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Abstract

Quantum annealers solve problems by finding the lowest-energy (ground) state of a programmable physical

system, a 2-local Ising model, whose energy function is the Hamiltonian. We compile recursive Datalog programs

into such models so that the ground state projects onto the program’s minimal Herbrand model. The compiler

has four stages: binarization, grounding, reduction to a Min-Ones SAT formula, and Ising encoding. Each rule

becomes an energy penalty on the one assignment that violates it, and a small uniform cost on every true atom

selects the minimal model. We contribute both in theory and in practice with per-stage correctness lemmas and a

correspondence theorem, verified in Lean 4, establishing that the ground state of the compiled model projects

onto the program’s minimal Herbrand model. We map the compiled models onto the topologies of commercial

annealers and characterize, under classical and simulated-quantum annealing, whether and when that certified

ground state is attained.
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1. Introduction

A quantum annealer [1, 2] solves one kind of problem: given an energy function over binary variables,

find an assignment of minimum energy. Programming the machine means choosing that energy

function, its Hamiltonian.

Nonrecursive, query-directed (top-down) logic programs, specifically a subset of Prolog [3], have

been compiled to 2-local Ising models [4]: energy functions over±1-valued variables, called spins, whose

interactions are at most pairwise, the form that D-Wave’s annealers minimize [5].

A Datalog [6] program has a least model [7], and an Ising model has least-energy (ground) states.

We show that the two minima can be made to coincide: the least model of a program becomes the

ground state of a compiled Ising model. Bottom-up evaluation stays tractable in data complexity, so the

optimum of every compiled instance is known exactly and solvers are measured against it, not against

a sampler’s estimate.

We compile bottom-up recursive Datalog to 2-local Ising models. Our contributions are:

1. a compiler in which each rule becomes an energy penalty on the one assignment that violates it,

alternative rules deriving the same head require no dedicated construct, and minimality follows

from a single uniform cost on every true atom

2. per-stage correctness lemmas and a correspondence theorem establishing that the ground state

of the compiled model projects onto the program’s minimal Herbrand model, with proofs in
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Lean 4 [8]
1

3. a reference implementation in Python that compiles arbitrary programs and exactly solves

instances small enough for exhaustive verification, with an empirical evaluation of its hardware

footprint and of solver recovery under classical and simulated-quantum annealing.
1

Related work. Before quantum hardware, propositional satisfiability was already modelled as energy

minimization: formulas map to quadratic energy functions whose minima are the satisfying assign-

ments [9], and logic programs were encoded so that the minima are their models, with no preference

among them [10]. On annealers, Ising formulations are catalogued for many NP problems [11], and

SAT and MaxSAT encodings target sparse annealer hardware, with the maximum-weight assignments

at minimum energy [12]. A nonrecursive fragment of Prolog compiles to Hamiltonians whose ground

states are the answers to a single query [5]. Answer Set Programming [13] has also been paired with

quantum computation, though by Grover search [14] on gate-based machines, with no energy landscape

involved [15]. On the classical side, computing the minimal models of a propositional theory is a

well-studied problem, with efficient algorithms near the Horn fragment [16].

In each energy encoding above, the bottom of the landscape holds a solution set: the satisfying

assignments, the models, or the answers to a query. None distinguishes the least model, the object

bottom-up Datalog computes. Our propositional objective is itself standard: the compiler reduces

the ground program to Min-Ones SAT (satisfiability with the fewest true atoms), a problem whose

approximability admits a complete classification [17]. Horn formulas are one of the three polynomial-

time cases of that classification because the least model is the cardinality minimum, and the compiler

grew out of that observation. We are not aware of any prior mapping of Datalog onto Min-Ones SAT,

and the contribution is the certified compiler built around that framing. The compiler starts from

recursive Datalog, whose rules carry variables where the encodings above are propositional, and makes

grounding an explicit, model-preserving stage, so the ground state projects onto the query-independent

least Herbrand model of the source program. We claim no advance in grounding itself: the stage is

kept simple on purpose, it is certified because the correctness theorem must span it, and the optimized

grounders of Answer Set Programming’s ground-and-solve architecture would shrink it and apply here

unchanged. The Ising realization uses only standard penalty energies and auxiliary spins [12, 18].

2. Background

2.1. Datalog

Syntax. A Datalog program 𝑃 consists of rules ℎ← 𝑏1, . . . , 𝑏𝑛 where the head ℎ and each body atom

𝑏𝑖 are predicates applied to terms. Terms are variables (𝑋,𝑌 ) or constants (𝑎, 𝑏). Every rule is safe: each

head variable also occurs in the body. A rule is recursive when its head predicate occurs in a body, and

a ground fact is a rule with no variables and an empty body, such as Edge(𝑎, 𝑏). The transitive closure

program used throughout is

Reach(𝑋,𝑌 )← Edge(𝑋,𝑌 ) Reach(𝑋,𝑍)← Edge(𝑋,𝑌 ),Reach(𝑌, 𝑍).

Semantics. Given an extensional database (EDB) 𝒟 of input facts, the Herbrand universe U is the set of

constants in 𝑃 ∪ 𝒟 and the Herbrand base H is the set of ground atoms over U. A program is a set of

definite (Horn) clauses and has a unique minimal model, the least Herbrand model, M𝑃 (𝒟) ⊆ H: the

smallest set such that

1. 𝒟 ⊆M𝑃 (𝒟) and

2. for every rule and every substitution 𝜃 from the rule’s variables to U, if {𝑏1𝜃, . . . , 𝑏𝑛𝜃} ⊆M𝑃 (𝒟)
then ℎ𝜃 ∈M𝑃 (𝒟).

1

The artifact is public at https://github.com/brurucy/quantum-datalog, with the Lean development in lean/, the compiler in

src/, and the notebooks and generated data beside them.

https://github.com/brurucy/quantum-datalog


The minimal model is the least fixpoint of the immediate-consequence operator 𝑇𝑃 , which exists

by Knaster–Tarski since 𝑇𝑃 is monotone [19]. This least-model reading of a definite program is

standard [7, 20].

2.2. Bottom-up vs. Top-down Evaluation

Top-down. Given a query such as Reach(𝑎, 𝑑)?, evaluation searches backward: it finds rules whose

head unifies with the query, recursively proves the body, and backtracks on failure.

Bottom-up. Evaluation starts from 𝒟, applies all rules to derive new facts, and repeats

to a fixpoint. For 𝒟0 = {Edge(𝑎, 𝑏),Edge(𝑏, 𝑐),Edge(𝑐, 𝑑)}: Iteration 1 (rule 1) derives

Reach(𝑎, 𝑏),Reach(𝑏, 𝑐),Reach(𝑐, 𝑑). Iteration 2 (rule 2) adds Reach(𝑎, 𝑐),Reach(𝑏, 𝑑), iteration 3

adds Reach(𝑎, 𝑑), and iteration 4 adds nothing (fixpoint). M𝑃 (𝒟0) contains these 6 facts and the 3
edges, independently of any query.

2.3. 2-local Ising Models

An Ising model over 𝑛 binary spins 𝜎 = (𝜎1, . . . , 𝜎𝑛) ∈ {−1,+1}𝑛 has Hamiltonian

𝐻(𝜎) =

𝑛∑︁
𝑖=1

𝜂𝑖 𝜎𝑖 +
∑︁
𝑖<𝑗

𝐽𝑖𝑗 𝜎𝑖𝜎𝑗 ,

with local fields 𝜂 ∈ R𝑛
and couplings 𝐽 ∈ R𝑛×𝑛

, realized in hardware as programmable couplers. The

ground state 𝜎* = argmin𝜎 𝐻(𝜎) has minimal energy. Here 2-local means that 𝐻 has at most pairwise

interactions, a bound on the degree of 𝐻 .

Physically, the model is a collection of 𝑛 magnets, each free to point up (𝜎𝑖 = +1) or down (𝜎𝑖 = −1).

A local field biases one magnet: at 𝜂𝑖 < 0 the term 𝜂𝑖𝜎𝑖 is lowest when 𝜎𝑖 = +1, so the field pulls the

spin up, and at 𝜂𝑖 > 0 it pulls the spin down. A coupling ties a pair: at 𝐽𝑖𝑗 < 0 the term 𝐽𝑖𝑗𝜎𝑖𝜎𝑗 is

lowest when the two spins agree, and at 𝐽𝑖𝑗 > 0 when they differ. The Hamiltonian adds up these local

preferences, which in general conflict, and the ground state is their best global compromise. A quantum

annealer is a physical machine whose spins relax toward this minimum, so programming it consists of

choosing 𝜂 and 𝐽 [1, 2].

Hardware constrains that choice in two ways. The first is expressiveness: a constraint coupling

three or more spins at once has no direct 2-local form, so encoding it requires auxiliary variables,

which Section 3 introduces at the rule level and at the energy level. The second is connectivity: the

nonzero couplings of a compiled model form a graph over its spins, and this graph is dense, while a chip

offers couplers only between qubits physically adjacent in its fixed layout of bounded degree (Chimera,

Pegasus, Zephyr [21, 22]). The bridge is minor-embedding: each logical spin is realized as a chain of

physical qubits coupled strongly enough to act as one spin, laid out so that every required coupling

meets an available coupler [23]. A chain spends several qubits on one logical spin, so embedding inflates

the qubit count. We use the spin encoding 𝜎𝑓 = +1 for true and 𝜎𝑓 = −1 for false.

3. Compilation Framework

We realize our compiler as four typed stages, each a transformation between categories of decreasing

abstraction:

𝒫 𝒞1−−→ 𝒫bin 𝒞2−−→ 𝒫gnd 𝒞3−−→ Φ
𝒞4−−→ (𝜂, 𝐽).

A program 𝑃 ∈ 𝒫 binarizes to a program 𝒞1(𝑃 ) ∈ 𝒫bin
whose rule bodies hold at most two atoms.

Grounding sends that to a variable-free program in 𝒫gnd
, Stage 3 reads off a propositional formula Φ in

conjunctive normal form (CNF), and Stage 4 emits the local fields 𝜂 and couplings 𝐽 of a 2-local Ising

model. Every object denotes the same minimal Herbrand model M𝑃 (𝒟), and we design each stage to

preserve that denotation.

We develop the four stages in order, each with its preservation lemma, and state two correctness

theorems. We illustrate the stages with the transitive closure program and 𝒟0.



3.1. Stage 1: Binarization (𝒞1 : 𝒫 → 𝒫bin
)

This stage rewrites rules with 𝑛 > 2 body atoms into rules with at most 2 body atoms by introducing

fresh auxiliary predicates. For 𝑟 = (ℎ, 𝑏1, . . . , 𝑏𝑛), fold the body right-to-left:

ℬ(𝑟) = {(Aux1(𝑉1), 𝑏𝑛−1, 𝑏𝑛)}
∪ {(Aux𝑘(𝑉𝑘), 𝑏𝑛−𝑘,Aux𝑘−1(𝑉𝑘−1)) | 2 ≤ 𝑘 ≤ 𝑛− 2}
∪ {(ℎ, 𝑏1,Aux𝑛−2(𝑉𝑛−2))}

where Aux𝑘 summarises 𝑏𝑛−𝑘 ∧ · · · ∧ 𝑏𝑛 and carries exactly the still-needed variables, with vars(·) the

set of variables occurring in its argument:

𝑉𝑘 = vars({𝑏𝑛−𝑘, . . . , 𝑏𝑛}) ∩
(︀
vars(ℎ) ∪ vars({𝑏1, . . . , 𝑏𝑛−𝑘−1})

)︀
,

preserving variable dependencies and rule safety (every head variable still occurs in the body). Each

step of the fold is a split: it replaces the two-atom tail block by one fresh auxiliary atom, so a rule with

𝑛 body atoms takes 𝑛− 2 splits.

Example. Both rules are already binary, so 𝒞1(𝑃0) = 𝑃0, and the two splits of Q(𝑋,𝑊 ) ←
S (𝑋,𝑌 ),T (𝑌,𝑍),U (𝑍,𝑊 ),V (𝑊 ) give

Aux1(𝑍,𝑊 )← U (𝑍,𝑊 ),V (𝑊 ) Aux2(𝑌,𝑊 )← T (𝑌,𝑍),Aux1(𝑍,𝑊 ) Q(𝑋,𝑊 )← S(𝑋,𝑌 ),Aux2(𝑌,𝑊 ).

Lemma 1 (Binarization Correctness). For any program 𝑃 and EDB 𝒟 whose own predicates avoid
the auxiliary names, given one fresh auxiliary predicate name per split, restricted to the non-auxiliary
predicates, M𝑃 (𝒟) = M𝒞1(𝑃 )(𝒟).

Proof (sketch). Each split replaces the current two-atom tail block by a fresh atom Aux(𝑉𝑘), where

𝑉𝑘 are the block variables that also occur elsewhere in the rule or in the head, and adds the single rule

deriving Aux(𝑉𝑘) from that block. The proof turns on the soundness of this projection: a grounding

satisfies the original body exactly when some extension over the block-local variables makes Aux(𝑉𝑘)
derivable, which is their existential elimination. The auxiliary predicate is fresh, so the added rules

derive only auxiliary atoms and the step is a conservative extension. Induction over the fold, one split

per step, carries the equality to the fully binarized program, and the minimal model is unchanged on

the non-auxiliary predicates.

3.2. Stage 2: Grounding (𝒞2 : 𝒫bin → 𝒫gnd
)

This stage instantiates variables to constants in U. The atoms that grounding can ever need form the

Herbrand base subset, or relevant base,

B = 𝒟 ∪ { 𝑝(𝑐⃗) | 𝑝 a head predicate of 𝑃, 𝑐⃗ ∈ Uar(𝑝) },

the EDB facts together with every ground atom of an intensional (head) predicate. An extensional

predicate contributes only its facts. An intensional predicate is instantiated over U, so |B| is |U|Θ(ar)

whether or not the atoms are derivable, the standard combined-complexity blowup [24] that demand-

driven grounding in the magic-sets tradition [25] would control. For each rule 𝑟 we keep the relevant
ground instances

𝒢(𝑟) = { 𝑟𝜃 | 𝜃 : vars(𝑟)→ U, every body atom of 𝑟𝜃 lies in B, and the head of 𝑟𝜃 is not among

its body atoms },

and emit each EDB fact as a bodiless ground rule. A ground instance with a body atom outside B, for

instance an extensional atom that is not a fact, can never fire and is omitted. A ground instance whose

head occurs in its own body fires only when its head already holds, so it derives nothing and is omitted.

Restricting to B is lossless. The decisive fact is what can never appear: every atom produced during

bottom-up evaluation is an EDB fact or carries an intensional head predicate, so it lies in B, and no



atom outside B is ever derived. A ground instance discarded by the first condition has, by construction,

a body atom outside B, an atom no iterate can contain, so it never fires in either the relevant or the full

grounding.

Example. The stage receives the binarized program of Stage 1, which for the running example is 𝑃0

unchanged. On 𝒟0 the Herbrand universe is {𝑎, 𝑏, 𝑐, 𝑑} and B holds 19 atoms (the 3 edges and the 16
ground Reach atoms). Grounding then produces 18 ground rules, the constraints over those 19 atoms:

the 3 EDB facts, the 3 instances of 𝑟1 (one per edge), and the 12 instances of 𝑟2 (each edge Edge(𝑥, 𝑦)
paired with a target 𝑧), among them

Reach(𝑎, 𝑏)← Edge(𝑎, 𝑏) Reach(𝑎, 𝑑)← Edge(𝑎, 𝑏),Reach(𝑏, 𝑑).

The unrestricted grounding {𝑟𝜃 | 𝜃 : vars(𝑟) → U} would instead list |U|#vars(𝑟)
instances per rule,

16 + 64 + 3 = 83 in all, almost every one dropped by the two conditions of 𝒢(𝑟).

Lemma 2 (Grounding Correctness). Grounding preserves the minimal model: M𝒞2(𝑃bin)(𝒟) =
M𝑃bin(𝒟). Grounding introduces no auxiliary predicates, so the equality holds on the full Herbrand
base.

Proof (sketch). In two steps. (i) Full grounding preserves models. A ground instance 𝑟𝜃 is satisfied

by an interpretation exactly when the binary rule 𝑟 is satisfied by that interpretation under 𝜃, so an

interpretation models the full grounding iff it models𝑃 bin
, and the two share every model, hence the least

one. (ii) Relevance loses nothing. The relevant grounding 𝒞2(𝑃 bin) =
⋃︀

𝑟 𝒢(𝑟) and the full grounding

generate term-by-term identical bottom-up chains: both stay inside B, and on any interpretation 𝐼
contained in B their one-step closures 𝐼 ∪ 𝑇 (𝐼) agree, writing 𝑇 for each grounding’s immediate-

consequence operator. An instance present in the full but absent from the relevant grounding is dropped

for one of two reasons. Either a body atom lies outside B, which such an interpretation cannot contain,

so the instance never fires, or the head sits among its own body atoms, so whatever the instance fires

from 𝐼 was already in 𝐼 . Identical chains reach the identical least fixpoint. Composing (i) and (ii) gives

M𝒞2(𝑃bin)(𝒟) = M𝑃bin(𝒟). No auxiliary predicates are introduced, so the equality holds on the full

Herbrand base.

3.3. Stage 3: Ground Program→ Boolean Formula (𝒞3 : 𝒫gnd → CNF)

Input to this stage is the relevant ground program 𝒫gnd = 𝒞2(𝑃 bin) of Stage 2 (the 18-rule program for

the running example, not the unrestricted grounding), which Lemma 2 certified has the same minimal

model as 𝑃 bin
. We record it as an explicit propositional formula. Each ground rule ℎ ← 𝑏1, . . . , 𝑏𝑘

becomes the Horn clause ¬𝑏1 ∨ · · · ∨ ¬𝑏𝑘 ∨ ℎ, a fact ℎ← becomes the unit clause ℎ, and 𝒞3(𝑃 ) is their

conjunction Φ, a CNF over the ground atoms. Here the meaning of the object shifts from derivation to

satisfaction, as a clause carries polarities and has no privileged head. An assignment satisfies Φ exactly

when it models the ground program, so the minimal model is the assignment that satisfies Φ while

setting the fewest atoms true. We therefore read the bottom-up answer as a Min-Ones SAT instance.

Min-Ones SAT is NP-complete in general [17], yet on Horn formulas the minimum coincides with

the unique least model, computable in linear time [26]. What remains for Stage 4 is to build an energy

whose unique minimizer is that least model.

The lemma is well known, and we record it in the form the correspondence proof composes.

Lemma 3 (Min-Ones SAT = minimal model). For a ground program 𝑃 and EDB 𝒟, the satisfying
assignments of Φ = 𝒞3(𝑃 ) are exactly the models of 𝑃 , and M𝑃 (𝒟) is the unique Min-Ones SAT solution,
since it satisfies Φ and is a proper subset of every other satisfying assignment.

Proof (sketch). A Horn clause ¬𝑏1 ∨ · · · ∨ ¬𝑏𝑘 ∨ ℎ holds at 𝐼 exactly when {𝑏1, . . . , 𝑏𝑘} ⊆ 𝐼 implies

ℎ ∈ 𝐼 , so 𝐼 |= Φ iff 𝐼 models 𝑃 . The minimal model is itself a model and lies inside every model, by the

least-model property [7]. A proper subset of a finite set has strictly smaller cardinality, which makes

M𝑃 (𝒟) the unique Min-Ones solution.



Table 1

Gate energies before scaling by 𝑊 , the uniform weight that scales every gate against the cardinality field. Each

gate rests at its floor on every assignment that satisfies its rule and rises by the gap Δ on the unique violating

assignment, marked *. The 2-IMPLY energies have the ancilla 𝑧 minimized out.

Fact (ℎ←)
ℎ 𝐸
f +5 *
t −5

1-IMPLY (ℎ← 𝑏)
𝑏 ℎ 𝐸
f f −1
f t −1
t f +3 *
t t −1

2-IMPLY (ℎ← 𝑙, 𝑟)
𝑙 𝑟 ℎ 𝐸
f f f −2
f f t −2
f t f −2
f t t −2
t f f −2
t f t −2
t t f +2 *
t t t −2

3.4. Stage 4: 2-local Ising Encoding (𝒞4 : Φ→ R𝑉 × R𝑉×𝑉
)

We turn Φ into an energy whose unique minimizer is the least model that Stage 3 identified, and

this is the main technical step of the compiler. Each clause of Φ is the Horn clause of a ground rule

ℎ← 𝑏1, . . . , 𝑏𝑘 with 𝑘 ≤ 2, that is, the implication (𝑏1 ∧ · · · ∧ 𝑏𝑘)→ ℎ. Exactly one assignment of its

atoms violates the rule: every body atom true and the head false. The rule’s gate is an energy term

over those atoms that takes one constant value, its floor, on every assignment satisfying the rule, and

rises by a gap Δ > 0 on the violating assignment. Three gate shapes cover 𝑘 ≤ 2, all standard penalty

encodings [12], with the degree-lowering reduction supplying the auxiliary spin [18]. Table 1 lists

their energies, and, writing 𝑠𝑥 = 𝜎𝑥 for the spin of atom 𝑥 and 𝜂𝑥 for the local field on that spin, the

coefficients realizing them are:

Fact (ℎ←), 0-IMPLY: 𝜂ℎ := −5, energy −5 𝑠ℎ (Δ = 10). Forces ℎ true.

1-IMPLY (ℎ← 𝑏): 𝜂𝑏 := +1, 𝜂ℎ := −1, 𝐽𝑏,ℎ := −1, energy 𝑠𝑏 − 𝑠ℎ − 𝑠𝑏𝑠ℎ (Δ = 4). Pairwise, with

no extra spin needed.

2-IMPLY (ℎ← 𝑙, 𝑟): the violation 𝑙 ∧ 𝑟 ∧ ¬ℎ is a degree-3 term, lowered to a quadratic form with one

ancilla spin 𝑧 [18]: 𝜂𝑧 := +1, 𝜂ℎ := −1, 𝐽𝑙,𝑟 := +1, 𝐽𝑧,𝑙 = 𝐽𝑧,𝑟 = 𝐽𝑧,ℎ := −1 (Δ = 4, with 𝑧
minimised out).

For the running example’s ground instance Reach(𝑎, 𝑑) ← Edge(𝑎, 𝑏),Reach(𝑏, 𝑑), the 2-IMPLY

gate ties the two body spins, the head spin, and one fresh ancilla with these coefficients. The energy

rests at the floor on every assignment except the violating one, Edge(𝑎, 𝑏) and Reach(𝑏, 𝑑) true with

Reach(𝑎, 𝑑) false, where it rises by Δ = 4.

Disjunction. A head derivable by several rules contributes one gate per rule on the shared head spin.

Because (𝑎→ ℎ) ∧ (𝑏→ ℎ) equals (𝑎 ∨ 𝑏)→ ℎ, the encoding expresses this disjunction of alternative

bodies without a dedicated construct.

Minimality. An implication gate binds the head only when the rule’s body holds, so a head with no

satisfied body stays otherwise free. We add a uniform field 𝜂𝑓 += 𝜀/2 with 𝜀 > 0 on every atom spin.

A fact atom is pinned by its gate, so its field term is a constant shift that moves no ground state. The

reference compiler implements exactly this energy.

As spins are ±1, a field 𝜂𝑓𝑠𝑓 swings by 2𝜂𝑓 between true and false, and 𝜂𝑓 = 𝜀/2 makes each true

atom cost 𝜀 relative to false. Among the models of 𝑃 , the objective becomes 𝜀 times the number of true

atoms. The minimal model is a proper subset of every other model (Lemma 3), so it alone has the fewest

true atoms and the field selects it.

Precision. Accumulated field offsets must stay below the penalty of any single violation, so we scale

the gates by a weight 𝑊 and keep 𝜀𝑁 < 𝑊 for some 𝑁 bounding the minimal model’s size. Each

gate’s gap is at least Δmin = 4 (Table 1), so a violation costs at least 4𝑊 . Since M𝑃 (𝒟) ⊆ B, the static

choice 𝑁 = |B| works and is known before any evaluation. The compiler tightens it to 𝑁 = 𝑛atoms,

the atom-spin count, which still bounds the minimal model because every minimal-model atom occurs



in the compiled program, and deploys 𝜀 = 1 with 𝑊 = 𝑛atoms + 1, so 𝑁 < 𝑊 holds by construction.

On every family evaluated here 𝑛atoms = |B|. Relative to the gate scale, the selecting field is then

𝜀/(𝑊 Δmin) = Θ(1/𝑛atoms): it shrinks as the atom count grows, and the evaluation quantifies what

that costs on hardware.

3.5. Correctness

Theorem 1 (Ising Encoding, 𝜀-minimality). Let 𝐻 be the Hamiltonian of Stage 4 for a ground pro-
gram 𝑃 at the deployed 𝜀 = 1, under 𝑁 < 𝑊 for an integer weight 𝑊 and some 𝑁 ≥ |M𝑃 (𝒟)|. Then
𝐻 has a unique minimizing true-set (set of atoms assigned true), and the atom-projection of every ground
state equals the minimal model: 𝜎𝑓 = +1 ⇐⇒ 𝑓 ∈M𝑃 (𝒟).

Proof (sketch). The model carries one atom spin per ground atom of 𝑃 and one private ancilla per

2-IMPLY gate. For a true-set 𝐼 write cost(𝐼) = min𝑧 𝐻(𝜎𝐼 , 𝑧) for the energy with the atom spins

fixed by 𝐼 and the ancillas minimized out, and let 𝑐0 collect the per-gate floors and the constant part

−𝑛atoms/2 of the uniform field. The constant 𝑐0 is independent of 𝐼 , shifts every energy equally, and

so does not affect the argmin. No gate is violated exactly when 𝐼 models 𝑃 , by Lemma 3, in which case

every gate rests at its floor and cost(𝐼) = 𝑐0 + |𝐼|. When 𝐼 fails to model 𝑃 , some gate is violated and

cost(𝐼) ≥ 𝑐0 +𝑊 (the physical rise is at least 𝑊 Δmin). The minimal model then sits strictly below

every non-model, cost(M𝑃 (𝒟)) = 𝑐0 + |M𝑃 (𝒟)| ≤ 𝑐0 +𝑁 < 𝑐0 +𝑊 ≤ cost(𝐼), so no non-model

can be a minimizer.

Among the models, the minimal model is a proper subset of every other, so its cardinality term is

strictly smaller and it is the unique minimizing true-set. Each 2-IMPLY ancilla takes whichever value

minimizes its own gate. On a gate whose head is true with exactly one true body atom the two values

tie, so the full configuration need not be unique, though the atom-projection is.

Foundedness on a cycle. The uniform field is what rejects self-supporting derivations, a behavior

the acyclic running example cannot exhibit. Take the ground program 𝑝 ← 𝑞, 𝑞 ← 𝑝 with empty

EDB. It has two models, ∅ and {𝑝, 𝑞}. The second satisfies both rules, since each atom supports the

other, yet it is unfounded, resting on nothing outside the cycle, and the least model is ∅. The compiled

Hamiltonian, with the deployed 𝜀 = 1 and 𝑊 = 𝑁 + 1 = 3, assigns energy −7 to ∅ and −5 to {𝑝, 𝑞},
so its unique ground state is ∅, ahead of {𝑝, 𝑞} by exactly 2𝜀, the cardinality gap times the field (verified

with dimod.ExactSolver).

The Clark completion [27] reads each rule as a biconditional, here 𝑝 ↔ 𝑞, and still admits both

models. The 𝜀 field selects the founded model directly, with no completion or loop formulas [28]. For

a definite program the minimal model, the well-founded model [29], and the unique stable model [13]

coincide, so on this fragment the field reproduces those semantics rather than extending them.

Composing this encoding theorem with the three preservation lemmas carries the guarantee back to

the source program.

Theorem 2 (Correspondence). Write ℐ = 𝒞4 ∘ 𝒞3 ∘ 𝒞2 ∘ 𝒞1. For every program 𝑃 and EDB 𝒟 whose
Herbrand universe is nonempty, with the fresh-name supply of Lemma 1, if 𝜎 is a ground state of the Ising
model ℐ(𝑃,𝒟), then for every non-auxiliary ground atom 𝑓 , 𝜎𝑓 = +1 ⇐⇒ 𝑓 ∈M𝑃 (𝒟). Theorem 1
applied to the binarized program fixes the auxiliary atoms as well, each to its value in the least model
of the ground binarized program 𝒞2(𝒞1(𝑃 )). Only the 2-IMPLY ancilla spins are unconstrained off this
projection: a gate whose head is true with exactly one true body atom has two tying ancilla values, so the
full ground-state configuration need not be unique.

Proof (sketch). The pipeline carries 𝒟 inside the program as bodiless ground rules (the Stage 2

convention), and a verified absorption lemma shows this lossless: the extended program’s least model

over the empty EDB is exactly M𝑃 (𝒟). The deployed weight 𝑊 = |Bbin| + 1, computed on the

binarized ground program (Bbin = B whenever no rule needs binarization), meets the bound of

Theorem 1 with 𝑁 = |Bbin|, so the theorem applies. The atom-projection of every ground state of



Table 2

Paper results and their Lean identifiers in the verified development. The namespace of each identifier is its stage

file, while the semantic layer (Datalog.lean) and the witness module (Nonvacuity.lean) export top-level

names.

Result Lean identifier

Lemma 1 (Binarization) C1.correct
Lemma 2 (Grounding) C2.correct
Lemma 3 (Min-Ones SAT) C3.sat, C3.minOnes
Theorem 1 (𝜀-minimality) C4.encode
Theorem 2 (Correspondence) C4.pipeline_correct_edb
2-locality of 𝐻 ((𝜂, 𝐽) extraction) C4.twolocal

Table 3

The evaluated programs. 𝑛 is the size parameter, and reach takes a hardware graph 𝐺 = (𝑉,𝐸) and a seed node

as data.

Family Rules EDB 𝒟
tc_path(𝑛) Reach(𝑋,𝑌 )← Edge(𝑋,𝑌 )

Reach(𝑋,𝑍)← Edge(𝑋,𝑌 ),Reach(𝑌,𝑍)
Edge(𝑖, 𝑖+1) for 0 ≤ 𝑖 < 𝑛−1

tc_cycle(𝑛) as tc_path Edge(𝑖, (𝑖+1) mod 𝑛) for 0 ≤ 𝑖 < 𝑛

nonlinear_tc_path(𝑛) Reach(𝑋,𝑌 )← Edge(𝑋,𝑌 )
Reach(𝑋,𝑍)← Reach(𝑋,𝑌 ),Reach(𝑌, 𝑍)

as tc_path

linear_chain(𝑛) P𝑖(𝑋)← P𝑖−1(𝑋) for 1 ≤ 𝑖 < 𝑛 P0(𝑐)

reach(𝐺) Reach(𝑋)← Source(𝑋)
Reach(𝑌 )← Reach(𝑋),Edge(𝑋,𝑌 )
Reach(𝑋)← Reach(𝑌 ),Edge(𝑋,𝑌 )

Edge(𝑢, 𝑣) for {𝑢, 𝑣} ∈ 𝐸, one Source

ℐ(𝑃 ) is then the minimal model of the ground program 𝒞2(𝒞1(𝑃 )), the Min-Ones SAT solution of

Lemma 3. That model pins every ground atom of the binarized program, auxiliary atoms included,

which is the auxiliary-atom clause. Lemma 2 and Lemma 1 carry it back through grounding and

binarization, so on the non-auxiliary predicates it is M𝑃 (𝒟).

Verification. Table 2 maps the results of this paper to their Lean identifiers. The artifact’s

lean/README.md reproduces those statements and definitions verbatim, and records the develop-

ment as sorry-free, with the standard axioms, and instanced hypotheses.

4. Evaluation and Limitations

We size the datasets and programs to what could fit a commercially available annealer as of writing. The

target is the hardware class, 2-local Ising machines. Concrete device parameters come from D-Wave,

whose Pegasus (Advantage) and Zephyr (Advantage2) topologies have degree 15 and 20 and a few

thousand qubits [21, 22]. Correctness is settled by Theorem 2, so the question here is whether an

instance of that scale could run. Table 3 defines every evaluated program. tc_path is the running

example’s program over a path EDB and tc_cycle is the same program over a cycle. nonlinear_tc_path
replaces the recursive rule by one that joins two derived atoms, so Reach atoms can support one another.

The non-recursive linear_chain is a sparse contrast, and reach computes single-source reachability

over a hardware graph given as data, the family of the chip-scale experiments below.

Instances are compiled with the reference compiler at the certified encoding’s 𝜀 = 1 and 𝑊 =
𝑛atoms + 1. Soundness needs only |M𝑃 (𝒟)| < 𝑊 (Theorem 1), met at every size. Every rule in

Table 3 carries at most two body atoms, so Stage 1’s binarization never fires in these experiments,

and the auxiliary-atom path is exercised by the verified witness module instead. Experiments use

dwave-samplers and minorminer, with no QPU involved.

The energy landscape. Because bottom-up evaluation is tractable we know the minimal model, and the



instance we enumerate here, nonlinear_tc_path(4), is small enough to know everything else too. Its

recursive rule joins two derived atoms, its EDB is the path 0→ 1→ 2→ 3, and its compiled form has

19 ground atoms, so there are 219 = 524,288 atom assignments. We compute the exact energy of every

one of them, with each gate’s ancilla at its optimal value. The enumeration certifies that the minimal

model is the unique global minimum and that exactly 18 assignments are single-flip local minima.

Figure 1 walks through this space. Each position on the horizontal axis is one assignment, consecutive

assignments differ in exactly one atom, and the tick label names the atom added at that step, with the

curve interpolating between the plotted states. The vertical axis is the assignment’s energy. The walk

starts at 𝒟, the assignment holding exactly the three Edge facts, which the 0-IMPLY gates force into

every low-energy state. The next six steps add the derived Reach atoms in fixpoint order through the

iterates 𝑇 1
and 𝑇 2

(the first and second application of 𝑇𝑃 to 𝒟), arriving at the minimal model, the

nine-atom assignment at energy −1,800.5, the global minimum. The six steps after it add Reach(1, 1),
Reach(2, 1), Reach(2, 2), Reach(3, 1), Reach(3, 2), and Reach(3, 3), an unfounded set whose atoms

derive one another circularly. The resulting assignment is a genuine local minimum a mere 6 above

the global one, one 𝜀 per unfounded atom, while leaving it costs at least 79, since flipping any of the

six unfounded atoms back to false violates a gate scaled to 𝑊Δmin = 80. The humps between the

two wells are the partial states where a rule body is already satisfied but its head not yet added. These

foundedness traps are what energy minimization must avoid, and they set the recovery boundary of

the recursive family measured below.
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Figure 1: Energy along a one-atom-per-step walk for nonlinear_tc_path(4): from the EDB 𝒟 through the

fixpoint iterates 𝑇 1, 𝑇 2
(grey) to the minimal model (green), the global minimum of all 219 assignments by

exhaustive enumeration. Adding the six-atom unfounded set (purple) costs one 𝜀 per atom, and leaving that

local minimum costs at least 79 (𝑊Δmin − 𝜀 on the gate scale).

Exact correspondence. On the running example, the path 𝑎→ 𝑏→ 𝑐→ 𝑑, the compiled model has

31 spins, of which 19 are atom spins (9 true in the minimal model) and 12 are ancillas, one per 2-IMPLY

gate, with 51 couplers. An exact solver’s ground state projects exactly onto the 9-atom minimal model,

and the cyclic, disjunctive, and multi-derivation cases are instances of Theorem 2’s guarantee.

Logical to physical qubits. The compiled model’s logical interaction graph must be minor-embedded

into the annealer’s sparse hardware graph (Section 2.3). We embed the compiled tc_path family with

minorminer onto the Pegasus and Zephyr generators of dwave_networkx. Embedding is randomized,

so we report medians over 15 minorminer seeds (0–14, an embedding attempt being far cheaper than

a recovery run). The running example’s 31 logical spins become a median of 34 physical qubits (range

33–36), a 1.1× overhead with longest chain 2.

Overhead climbs with size as the recursive join drives the logical degree to 𝑂(𝑛), which passes

Pegasus’s 15 at 𝑛 = 8 and Zephyr’s 20 at 𝑛 = 10. On the Pegasus target, by 𝑛 = 9 the 161-spin model

needs a median of 221 qubits (range 201–253), with a longest chain of 7 (range 5–9). Longer chains

also spend part of the energy scale on chain strength (the coupling that holds a chain’s qubits aligned),

compounding the precision caveat below.

Saturating the shipped machine. Whole-chip topologies are the substrate of D-Wave’s beyond-

classical simulations [30], and a topology is itself a graph, so it hosts a natural program: reach of

Table 3, single-source reachability over the chip’s own graph. The mirrored third rule traverses stored



Figure 2: Two independently compiled reachability programs at the shipped machine’s scale. Left: each

instance’s EDB, the Zephyr Z1 hardware graph (48 nodes, 280 edges). Right: both compiled programs, 1,778
logical spins, minor-embedded together into the ideal Zephyr Z12 generator (4,800 sites), occupying 3,489
physical qubits with longest chain 36. One instance is green, the other purple, unused qubits are greyed.

edges backward, keeping one Edge fact per undirected link. Because Reach is unary, the compiled

model scales with the data: 𝑉 + 3𝐸 + 1 spins for a graph with 𝑉 nodes and 𝐸 edges, not |U|2. The

instance whose EDB is the Zephyr Z1 graph compiles to 889 logical spins and embeds into the ideal Z12

generator (4,800 sites), the topology class of the shipped Advantage2, on 1,696 sites, with chains up to

26 on the high-degree Reach hubs. Larger single instances are out of reach. Z2 compiles to 3,833 spins,

above the machine at the observed 2× embedding overhead, and Z3 exceeds it by spin count alone.

The machine saturates with independent programs instead: Figure 2 shows two separately compiled Z1

instances embedded side by side on 3,489 sites. Compiled separately, each keeps its own weight 𝑊 , so

the two models are independent Hamiltonians sharing only the chip, and one anneal carries both. On a

device the co-tenants would also share the single global coefficient rescaling, harmless here since the

two weights are equal.

Solver recovery. Theorem 2 places the minimal model at the unique ground state, and we measure

whether a sampler reaches it. We compile each instance to its Ising model and sample it with two

solvers from D-Wave’s SDK: classical simulated annealing (sa, SimulatedAnnealingSampler) and

D-Wave’s simulated quantum annealing (sqa, PathIntegralAnnealingSampler, a path-integral

Monte Carlo surrogate for the device). Both are classical simulations, so the recovery rates measured

here do not bound a physical anneal. Each runs at a budget of 200 reads (independent anneals) of 1,000
sweeps (update passes over all spins), all other parameters at library defaults. We report the median

over five seeds (42–46) with the min–max range, all reproducible from the committed artifact. A run

recovers the model when its lowest-energy read decodes to the bottom-up least model. The rate 𝑝succ is

the fraction of a run’s reads that decode to it. Both solvers carry full floating-point coefficients, isolating

solver behavior from coupler precision.

Table 4 reports tc_path : recovery is near-certain to 𝑛 = 6, then collapses over 𝑛 = 7–9 (𝑝succ

from 0.76 to 0.01) and vanishes by 𝑛 = 10. tc_cycle breaks two steps earlier (its last recovery is at

𝑛 = 7), and the non-recursive linear_chain recovers throughout the sweep to 𝑛 = 30. The non-linear

nonlinear_tc_path collapses far sooner: recovery is near-certain at 𝑛 = 2 but already gone by 𝑛 = 4
(𝑝succ 0.97 → 0.01 → 0), because its unfounded self-supporting sets are the deep traps of Figure 1,

basins a sampler falls into and rarely climbs out of.

At logical degree 9 in both, nonlinear_tc_path(3) with 11 atoms recovers at 0.01 while tc_path(4)
with 19 atoms recovers at 0.99, so size alone does not explain the gap. An acyclic linear program admits

no self-supporting set. Its shallow incomplete-derivation traps multiply with 𝑛 and, with the climbing

degree, plausibly drive tc_path’s later collapse. In these families the wall’s arrival tracks foundedness

rather than coupler precision: both solvers carry exact coefficients, yet the energy landscape hides the



Table 4

Solver recovery on tc_path (200 reads of 1,000 sweeps): atom spins, minimal-model size, maximum logical

degree, and the recovery rate 𝑝succ, median over five seeds [min, max], under sa and sqa.

𝑛 atoms |M| degree 𝑝succ sa 𝑝succ sqa

4 19 9 9 0.99 [0.98,1.00] 0.98 [0.98,0.99]

5 29 14 11 0.99 [0.98,0.99] 0.98 [0.98,1.00]

6 41 20 13 0.98 [0.98,1.00] 0.96 [0.94,0.98]

7 55 27 15 0.76 [0.73,0.78] 0.60 [0.58,0.64]

8 71 35 17 0.20 [0.17,0.28] 0.12 [0.08,0.15]

9 89 44 19 0.01 [0.01,0.03] 0.01 [0.01,0.01]

10 109 54 21 0.00 [0.00,0.00] 0.00 [0.00,0.01]

program’s polynomial-time Horn structure from local search, and more so as the rules admit more

unfounded support.

The wall is calibrated to the budget rather than absolute: 10× and 50× the sweeps lift sa on

tc_path(9) from 0.01 to 0.175 and 0.55 (and 𝑛 = 8 to 0.985, medians over the same five seeds), so

the crossing points shift with effort while the ordering in size and family persists. sqa is never better

than sa beyond noise, and is worse on linear_chain (0.52 against 0.97 at 𝑛 = 30).

At the machine’s scale, the reach program of Table 3 over two disjoint copies of the Z1 graph, with

a single Source in the first copy, compiles to 1,777 spins, and its minimal model lights Reach on the

sourced copy only. The count is one spin fewer than Figure 2’s pair of independent programs, whose

second copy carries its own Source atom. Under the protocol above neither solver recovers it on any

read (𝑝succ 0.00 [0.00, 0.00] over five seeds). Every failing read decodes to the same assignment, the

minimal model plus all 48 unreached Reach atoms, an unfounded set in which the mirrored rule lets

the endpoints of every stored edge support each other. That assignment sits 48𝜀 above the ground

state, escaping it requires climbing a single-violation barrier of 𝑊Δmin = 2,632, and it survives ten

thousand times the sweep budget unchanged. The instance is classically trivial: an incremental Datalog

engine, PyDBSP 2.1.0 [31], computes the same minimal model in under 7 milliseconds (median of five

runs on an Apple M5 Max laptop CPU).

Precision on a physical device. The solvers above compute with exact coefficients, while a QPU

rescales them into a fixed analog range where integrated control errors perturb each programmed value

by about 10−2
at one standard deviation [32]. Resolving two coefficients reliably needs several standard

deviations of separation, leaving roughly 4 to 5 dependable bits. The smallest separation that matters is

one atom of cardinality, worth 𝜀 = 1, set against the largest programmed coefficient magnitude 𝑐max,

which the sparse sweep families measure at 4𝑊 (each fact’s −5𝑊 field gains +𝑊 from its atom’s role

as a 1-IMPLY body), a relative gap 𝜀/𝑐max ∼ 1/(4𝑛atoms). For tc_path a 4-bit device already fails to

resolve that gap at the smallest instance (5 atoms) and a 5-bit device at 11 atoms, with the other sparse

families crossing within a few atoms of the same points. The non-linear family’s 𝑐max/𝑊 grows with

𝑛, so its budget is strictly tighter.

5. Conclusion

We present ℐ = 𝒞4 ∘ 𝒞3 ∘ 𝒞2 ∘ 𝒞1, our compiler from recursive Datalog programs to 2-local Ising models,

whose ground state projects onto the least Herbrand model of the source program. The per-stage

results carry the minimal model through (Lemmas 1–3 and Theorem 1), and their composition is

the ground-state correspondence of Theorem 2. Empirically, recovery under the simulated solvers

tracks foundedness rather than instance size, failing completely at chip scale while a classical engine

answers in milliseconds. The contribution is the verified bridge itself, and its grounding runs classically.

Any quantum advantage would have to come from NP-hard extensions of the source language, from

distributing one program across several annealers, or from a richer use of the annealer’s quantum



dynamics than a ground-state read exploits.
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