to be available except for the dataset and potential labeling of its objects.

The KL divergence should come first because it is the native optimization objective of t-SNE. The
algorithm itself minimizes the KL divergence during embedding construction. Everything else eval-
uates the resulting embedding from an external viewpoint.

Trustworthiness and Continuity are the most closely related to the purpose of dimensionality
reduction [11, 15]. They assess how qualitatively the embedding preserves the original neighbor-
hoods and how many false neighbors are introduced. Importantly, they do not require class labels,
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so they are applicable to both supervised and unsupervised datasets. Conceptually, they are the first
layer of external evaluation after the internal KL objective.

t-SNE algorithm objective A, *
(to minimize dy;,)
v utrust ucont
Neighborhood preservation
(to maximize u,, and u,,, ) * *

A 4

bsc Ucn Upg *
Cluster geometry
(to maximize by, and vy, and to minimize vpy) * *

A 4
— QNN
Classification performance *
(to maximize a,, )

A4
- — loun
Computational efficiency *
(to minimize runtime ¢

run )

Figure 1: The progression and connection of the eight criteria in optimally selecting t-SNE
hyperparameters PF, EF, LR, BHAP (the curves are shown schematically, not from real examples).

The next three cluster-quality metrics all evaluate how well the classes are geometrically
separated in the embedding, naturally forming a group: the Silhouette coefficient combines
compactness and separation [12, 17], the Davies — Bouldin index penalizes compact clusters that are
too close together [13], and the Calinski — Harabasz index compares between-cluster and within-
cluster dispersion [18]. Since they all describe cluster geometry, using the class labels, keeping them
together makes the methodology easier to follow.

Although the k-NN classifier accuracy also uses the class labels, it measures something different.
The previous three metrics assess geometry, and the k-NN classifier accuracy assesses utility of using
the embedding for classification. So it is reasonable to discuss it after the geometric criteria.

The runtime should come last because it is fundamentally different from the others. The first
seven objectives evaluate quality. The runtime evaluates computational cost, but it does not say
whether an embedding is good or bad; it says how expensive it was to obtain. Keeping the runtime
last clearly separates effectiveness from efficiency, which is a common distinction in optimization
studies. Hence, the goal is to suggest a method of determining the best hyperparameter vector as a
Pareto-optimal solution to the eight-objective optimization problem of t-SNE dimensionality
reduction. To achieve the goal, the mathematical strict formulation of the problem will be given first,
including plausible constraints. Then Pareto-optimal selection of t-SNE hyperparameters will be
formalized along with an algorithm to implement the selection. The refinement of Pareto-optimal
hyperparameters to a single quadruple of the best hyperparameters PF, EF, LR, BHAP is to be given
next. Finally, the results of t-SNE examples on big data set instances should be briefly discussed,

whereupon conclusions on the findings are to be made.

4. Research Results

4.1. Eight-objective optimization problem

Denote the quadruple of t-SNE hyperparameters PF, EF, LR, BHAP by «o, x, A, 0, respectively.
Denote their respective domains by A, X, A, and ® . Hence, formally the eight-objective optimi-
zation problem of t-SNE dimensionality reduction is to be solved on Cartesian product
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where eight optimization problems
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are to be simultaneously solved. For practical computation, however, four-dimensional domain (1)
will be substituted by a four-dimensional lattice

R(NA’NX’NA'NQ):{a’i}i'i/I { } x{ }klx{e}ll’ ©)

where integers N,, Ny, N,, Ny are taken such that lattice (3) would cover effectively initial
domain (1); the total number of lattice (3) points (quadruples) is N =N, -N,-N, -N and lattice (3)
is R(N,,N,,N,, N®)={Hn}2‘=1. Thereupon the eight-objective optimization problem by (2), (3)

becomes a combinatorial (discrete) multi-objective hyperparameter optimization, where eight
discrete optimization problems

min d X, A\, 0), max u X, A, 0), max u X, A, 0),
R(NAvNXvNAvN@) KL(G" ’ ,e) R(NAlNX'NA!N(-)) trUSt(OL e) R(NAvNXxNAvN(—)) cont(o“ e)
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max a X, A, min X, A, 4
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are to be simultaneously solved. It is worth noting that four-dimensional lattice (3) is not necessarily
to be regular, i. e. one or more one-dimensional domains (A, X, A, or ® ) may be discretized (sam-
pled) non-uniformly.

4.2. Pareto-optimal selection of t-SNE hyperparameters

As it is well known, multi-objective optimization problems commonly do not have exact solutions.
And it is clear that eight-objective optimization problem (4) over lattice (3) is very likely to not have
exact solutions either. Henceforward, it is solved only as a Pareto-optimal quadruple

H” ={a",x",17, 0"} eR(N,,,Ny,N,,Ng) (5)

of t-SNE hyperparameters PF, EF, LR, BHAP, which is actually a four-dimensional point of lattice (3).
Define a Pareto-optimal set

P*:{H;}n“f ={{am Xy, Ay, 6 }}m:cR(NA,NX,NA,NQ) 6)

m1 Xm s Amy O
by H” eP” as follows. Quadruple
H ={a" x, 1,07} eR(N,,Ny,N,,Ny) ©)
is Pareto-optimal if no quadruple
H®Y ={a®, x®, 0" 6P} eR(N,,Ny,N,,Ng) (8)
exists such that inequalities
de (o', X, 27, 07)  dy (@® XD, 00, 00) Uy (0, X, 07,07) Uy (@, x®, 00, 00,
Ugorg (00, X7, A7, 07)  Ugge (@, P, 00, 00) g (o, X7, 07,07) by (o, x®, 20,6,
vDB(oc*,x*,k*,O*) vDB(a(l),x(”,x(l),6(1)),vCH(oc*,x*,k*,e*) vCH(oc(“,x(”,k“),6(1)),
A (X0, 07) A (@ xP AP 00) 1, (o], XA, 07) (e xP, AW 60) (9)

are true and one of inequalities (9) holds strictly.



An algorithm of implementing the Pareto-optimal selection of t-SNE hyperparameters in accord-
ance with (7) — (9) is presented in Figure 2. The algorithm iteratively forms Pareto-optimal set (6) by
eliminating dominated quadruples from consideration. In particular, quadruple (7) is dominated by
guadruple (8) if inequalities (9) hold and one of them holds strictly.

| Flag every quadruple of lattice (3) as Pareto-optimal, formally P* = R(N,, Ny, N,, N,) |

n =1

v v
| Take quadruple H, |

True H P False

m

n, =1

A \ 2 4
n =n  n =0 +1 | v v
| Take quadruple H, |
False True
True @ False
) 2 y
(obs) _ ____(obs)
Return P’ My =My, My=n, +1 |
False True

Quadruple H,

dominates quadruple H,

!

Unflag quadruple H, as Pareto-optimal (eliminate it from set PY)

Figure 2: The algorithm of determining Pareto-optimal set (6).

Computational simulations on various datasets reveal that Pareto-optimal set (6) is never of a few
guadruples, let alone a single quadruple (5). Typically, Pareto-optimal set (6) constitutes at least about
10 % or so of the total number of lattice (3) points. For example, if

. _ 11 . 11 5 _1)5
A=f{og )iy =850 Xa{x L, =120 -1, A={he, ={50-27) | @={0 ), ={01}}, (10)
for the well-known benchmarking dataset “Iris flower” consisting of 150 objects (50 samples from
each of three species of Iris — Iris setosa, Iris virginica and Iris versicolor) having four attributes each,
then the application of the Pareto-optimal set algorithm renders the initial number of 4400 quadru-

ples into 550 to 620 Pareto-optimal quadruples. While this is a good step toward a solution of the



respective eight-objective optimization problem, it is insufficient to stop there as a single quadruple
(5) of the best t-SNE hyperparameters must be selected somehow. And this is just a toy dataset,
whereas a t-SNE embedding of a real-world big data set instance is typically much complicated and
voluminous, and so optimizing the t-SNE algorithm by just determining a bunch of Pareto-optimal
guadruples would be quite ineffective. Another problem is that the t-SNE embedding is a random
object [1, 5, 8, 27]. This is the consequence of that the optimization problem solved by t-SNE is highly
non-convex [1, 28]. The t-SNE algorithm minimizes the KL divergence, but this objective has many
local minima. The embedding starts from a random initialization (or sometimes from PCA, depending
on the settings), and gradient descent converges to one of these local minima [8, 21, 27]. This means
that the t-SNE algorithm, run under the same quadruple of its hyperparameters, every time returns
a slightly different embedding, whose quality criteria are factually random as well, but they vary in
relatively narrow ranges. Visual comparison of embeddings is hardly consistent or effective [7, 20,
22, 23, 28].

4.3. Refinement of Pareto-optimal set

To select a single (and the best) Pareto-optimal quadruple (5) from Pareto-optimal set (6), some ad-
ditional criteria should be applied. In particular, a set of eight threshold values

(max) (min) (min) (min) (max) (min) (min) (max)
dKL ! utrust ! ucont ! bSC ! VDB ! VCH ! ak—NN ! trun (11)

for the eight objectives is introduced, and a refined Pareto-optimal set
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is formed. Pareto-optimal quadruple H, ={o, X, A, 6, becomes an element of subset (12) if the
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hold simultaneously. Primarily, threshold values (11) can be set to the average values:
1\ 1\
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Then threshold values (11) are iteratively varied in their appropriate directions until set (12) becomes

a singleton. Thus, thresholds d{™, v{™ ™) are iteratively decreased as

b b: b
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min) min)

and thresholds u{™? um pin -y ™ are iteratively increased as
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for some &>0. If at least one of inequalities (13) turns false by starting with (14) and proceeding
with (15) — (22), Pareto-optimal quadruple H,, ={a, X, 2,6} } does not go into refined Pareto-

optimal set (12). To get rid of uncertainty completely, this set is required to be a singleton. The
selection of &, obviously, influences the speed of obtaining singleton

P**:{H**}:{{a**’x**,k**,e**}} (23)
at which the t-SNE embedding receives the eight quality values
A+ U+ Ugon» Bsc Vo Vor B+ trun (24)

Henceforward, the optimization workflow presented in Figure 3 consists of successively defining
four-dimensional lattice (3), determining Pareto-optimal set (6), and refining it to a single hyperpa-
rameter quadruple in Pareto singleton (23). The time complexity of the refinement is linear.

|Dataset (whose objects have multiple features, possibly partly redundant)|

| Apply t-SNE for dimensionality reduction |

_________________________ L _._____________i______________-___________________________

| Minimize KL divergence

. . 1 N4
Minimize . T
Davies — Bouldin inde Maximize Maximize
— X . . ..
Trustworthiness Silhouette coefficient
. N4
Minimize . .
runtim Maximize Maximize
e . . . . .
Continuity Calinski — Harabasz index

t-SNE quality by neighborhood preservation, — ¥
cluster quality, classification performance, Ma).u.mlze
and computational efficiency k-NN classifier accuracy

| Define lattice (3) |

Determine Pareto set (6) by (7) — (9) with the algorithm in Figure 2

)I Select & |

v

Run refinement of Pareto set (6)
by checking inequalities (13) with (14) and (15) — (22)

A single
hyperparameter
quadruple found

False True

Return
quadruple H™

Figure 3: The eight-objective optimization workflow.



Singleton (23) is obtained slower (in a greater number of iterations) by a sufficiently small &, but
setting & too high may return the empty set. Thus, Figure 4 shows four polylines at

8 €{0.001, 0.0005, 0.0002, 0.0001} (25)

of how number M" of the refined Pareto-optimal quadruples in set (12) changes through iterations
of (15) — (22) for dataset “Iris flower” and t-SNE hyperparameters (10). The best quadruple (5) therein

M
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Figure 4: Four iterative processes of refining the Pareto-optimal quadruples at parameter (25),
where it is seen that fewer iterations are typical after setting value & higher.

H” ={a”,x", 17,07} ={35,3,200,0.7} . (26)

The t-SNE algorithm with hyperparameters (26) applied to dataset “Iris flower” returns embeddings
significantly differing in visual representation (Figure 5), but their quality criteria values (24)
fluctuate much less:

dy €(0.1,0.15), u, (0965 0.975), u’ . €(0.97;0.977), bl €(0.6;0.65), Vi, €(0.710.8),
v, € (450;4000), &', €(0.92;0.98), t" <(0.7,0.8).

run

Figure 5 shows that the Setosa cluster appears in different quadrants (corners) of the embedding
plane. Repeated executions of the t-SNE algorithm with the same Pareto-optimal hyperparameter
guadruple (26) produce noticeably different two-dimensional embeddings because the optimization
of the KL divergence is a stochastic, non-convex process [27, 28]. Depending on the random
initialization and the subsequent gradient descent trajectory, the t-SNE algorithm may converge to
different local minima that preserve local neighborhood relationships almost equally well while
differing in the global arrangement of the embedded points [20, 22].

This stochasticity explains the relatively wide variation of the Calinski — Harabasz index
for dataset “Iris flower”. Since the index is defined as the ratio of the between-cluster dispersion
to the within-cluster dispersion, even moderate changes in the compactness of individual
clusters or in the distances between their centroids may result in substantial changes in its numerical
value. In contrast, the remaining embedding quality criteria, particularly the Trustworthiness and
Continuity measures u, , and u;, ., are considerably more stable because they primarily evaluate

trust cont !
the preservation of local neighborhood relationships rather than the global geometry of the
embedding.
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Figure 5: The t-SNE embeddings of dataset “Iris flower” obtained under hyperparameters (26),
where PF is 35, EF is 3, LR is 200, and BHAP is 0.7 (only a small fraction of Iris virginica is mixed
with Iris versicolor).

The visual appearance of the embeddings in Figure 5 also exhibits substantial variability along
the axes. Although the Setosa class consistently forms a well-separated compact cluster, this cluster
may appear in any of the four corners of the embedding plane, while the partially overlapping Ver-
sicolor and Virginica clusters occupy the diagonally opposite region. Such changes are expected be-
cause the absolute position, orientation, and reflection of a t-SNE embedding are not uniquely deter-
mined and have no intrinsic meaning (unless the t-SNE embedding is obtained at the fixed pseu-
dorandom number generator state or seed [27]). Furthermore, the numerical ranges of both coordi-
nate axes may vary considerably between different runs, indicating that the embedding is also subject
to arbitrary translation and scaling. Consequently, only the relative neighborhood structure and clus-
ter configuration should be interpreted, whereas the absolute coordinates, orientation, and axis
ranges (of any dataset embeddings, not only those in Figure 5) should not be regarded as meaningful
characteristics of the embedding. Meanwhile, averaging over a group of embeddings cannot be a way
to obtain a single embedding with reliable and stable global geometry.



44, Examples on big data set instances

Bigger datasets are handled slower by the t-SNE. When the number of features is a few hundred and
more, the PCA preprocessing is applied to reduce the number of features. For instance, for a dataset
of a few million objects, each having 100 features, the PCA preprocessing is completed within
minutes by sufficient RAM (no less than 32 GB or so), so PCA is not the bottleneck. The t-SNE
algorithm must construct local neighborhoods (approximately, when using the Barnes — Hut t-SNE
implementation). This is computationally intensive and typically dominates the PCA preprocessing
stage. The Barnes — Hut approximation reduces the computational complexity from approximately
O(n*) to O(nlogn) [8], giving an enormous workload for computational machines from big data

set instances (datasets of 10° to a few million objects having at least a few hundred features each).
Therefore, the t-SNE algorithm takes several hours to produce a two-dimensional embedding of a
dataset of 10° objects having 100 features each. Such datasets (and other big data sets) are
synthetically generated for a given number of classes. Each class is generated independently, where
for every class the informative features are sampled from a multivariate normal distribution whose
mean vector differs from the mean vectors of the other classes. Consequently, the classes become
distinguishable in the informative feature subspace. At the same time, the remaining features are
generated as zero-mean Gaussian noise with a prescribed standard deviation. These noisy features
do not carry discriminative information and imitate redundant or irrelevant variables that are
commonly encountered in high-dimensional real-world datasets.

In this way, bigger datasets resembling the “Iris flower” dataset are generated, and the t-SNE
algorithm is applied to them. For instance, a synthetic dataset of 600 objects, divided into 200 objects
per class, where each object has 500 features and the number of informative features is 250, is handled
by the t-SNE within 2 seconds (processor Intel Core i7, RAM is 64 GB). The best hyperparameter
quadruple for the t-SNE dimensionality reduction here is

H™ ={a",x", 1", 0"} ={40,3,50, 0.6}

being close to hyperparameter quadruple (26). It is also obtained by determining a Pareto-optimal set
(6) of the eight-objective optimization problem (4) over lattice (3) by (10), and subsequently refining
the Pareto-optimal set by checking inequalities (13) with (14) and (15) — (22) for 6 =0.0001. Nine
t-SNE embeddings of this synthetic dataset are shown in Figure 6, where an interesting property can
be spotted outright. Every embedding has specific two points of the square-marked class: one point
is always located very close to the circled-marked cluster, whereas the other point is always located
in-between the circled-marked and the square-marked clusters. This demonstrates once again that,
despite the same-hyperparameter embedding “fluctuates”, the t-SNE excellently preserves local
neighborhood relationships from the original dataset.

Those local neighborhood relationships may become very complicated for bigger datasets
consisting of more classes. For instance, another synthetic dataset with seven classes, with a million
objects per class, where each object has 200 features (50 of which are informative), is generated by
the same Gaussian cloud approach used above, but with adding “light” sinusoidal waves to the data.
The best hyperparameter quadruple for the t-SNE dimensionality reduction of this dataset is

H™ ={a",x", 1", 07} ={25,11,800,0.3} .

Using a very powerful workstation, it takes 5 to 8 hours to produce t-SNE embeddings of this dataset.
Four embeddings are shown in Figure 7, where some local neighborhood relationships are
highlighted as well. PF value o™ =25 suggests that the best embeddings are obtained on preserving
the neighborhoods of roughly a few dozen nearest points rather than trying to preserve a larger-
scale structure. Since the classes are modified Gaussian clouds, this is reasonable: each point has
many close neighbors within its own class; preserving these local neighborhoods naturally produces
compact clusters. Had the optimal perplexity been around 80 to 100, it would have implied that more
global relationships between the classes were important. Instead, the Pareto optimization indicates
that emphasizing local structure yields better overall performance. EF value x™ =11 suggests that



the optimization benefits from pulling neighboring points together quite aggressively before the
repulsive forces dominate. This usually leads to more compact clusters, clearer visual separation,
improved values of cluster quality indices such as the Silhouette coefficient and the Davies — Bouldin
index, which here are bg. €(0.69;0.78), v, €(0.56;0.64). A relative high LR value (™ =800) is
generally expected as many t-SNE implementations actually recommend an LR that increases with
the dataset size. BHAP value 0 =0.3 is the easiest to interpret for such a large dataset. This
relatively small BHAP means more accurate force computations and slower execution, but slightly
better embeddings. So, for this dataset, the improvement in embedding quality outweighed the
increase in runtime. If the optimization had favored, say, BHAP 6™ =0.7,, it would have implied that
computational efficiency was more important than the small loss in embedding quality.
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Figure 6: Nine t-SNE embeddings of a synthetic dataset (600 objects, three classes, 200 objects per
class, each object has 500 features) obtained under the best Pareto-optimal hyperparameters, where
PF is 40, EF is 3, LR is 50, and BHAP is 0.6.

Interval estimates of runtime and percentage of quality criteria values fluctuation, apart from the
Calinski — Harabasz index and runtime, for typical big data set instances are given in Table 1. The
intervals encompass 95 % of the 100 simulated instances per dataset size and dimensionality.

Table 1

Interval estimates of runtime and percentage of quality criteria fluctuation (without v, t,.)
Dataset and dimensionality reduction 1 2 3 4 5
Size (in millions of objects) 1 5 7 10 20
Number of features (dimensionality) 100 150 200 400 750
Runtime (in hours) (04:075) (2.8:4.6) (48790 (9.2;15)  (23;44)

Percentage of quality criteria fluctuation (11;17)  (10;14.6) (95;135) (9.1;132) (8.7;12.8)
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Figure 7: Four t-SNE embeddings of a synthetic big data set (7 million objects, seven classes, a
million objects per class, each object has 200 features) obtained under the best Pareto-optimal
hyperparameters, where PF is 25, EF is 11, LR is 800, and BHAP is 0.3.

5. Discussion

The obtained Pareto-optimal hyperparameter quadruples indicate that different quality criteria may
favor different embedding characteristics, making the search for a single universally optimal hy-
perparameter vector really inappropriate, when the dataset subject to the t-SNE dimensionality re-
duction is labeled. Instead, Pareto optimization by (7) — (9) with the algorithm in Figure 2 identifies
a set of mutually non-dominated hyperparameter quadruples that represent different compromises
between embedding quality and computational cost. The subsequent refinement of the Pareto set by
checking inequalities (13) with (14) and (15) — (22) into a single recommended hyperparameter quad-
ruple enables the practical application of the proposed methodology, preserving the advantages of
multi-objective optimization and not thinking about selecting among Pareto-optimal quadruples,
which often constitute at least about 10 % or so of the total number of lattice (3) points. The only
parameter to select is a sufficiently small & for decrements (15) — (17) and increments (18) — (22).
Repeated executions of the t-SNE algorithm with identical hyperparameter values confirm that
the absolute coordinates of embedded points have no intrinsic meaning and that only the relative
neighborhood relationships and cluster configuration should be interpreted. The coordinate ranges
of both embedding axes (for two-dimensional embeddings) may vary substantially between runs be-
cause the absolute position, orientation, reflection, and scaling of a t-SNE embedding are not
uniquely determined. The stochastic nature of t-SNE also influences the values of the embedding
guality criteria. While the KL divergence, Trustworthiness, Continuity, the Silhouette coefficient, the
Davies — Bouldin index, the classification accuracy, and the runtime exhibit comparatively moderate
variability between repeated runs (Table 1), the Calinski — Harabasz index varies over a much wider



range. This is explained by the mathematical definition of the index, which represents the ratio of
the between-cluster dispersion to the within-cluster dispersion. Relatively small changes in cluster
compactness or centroid locations caused by convergence to different local minima may therefore
produce substantial changes in the Calinski — Harabasz value even when the overall visual appear-
ance of the embedding remains similar.

The experimental results also confirm that the computational requirements of t-SNE increase
rapidly with the dataset size. For datasets containing several hundred or several thousand observa-
tions, the runtime remains sufficiently small, and this enables exhaustive hyperparameter optimiza-
tion using a grid search over four-dimensional lattice (3). However, for datasets containing hundreds
of thousands or millions of observations, the computational cost of repeated t-SNE executions be-
comes the principal limitation rather than the optimization procedure itself, despite the
Barnes — Hut approximation significantly accelerates the original algorithm [8, 10]. For genuinely
big data applications involving millions of observations, scalable implementations such as Fit-SNE
(Fast Interpolation-based t-SNE) [29, 30], openTSNE [31, 32], or GPU-accelerated variants like
t-SNE-CUDA [33, 34] are more appropriate.

6. Conclusions

Although the KL divergence represents the optimization objective minimized internally by t-SNE, it
does not explicitly account for cluster compactness, class separability, classification performance, or
computational efficiency. Therefore, the proposed eight-objective optimization, which simultane-
ously considers the four label-independent criteria (KL divergence, Trustworthiness, Continuity,
runtime) and the four label-based criteria (Silhouette coefficient, Davies — Bouldin index, Ca-
linski — Harabasz index, k-NN classifier accuracy), provides a more comprehensive basis for t-SNE
hyperparameter selection, regardless of whether the dataset is labeled or not. In this way, the eight-
objective hyperparameter optimization of t-SNE dimensionality reduction uses cluster quality and
neighborhood preservation criteria so that the t-SNE embedding efficiency is expanded from the
single internal objective (KL divergence) to a hierarchy of complementary external quality measures.
The optimization is realized in three successive stages (Figure 3): creation of four-dimensional lattice
(3), formation of Pareto-optimal set (6), and its refinement to a single hyperparameter quadruple in
Pareto singleton (23). The singleton is obtained in a few iterations to several tens of iterations with
linear time complexity.

Practical approbation of the suggested methodology demonstrates that the eight-objective
optimization provides a considerably richer evaluation of t-SNE embeddings than relying exclusively
on the final KL divergence. Simultaneously accounting for neighborhood preservation, cluster
guality, classification performance, and computational efficiency (especially for big data instances)
enables the selection of hyperparameter quadruples that produce more balanced and practically
useful embeddings, thereby improving the reliability and readability of dimensionality reduction for
both visualization and subsequent machine learning tasks. Nevertheless, the Barnes — Hut
approximation of t-SNE has computational complexity O (nlogn) and therefore fits better shallow

datasets like “Iris flower”; embeddings of big data sets are optimized within reasonable time only
with implementations such as FIt-SNE whose approximate computational complexity is O (n) [29,

30]. Then for a few million observations, the FIt-SNE implementation is expected to become 14 to 18
times faster than the Barnes — Hut approximation.

Further research can be directed toward investigating peculiarities of parallelization of determin-
ing Pareto-optimal set (6) for large datasets. Despite running through four-dimensional lattice (3) is
easily parallelizable (theoretically), nodes (t-SNE hyperparameter quadruples) of the lattice are usu-
ally estimated in widely varying runtime, which may make parallelization inefficient for shallower
datasets. Another open question is the lattice density, which strongly affects the optimization as
sparser lattices may just omit some promising hyperparameter quadruples.
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