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Abstract
Reasoning about action and change is a fundamental challenge in Artificial Intelligence, yet dedicated action
languages within Answer Set Programming (ASP) see significantly less adoption than plain ASP. In practice, the
lack of a unified approach inhibits the creation of an expressive, sustainable framework that leverages ASP’s rich
modeling capabilities and efficient solvers. To bridge this gap, we introduce a non-monotonic modeling framework
based on Dynamic Logic (DL) that is designed for direct implementation through modern ASP systems. By
synthesizing and adapting variants of established methodologies, our approach, the Dynamic Equilibrium Logic
with Actions and Fluents (DELaf ), unifies a rich two-sorted language with non-monotonic semantic foundations.
As common in DL, it explicitly distinguishes between state variables (fluents) and action variables to facilitate
intuitive knowledge representation, combining propositional logic for concurrent state transitions with DL-based
path expressions for global constraints over complex trajectories. Furthermore, we demonstrate that despite
its expressive two-sorted nature, our formalism can be entirely reduced to the simpler, one-sorted Dynamic
Equilibrium Logic (DEL). This strict reduction paves the way for practical implementation, ultimately allowing
these expressive dynamic problems to be seamlessly solved using the temporal ASP solver telingo.

1. Introduction

Reasoning about action and change is a fundamental challenge in Artificial Intelligence. While various
action languages [1, 2] and temporal extensions [3, 4, 5] have been proposed within the context of
Answer Set Programming (ASP; [6]), their adoption significantly trails that of plain ASP. In practice,
it appears that ASP’s pragmatic advantages, namely, its rich modeling language and efficient solvers,
often outweigh the specific benefits of these dedicated approaches. Furthermore, the lack of a unified
approach inhibits the creation of an expressive, sustainable framework for dealing with dynamic systems
in ASP. To consolidate these directions, we introduce a rich modeling language for reasoning about
action and change, designed for direct implementation through ASP solvers.

To this end, we adopt Dynamic Logic (DL; [7]) as our formal foundation, combining the language
of [8, 9] with the semantic framework of [10, 11]. Although originally conceived for reasoning about
programs, DL is equally well-suited for reasoning about action and change [12]. Standard DL and its
early derivatives for reasoning about action and change [8, 9, 13] are inherently monotonic and rely
on branching time. Furthermore, they strictly separate state variables (fluents) from action variables.
State variables capture static properties evaluated within individual states, whereas action variables
represent dynamic events that induce transitions between these states. These similarities carry over to
the DL-inspired formalism of golog [14]. In this light, our approach can be viewed as a linear-time, non-
monotonic extension of [8, 9]. Rebasing the semantics of DL on linear-time structures was advocated
in [15] and recently gained traction through the work of [16]. Although syntactically restricted, the
linear dynamic logic of [15] provides the foundation for the approach of [17] to reasoning about action
and change; it models inertia using successor-state-like axioms in a monotonic setting. Building on this,
[4] introduced a genuinely non-monotonic variant by extending the traditional reduct-based semantics
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of logic programs [18] to this linear dynamic logic. More recently, [16] adopted the syntax of standard
DL but applied it over a single sort of propositions to develop a semantics based on finite traces. A
non-monotonic counterpart to this approach was subsequently introduced in [10, 11] by combining
the approach with the logical characterization of ASP based on Equilibrium Logic [19]. By employing
a single-sorted signature, both logics eliminate the traditional distinction between state and action
variables. Although such a uniform treatment simplifies both the logical elaboration and computational
evaluation, it is less intuitive from a knowledge representation perspective. This insight motivates us to
advocate for a framework for reasoning about action and change that offers a rich modeling language,
explicitly distinguishing between action and state variables, while remaining reducible to a uniform
format for computational purposes.

More precisely, the paper is organized as follows: Section 2 introduces our formal framework, the
Dynamic Logic of Here-and-There with Actions and Fluents (DHTaf ). Within this section, Section 2.1
defines a variant of the two-sorted language from [8, 9] that integrates two logical systems for represent-
ing action and state formulas. Propositional logic describes combinations of actions that induce state
transitions. These action formulas are then embedded within DL-based path expressions to formulate
global constraints over entire trajectories, while state formulas are expressed using standard DL syntax.
To accommodate a linear, non-monotonic semantics, we adapt the language from [8, 9] by omitting
its functional restriction operator (since enforcing determinism is unnecessary in our linear-time ap-
proach) and by distinguishing between strong and default negation. Next, Section 2.2 accommodates
the two-sorted signature by extending HT-traces [5] with transition labels comprising sets of primitive
actions. Each set represents a classical model of the action formulas inducing the respective transition.
The semantics of state formulas is defined as a DL-based extension of the Logic of Here-and-There [20]
and its equilibrium models [21]. Finally, Section 2.3 establishes concepts of equivalence that guarantee
the valid substitution of equivalent subformulas. Section 3 illustrates the modeling capacities of our
framework for reasoning about action and change. We present the established modeling methodology
of DL-based approaches alongside selected examples from the literature, and demonstrate how the
prominent action language ℬ𝒞 can be translated into our approach. Section 4 paves the way for imple-
mentation. We detail how formulas in our expressive language can be translated into the one-sorted
dynamic logic underlying the temporal ASP solver telingo [22]. We detail the relationships to closely
related approaches in Section 5. We conclude our paper in Section 6.

2. Dynamic Logic of Here-and-There with Actions and Fluents

2.1. Syntax

Following [8, 9], we consider a two-sorted alphabet consisting of disjoint non-empty sets 𝒜 and ℱ of
action and state variables, respectively.

The variables in 𝒜 represent primitive actions. In addition, we use verum (⊤̇) to allow for action-
independent transitions. Action formulas describe atomic actions that cannot be broken into sequences
of fewer actions; they amount to a set of primitive actions that are to be executed in parallel. Action
formulas are expressed in terms of Boolean combinations of primitive actions. More precisely, the
syntax of an action formula 𝛼 over 𝒜 is defined as follows.

𝛼 ::= 𝑎 ∈ 𝒜 | ⊥̇ | 𝛼 ∧̇ 𝛼 | ¬̇𝛼.

The Boolean operators are only decorated with dots to distinguish their use in action formulas from
that in state formulas below, although logically analogous, they are treated semantically differently (see
below). As we show below, falsum, disjunction and implication can be defined in the usual way, that is,
⊤̇ def= ¬̇ ⊥̇, 𝛼 ∨̇ 𝛽 def= ¬̇(¬̇𝛼 ∧̇ ¬̇𝛽) and 𝛼 →̇ 𝛽 def= ¬̇(𝛼 ∧̇ ¬̇𝛽).

The variables in ℱ represent primitive state properties, also referred to as fluents. State formulas
describe properties of states in terms of propositions and complex actions represented by path expressions.
The syntax of a state formula 𝜙 and a path expressions 𝜌 over (𝒜,ℱ) is defined as follows:

𝜙 ::= 𝑓 ∈ ℱ | ⊥ | ∼𝜙 | ⟨𝜌⟩𝜙 | [𝜌]𝜙 (1)



𝜌 ::= 𝛼 | 𝜌+ 𝜌 | 𝜌; 𝜌 | 𝜌* | 𝜙? | 𝜌− (2)

where 𝛼 is an action formula over 𝒜. This syntax draws upon the one of Dynamic Logic [7]: ⟨𝜌⟩ and [𝜌]
are modal operators parametrized by a path expression 𝜌. More precisely, ⟨𝜌⟩𝜙 expresses that after some
execution of (possibly nondeterministic) complex action 𝜌 property 𝜙 is satisfied and [𝜌]𝜙 expresses
that 𝜙 holds after each execution of 𝜌. Moreover, we use two types of negation: strong negation ∼ and a
weaker form known as default negation, ¬. We rely on their interplay for expressing inertia in Section 3.
Given our set ℱ of fluents, we define the set ̃︀ℱ = {𝑓,∼𝑓 | 𝑓 ∈ ℱ}. Finally, path expressions allow
complex actions to compose atomic actions by nondeterministic choice (𝜌1+𝜌2), sequential composition
(𝜌1; 𝜌2), reflexive transitive closure (𝜌*), inverse (𝜌−), and add a test (𝜙?), respectively. Path expressions
allow for defining high-level control structures like if-then-else and while. For state formula 𝜙 and
action formulas 𝛼, 𝛽, the conditional construct ‘if 𝜙 then 𝛼 else 𝛽’ is defined as (𝜙?;𝛼) + (∼𝜙?;𝛽)
and the loop construct ‘while 𝜙 do 𝛼’ as (𝜙?;𝛼)*; ∼𝜙?. As usual, a theory is a set of state formulas.

As we show below, this language allows us to capture several derived operators, like the Boolean and
temporal ones:

𝜙 ∧ 𝜓 def= ⟨𝜙?⟩𝜓 𝜙 ∨ 𝜓 def= ⟨𝜙? + 𝜓?⟩⊤
𝜙→ 𝜓 def= [𝜙?]𝜓 ¬𝜙 def= 𝜙→ ⊥
𝜙↔ 𝜓 def= [𝜙?]𝜓 ∧ [𝜓?]𝜙 𝜙⇔ 𝜓 def= (𝜙↔ 𝜓) ∧ (∼𝜙↔ ∼𝜓)

F def= [⊤̇]⊥ I def= [⊤̇−
]⊥

∘𝜙 def= ⟨⊤̇⟩𝜙 ∙𝜙 def= ⟨⊤̇−⟩𝜙̂︀∘𝜙 def= [⊤̇]𝜙 ̂︀∙𝜙 def= [⊤̇−
]𝜙

♢𝜙 def= ⟨⊤̇*⟩𝜙 ♦𝜙 def= ⟨⊤̇−*⟩𝜙

□𝜙 def= [⊤̇*
]𝜙 ■𝜙 def= [⊤̇−*

]𝜙

𝜙U 𝜓 def= ⟨(𝜙?; ⊤̇)*⟩𝜓 𝜙 S 𝜓 def= ⟨(𝜙?; ⊤̇−
)*⟩𝜓

𝜙 R 𝜓 def= (𝜓 U (𝜙 ∧ 𝜓)) ∨□𝜓 𝜙 T 𝜓 def= (𝜓 S (𝜙 ∧ 𝜓)) ∨■𝜓

All connectives are defined in terms of the dynamic operators ⟨·⟩ and [·] . This involves the Booleans ∧,
∨, and →. Among them, the definition of → is most noteworthy since it hints at the implicative nature
of [·] . Negation ¬ is then expressed via implication, as usual in the Logic of Here-and-There (HT; [20]).
Then, ⟨·⟩ and [·] also allow for defining the future temporal operators F, ∘, ̂︀∘, ♢, □, U, R, standing for
final, next, weak next, eventually, always, until, and release, and their past-oriented counterparts: I, ∙, ̂︀∙,
♦, ■, S, T. The weak one-step operators, ̂︀∘ and ̂︀∙, are of particular interest when dealing with finite
traces, since their behavior differs from their genuine counterparts only at the ends of a trace. In fact,̂︀∘𝜙 can also be expressed as ∘𝜙 ∨ F (and ̂︀∙ as ∙𝜙 ∨ I). Finally, note that the converse operator 𝜌− is
essential for expressing all temporal past operators, whose addition in temporal logic is exponentially
more succinct than using only future operators [23]. A formula is propositional, if all its connectives are
Boolean, and temporal, if it includes only Boolean and temporal ones.

2.2. Semantics

We define the semantics of state formulas in terms of traces over ̃︀ℱ , which are sequences T = (𝑇𝑖)𝑖∈[0..𝜆)
of (consistent) interpretations 𝑇𝑖 ⊆ ̃︀ℱ satisfying {𝑓,∼𝑓} ̸⊆ 𝑇𝑖 for all 𝑖 ∈ [0..𝜆) and 𝑓 ∈ ℱ ; 𝜆 is the
length of T. Here, we consider only traces of finite length. A trace T is 𝑋-complete for 𝑋 ⊆ ℱ , if
either 𝑓 ∈ 𝑇𝑖 or ∼𝑓 ∈ 𝑇𝑖 for all 𝑖 ∈ [0..𝜆) and 𝑓 ∈ 𝑋 . We define the ordering H ≤ T between traces
of the same length 𝜆 as 𝐻𝑖 ⊆ 𝑇𝑖 for each 𝑖 ∈ [0..𝜆), and H < T as both H ≤ T and H ̸= T.

An HT-trace over ̃︀ℱ of length 𝜆 is a sequence of pairs (⟨𝐻𝑖, 𝑇𝑖⟩)𝑖∈[0..𝜆) with 𝐻𝑖 ⊆ 𝑇𝑖 for any
0 ≤ 𝑖 < 𝜆; it is total if 𝐻𝑖 = 𝑇𝑖 for all 𝑖 ∈ [0..𝜆). For convenience, we sometimes represent it as the pair
⟨H,T⟩ of traces H = (𝐻𝑖)𝑖∈[0..𝜆) and T = (𝑇𝑖)𝑖∈[0..𝜆). Actions are associated with the transitions in a
trace via a function ℵ. A labeled HT-trace of length 𝜆 over (𝒜, ̃︀ℱ) is a pair (⟨H,T⟩,ℵ) consisting of



1. an HT-trace ⟨H,T⟩ = (⟨𝐻𝑖, 𝑇𝑖⟩)𝑖∈[0..𝜆) over ̃︀ℱ and
2. a function ℵ : 𝒜 → 2𝐼𝜆 where 𝐼𝜆 = {(𝑖, 𝑖+ 1) | 𝑖, 𝑖+ 1 ∈ [0..𝜆)}

As an example, consider a labeled trace with(︀
⟨∅, {𝑝}⟩, ⟨{𝑝}, {𝑝, 𝑞}⟩, ⟨{𝑞}, {𝑝, 𝑞}⟩

)︀
ℵ(𝑎) = {(0, 1), (1, 2)} ℵ(𝑏) = {(0, 1)}

A labeled HT-trace M = (⟨H,T⟩,ℵ) of length 𝜆 over (𝒜, ̃︀ℱ) satisfies (resp. falsifies) a state formula
𝜙 over (𝒜,ℱ) at 𝑖 ∈ [0..𝜆), in symbols M, 𝑖 |= 𝜙 (resp. M, 𝑖 =| 𝜙), if the following conditions hold:

1. M, 𝑖 |= 𝑓 if 𝑓 ∈ 𝐻𝑖 for 𝑓 ∈ ℱ
2. M, 𝑖 ̸|= ⊥
3. M, 𝑖 |= ∼𝜓 if M, 𝑖 =| 𝜓
4. M, 𝑖 |= ⟨𝜌⟩𝜙 if M, 𝑗 |= 𝜙 for some (𝑖, 𝑗) ∈ ‖𝜌‖M|=
5. M, 𝑖 |= [𝜌]𝜙 if (⟨X,T⟩,ℵ), 𝑗 |= 𝜙

for all (𝑖, 𝑗) ∈ ‖𝜌‖(⟨X,T⟩,ℵ)
|= and X ∈ {H,T}

6. M, 𝑖 =| 𝑓 if ∼𝑓 ∈ 𝐻𝑖 for 𝑓 ∈ ℱ
7. M, 𝑖 =| ⊥
8. M, 𝑖 =| ∼𝜓 if M, 𝑖 |= 𝜓

9. M, 𝑖 =| ⟨𝜌⟩𝜙 if M, 𝑗 =| 𝜙 for all (𝑖, 𝑗) ∈ ‖𝜌‖M̸=|
10. M, 𝑖 =| [𝜌]𝜙 if M, 𝑗 =| 𝜙

for some (𝑖, 𝑗) ∈ ‖𝜌‖M|=
where the relations ‖𝜌‖M|= ⊆ [0..𝜆)× [0..𝜆) and ‖𝜌‖M̸=| ⊆ [0..𝜆)× [0..𝜆) are defined for action variable
𝑎 ∈ 𝒜, action formulas 𝛼, 𝛽, state formula 𝜙, and path expressions 𝜌, 𝜚, as

‖⊥̇‖M|=
def= ∅

‖𝑎‖M|=
def= ℵ(𝑎)

‖𝛼 ∧̇ 𝛽‖M|=
def= ‖𝛼‖M|= ∩ ‖𝛽‖M|=

‖¬̇𝛼‖M|=
def= 𝐼𝜆 ∖ ‖𝛼‖M|=

‖𝜙?‖M|=
def= {(𝑖, 𝑖) | M, 𝑖 |= 𝜙}

‖𝜌−‖M|=
def= {(𝑘, 𝑖) | (𝑖, 𝑘) ∈ ‖𝜌‖M|= }

‖𝜌 + 𝜚‖M|=
def= ‖𝜌‖M|= ∪ ‖𝜚‖M|=

‖𝜌 ; 𝜚‖M|=
def= ‖𝜌‖M|= ∘ ‖𝜚‖M|=

‖𝜌*‖M|=
def=

(︁
‖𝜌‖M|=

)︁*

‖⊥̇‖M̸=|
def= ∅

‖𝑎‖M̸=|
def= ℵ(𝑎)

‖𝛼 ∧̇ 𝛽‖M̸=|
def= ‖𝛼‖M̸=| ∩ ‖𝛽‖M̸=|

‖¬̇𝛼‖M̸=|
def= 𝐼𝜆 ∖ ‖𝛼‖M̸=|

‖𝜙?‖M̸=|
def= {(𝑖, 𝑖) | M, 𝑖 ̸=| 𝜙}

‖𝜌−‖M̸=|
def= {(𝑘, 𝑖) | (𝑖, 𝑘) ∈ ‖𝜌‖M̸=| }

‖𝜌 + 𝜚‖M̸=|
def= ‖𝜌‖M̸=| ∪ ‖𝜚‖M̸=|

‖𝜌 ; 𝜚‖M̸=|
def= ‖𝜌‖M̸=| ∘ ‖𝜚‖

M
̸=|

‖𝜌*‖M̸=|
def=

(︁
‖𝜌‖M̸=|

)︁*

Note that the difference between ‖𝜌‖M|= and ‖𝜌‖M̸=| boils down to their treatment of test formulas ‘𝜙?’.
A labeled HT-trace M is a model of a state formula 𝜙 if M, 0 |= 𝜙, and it is a model of a theory

Γ if M, 0 |= 𝜙 for all 𝜙 ∈ Γ. A formula 𝜙 is a tautology, written |= 𝜙, iff M, 𝑘 |= 𝜙 for any labeled
HT-trace M and any 𝑘 ∈ [0..𝜆). We call the logic induced by the set of all tautologies Dynamic logic of
Here-and-There with Actions and Fluents (DHTaf for short).

Following [24], two formulas 𝜙 and 𝜓 are weakly equivalent (written 𝜙 ≡ 𝜓) if M, 𝑘 |= 𝜙 iff
M, 𝑘 |= 𝜓, and strictly equivalent (written 𝜙 ∼= 𝜓) if they additionally satisfy M, 𝑘 =| 𝜙 iff M, 𝑘 =| 𝜓
for any labeled HT-trace M and any 𝑘 ∈ [0..𝜆). Both notions of equivalence are stronger than the
mere coincidence of models, since models are evaluated only at the initial state. Analogously, two path
expressions 𝜌 and 𝜌′ are weakly equivalent (written 𝜌 ≡ 𝜌′) if ‖𝜌‖M|= = ‖𝜌′‖M|= , and strictly equivalent
(written 𝜌 ∼= 𝜌′) if they additionally satisfy ‖𝜌‖M̸=| = ‖𝜌′‖M̸=| for any labeled HT-trace M.

A labeled HT-trace of form (⟨T,T⟩,ℵ) is an equilibrium model of a theory Γ if it is a model of Γ and
there is no other model (⟨H,T⟩,ℵ) of Γ with H < T. Then, we also say that T is a stable model of Γ.

2.3. Elaboration

With the structure of labeled HT-traces established, we can now characterize the specific set of primitive
actions that induce each state transition. For a labeled HT-trace (⟨H,T⟩,ℵ) of length 𝜆 over (𝒜, ̃︀ℱ), we
define 𝐴(𝑖,𝑖+1) = {𝑎 ∈ 𝒜 | (𝑖, 𝑖+1) ∈ ℵ(𝑎)} for 𝑖, 𝑖+1 ∈ [0..𝜆). The set 𝐴(𝑖,𝑖+1) contains all primitive
actions associated with the transition from state 𝑖 to 𝑖+1.



Proposition 1. Let M be a labeled HT-trace of length 𝜆 over (𝒜, ̃︀ℱ) and 𝛼 an action formula over 𝒜.
For any 𝑖, 𝑖+1 ∈ [0..𝜆) and⊗ ∈ {|=, ̸=|}, we have (𝑖, 𝑖+1) ∈ ‖𝛼‖M⊗ iff𝐴(𝑖,𝑖+1) is a classical model of 𝛼.

The set of primitive actions inducing a state transition forms a classical model entailing all action
formulas associated with this transition. Accordingly, all (dotted) action formulas are treated classically.

For arbitrary path expressions, we establish the following relationship.

Proposition 2. Let 𝜌 be a path expression and (⟨H,T⟩,ℵ) be a labeled HT trace over (𝒜, ̃︀ℱ).
Then, we have that ‖𝜌‖(⟨H,T⟩,ℵ)

|= ⊆ ‖𝜌‖(⟨H,T⟩,ℵ)
̸=| .

This subset relation becomes an equality whenever 𝜌 is test-free, allowing ⟨H,T⟩ and ⟨T,T⟩ to be
treated interchangeably.

Let us now turn to some properties of the satisfaction and falsification relations.

Proposition 3. Let 𝜙 be a state formula, 𝜌 a path expression, and (⟨H,T⟩,ℵ) be a labeled HT trace of
length 𝜆. Then, we have for all 𝑖 ∈ [0..𝜆) that

1. (⟨H,T⟩,ℵ), 𝑖 |= 𝜙 implies (⟨T,T⟩,ℵ), 𝑖 |= 𝜙

2. (⟨H,T⟩,ℵ), 𝑖 =| 𝜙 implies (⟨T,T⟩,ℵ), 𝑖 =| 𝜙
3. ‖𝜌‖(⟨H,T⟩,ℵ)

|= ⊆ ‖𝜌‖(⟨T,T⟩,ℵ)
|=

4. ‖𝜌‖(⟨H,T⟩,ℵ)
̸=| ⊇ ‖𝜌‖(⟨T,T⟩,ℵ)

̸=|

Corollary 1. Let 𝜙 be a state formula, 𝜌 a path expression, and (⟨H,T⟩,ℵ) be a labeled HT trace of
length 𝜆. Then, we have for all 𝑖 ∈ [0..𝜆) that

1. (⟨H,T⟩,ℵ), 𝑖 |= ¬𝜙 iff (⟨T,T⟩,ℵ), 𝑖 ̸|= 𝜙

2. (⟨H,T⟩,ℵ), 𝑖 =| ¬𝜙 iff (⟨H,T⟩,ℵ), 𝑖 |= 𝜙

The next result demonstrates that our core language embeds all Boolean and linear-time temporal
operators with their standard semantics.

Theorem 1. Let M = (⟨H,T⟩,ℵ) be a labeled HT-trace of length 𝜆 over (𝒜, ̃︀ℱ). Given the respective
definitions of derived operators, we get the following satisfaction conditions for all 𝑘 ∈ [0..𝜆):

1. M, 𝑘 |= 𝜙 ∧ 𝜓 iff M, 𝑘 |= 𝜙 and M, 𝑘 |= 𝜓

2. M, 𝑘 |= 𝜙 ∨ 𝜓 iff M, 𝑘 |= 𝜙 or M, 𝑘 |= 𝜓

3. M, 𝑘 |= 𝜙→ 𝜓 iff M′, 𝑘 ̸|= 𝜙 or M′, 𝑘 |= 𝜓 for all M′ ∈ {M, (⟨T,T⟩,ℵ)}
4. M, 𝑘 |= 𝜙↔ 𝜓 iff M′, 𝑘 |= 𝜙 iff M′, 𝑘 |= 𝜓 for all M′ ∈ {M, (⟨T,T⟩,ℵ)}
5. M, 𝑘 |= 𝜙 ⇔ 𝜓 iff M′, 𝑘 |= 𝜙 iff M′, 𝑘 |= 𝜓, and M′, 𝑘 =| 𝜙 iff M′, 𝑘 =| 𝜓 for all M′ ∈

{M, (⟨T,T⟩,ℵ)}
6. M, 𝑘 |= ¬𝜙 iff (⟨T,T⟩,ℵ), 𝑘 ̸|= 𝜙

7. M, 𝑘 |= F iff 𝑘 + 1 = 𝜆

8. M, 𝑘 |= ∘𝜙 iff 𝑘 + 1 < 𝜆 and M, 𝑘+1 |= 𝜙

9. M, 𝑘 |= ̂︀∘𝜙 iff 𝑘 + 1 = 𝜆 or M, 𝑘+1 |= 𝜙

10. M, 𝑘 |= ♢𝜙 iff M, 𝑖 |= 𝜙 for some 𝑖 ∈ [𝑘..𝜆)

11. M, 𝑘 |= □𝜙 iff M, 𝑖 |= 𝜙 for all 𝑖 ∈ [𝑘..𝜆)

12. M, 𝑘 |= 𝜙U 𝜓 iff for some 𝑗 ∈ [𝑘..𝜆), we have M, 𝑗 |= 𝜓 and M, 𝑖 |= 𝜙 for all 𝑖 ∈ [𝑘..𝑗)

13. M, 𝑘 |= 𝜙 R 𝜓 iff for all 𝑗 ∈ [𝑘..𝜆), we have M, 𝑗 |= 𝜓 or M, 𝑖 |= 𝜙 for some 𝑖 ∈ [𝑘..𝑗)

14. M, 𝑘 |= I iff 𝑘 = 0

15. M, 𝑘 |= ∙𝜙 iff 𝑘 > 0 and M, 𝑘−1 |= 𝜙

16. M, 𝑘 |= ̂︀∙𝜙 iff 𝑘 = 0 or M, 𝑘−1 |= 𝜙

17. M, 𝑘 |= ■𝜙 iff M, 𝑖 |= 𝜙 for all 𝑖 ∈ [0..𝑘]

18. M, 𝑘 |= ♦𝜙 iff M, 𝑖 |= 𝜙 for some 𝑖 ∈ [0..𝑘]



19. M, 𝑘 |= 𝜙 S 𝜓 iff for some 𝑗 ∈ [0..𝑘], we have M, 𝑗 |= 𝜓 and M, 𝑖 |= 𝜙 for all 𝑖 ∈ [𝑗 + 1..𝑘]

20. M, 𝑘 |= 𝜙 T 𝜓 iff for all 𝑗 ∈ [0..𝑘], we have M, 𝑗 |= 𝜓 or M, 𝑖 |= 𝜙 for some 𝑖 ∈ [𝑗 + 1..𝑘]

as well as the relation:

21. ‖𝛼 ∨̇ 𝛽‖M|= = ‖¬̇(¬̇𝛼 ∧̇ ¬̇𝛽)‖M|=
22. ‖𝛼 →̇ 𝛽‖M|= = ‖¬̇(𝛼 ∧̇ ¬̇𝛽)‖M|=

Satisfaction conditions 4 and 5 show that 𝜙 ≡ 𝜓 and 𝜙 ∼= 𝜓 amount to requiring that 𝜙 ↔ 𝜓 and
𝜙⇔ 𝜓 are tautologies, respectively. Notably, the condition M, 𝑘 =| 𝜙 iff M, 𝑘 =| 𝜓 in 5 can be restated
as M, 𝑘 |= ∼𝜙 iff M, 𝑘 |= ∼𝜓. Furthermore, conditions 7 through 20 coincide with those for the
temporal operators in Linear-time Logic of Here-and-There (THT; [25]).

The following collection of propositions show how satisfaction is mirrored by falsification.

Theorem 2. Let M = (⟨H,T⟩,ℵ) be a labeled HT-trace of length 𝜆 over (𝒜, ̃︀ℱ). Given the respective
definitions of derived operators, we get the following falsification conditions for all 𝑘 ∈ [0..𝜆):

1. M, 𝑘 =| 𝜙 ∧ 𝜓 iff M, 𝑘 =| 𝜙 or M, 𝑘 =| 𝜓
2. M, 𝑘 =| 𝜙 ∨ 𝜓 iff M, 𝑘 =| 𝜙 and M, 𝑘 =| 𝜓
3. M, 𝑘 =| 𝜙→ 𝜓 iff M, 𝑘 |= 𝜙 and M, 𝑘 =| 𝜓
4. M, 𝑘 =| 𝜙↔ 𝜓 iff either M, 𝑘 |= 𝜙 and M, 𝑘 =| 𝜓 or M, 𝑘 |= 𝜓 and M, 𝑘 =| 𝜙
5. M, 𝑘 =| 𝜙⇔ 𝜓 iff either M, 𝑘 |= 𝜙 and M, 𝑘 =| 𝜓 or M, 𝑘 |= 𝜓 and M, 𝑘 =| 𝜙
6. M, 𝑘 =| ¬𝜙 iff M, 𝑘 |= 𝜙

7. M, 𝑘 =| F iff 𝑘 + 1 < 𝜆

8. M, 𝑘 =| ∘𝜙 iff 𝑘 + 1 = 𝜆 or M, 𝑘+1 =| 𝜙
9. M, 𝑘 =| ̂︀∘𝜙 iff 𝑘 + 1 < 𝜆 and M, 𝑘+1 =| 𝜙

10. M, 𝑘 =| ♢𝜙 iff M, 𝑖 =| 𝜙 for all 𝑖 ∈ [𝑘..𝜆)

11. M, 𝑘 =| □𝜙 iff M, 𝑖 =| 𝜙 for some 𝑖 ∈ [𝑘..𝜆)

12. M, 𝑘 =| 𝜙U 𝜓 iff for all 𝑗 ∈ [𝑘..𝜆), we have M, 𝑗 =| 𝜓 or M, 𝑖 =| 𝜙 for some 𝑖 ∈ [𝑘..𝑗)

13. M, 𝑘 =| 𝜙 R 𝜓 iff for some 𝑗 ∈ [𝑘..𝜆), we have M, 𝑗 =| 𝜓 and M, 𝑖 =| 𝜙 for all 𝑖 ∈ [𝑘..𝑗)

14. M, 𝑘 =| I iff 𝑘 > 0

15. M, 𝑘 =| ∙𝜙 iff 𝑘 = 0 or M, 𝑘−1 =| 𝜙
16. M, 𝑘 =| ̂︀∙𝜙 iff 𝑘 > 0 and M, 𝑘−1 =| 𝜙
17. M, 𝑘 =| ■𝜙 iff M, 𝑖 =| 𝜙 for some 𝑖 ∈ [0..𝑘]

18. M, 𝑘 =| ♦𝜙 iff M, 𝑖 =| 𝜙 for all 𝑖 ∈ [0..𝑘]

19. M, 𝑘 =| 𝜙 S 𝜓 iff for all 𝑗 ∈ [0..𝑘], we have M, 𝑗 =| 𝜓 or M, 𝑖 =| 𝜙 for some 𝑖 ∈ (𝑗 + 1..𝑘]

20. M, 𝑘 =| 𝜙 T 𝜓 iff for some 𝑗 ∈ [0..𝑘], we have M, 𝑗 =| 𝜓 and M, 𝑖 =| 𝜙 for some 𝑖 ∈ (𝑗..𝑘]

as well as the relation:

21. ‖𝛼 ∨̇ 𝛽‖M̸=| = ‖¬̇(¬̇𝛼 ∧̇ ¬𝛽)‖M̸=|
22. ‖𝛼 →̇ 𝛽‖M̸=| = ‖¬̇(𝛼 ∧̇ ¬𝛽)‖M̸=|

Interestingly, connectives ↔ and ⇔ are indistinguishable in terms of falsification.
Despite the strict separation of actions and fluents, DL can induce transitions from state formulas 𝜑

via the path expression ‘𝜑?; ⊤̇’. This mechanism extends to our approach, as formalized below.

Proposition 4. Let M be a labeled HT-trace of length 𝜆 and 𝜑 be a state formula. Then, we have

1. ‖𝜑?; ⊤̇‖M|= = {(𝑖, 𝑖+1) | M, 𝑖 |= 𝜑, 𝑖 ∈ [0..𝜆−1)}
2. ‖𝜑?; ⊤̇‖M̸=| = {(𝑖, 𝑖+1) | M, 𝑖 ̸=| 𝜑, 𝑖 ∈ [0..𝜆−1)}

We leverage this property in Section 4 to translate two-sorted state formulas of DELaf into one-sorted
formulas of DEL.

Next, we show that incorporating the law of the excluded middle yields total models, reflecting
non-constructive (temporal) logical systems.



Proposition 5. Let (⟨H,T⟩,ℵ) be a labeled HT-trace over (𝒜, ̃︀ℱ).
Then, (⟨H,T⟩,ℵ) is a model of { [⊤̇*

] (𝑓 ∨ ¬𝑓) | 𝑓 ∈ ̃︀ℱ} iff H = T.

The addition of these axioms collapses DELaf into a temporal variant of classical logic with strong
negation [26],1 where the truth of fluents can remain undefined. To eliminate this indeterminate value
and enforce that every fluent is strictly true or false, we require a stronger version of these axioms.

Proposition 6. Let (⟨H,T⟩,ℵ) be a labeled HT-trace over (𝒜, ̃︀ℱ).
Then, (⟨H,T⟩,ℵ) is a model of { [⊤̇*

] (𝑓 ∨ ∼𝑓) | 𝑓 ∈ ℱ} iff H = T and (⟨H,T⟩,ℵ) is ℱ -complete.

Finally, we show how the equivalence concepts established above guarantee the valid substitution of
equivalent formulas and path expressions.

Proposition 7. Let 𝜙 and 𝜙′ be two state formulas. If 𝜙 ∼= 𝜙′, then 𝜙? ∼= 𝜙′?.

Proposition 8. Let 𝜙 be a state formula and let 𝜌 and 𝜌′ be two path expressions.

1. If 𝜌 ∼= 𝜌′, then ⟨𝜌⟩𝜙 ∼= ⟨𝜌′⟩𝜙.
2. If 𝜌 ∼= 𝜌′, then [𝜌]𝜙 ∼= [𝜌′]𝜙.

In what follows, we refer to both state formulas and path expressions collectively as expressions.
Given an expression 𝜀 and two expressions 𝜖 and 𝜖′ of the same type, let 𝜀[𝜖/𝜖′] denote the expression
obtained by replacing all occurrences of 𝜖 in 𝜀 with 𝜖′.

Theorem 3. Let 𝜀 be an expression, and let 𝜖 and 𝜖′ be two expressions of the same type. If 𝜖 ∼= 𝜖′, then
𝜀 ∼= 𝜀[𝜖/𝜖′].

As usual, two theories Γ and Γ′ are strongly equivalent if the equilibrium models of Γ∪∆ and Γ′ ∪∆
coincide for any theory ∆. This ensures that Γ can be safely replaced by Γ′ in any common context
∆ without altering the set of equilibrium models. The following result shows that checking strong
equivalence in DELaf reduces to weak equivalence in the monotonic logic DHTaf .

Theorem 4. Let Γ and Γ′ be two theories. Then, Γ and Γ′ are strongly equivalent iff Γ ≡ Γ′.

Similarly, two expressions 𝜖 and 𝜖′ of the same type are strongly equivalent on substitutions if the
equilibrium models of {𝜙[𝜖/𝜖′]} ∪ ∆ and {𝜙} ∪ ∆ coincide for any theory ∆ and state formula 𝜙.
Unlike strong equivalence, checking substitution equivalence in DELaf reduces to strict equivalence in
DHTaf .

Theorem 5. Let 𝜖 and 𝜖′ be two expressions of the same type. Then, 𝜖 and 𝜖′ are strongly equivalent on
substitutions iff 𝜖 ∼= 𝜖′.

3. Reasoning about Action and Change

Following [8, 9], we view action formulas as defining state transitions. Each transition is determined
by a set of literals that specify the simultaneous execution, or non-execution, of certain actions. Any
actions not explicitly specified are considered exogenous and may freely vary. In this framework,
the conjunction 𝛼 ∧̇ 𝛽 of atomic actions 𝛼 and 𝛽 enforces their simultaneous execution, whereas
the negation ¬̇𝛼 strictly prohibits the execution of 𝛼. Furthermore, the disjunction 𝛼 ∨̇ 𝛽 represents
the non-deterministic execution of 𝛼 or 𝛽, effectively providing a non-deterministic choice between
state transitions. Conversely, the formula ¬̇𝛼 ∨̇ ¬̇𝛽 expresses that 𝛼 and 𝛽 cannot be executed
simultaneously.
1Classical logic with strong negation extends standard classical logic by introducing an independent negation operator to
capture explicit falsity, rather than the mere absence of truth. This allows reasoning systems to distinguish between being
“not true” and “explicitly false,” thereby enriching classical logic while preserving much of its original structure. In this
setting, an atom 𝑓 may take one of three truth values: true, false, or undefined.



Building on these atomic transitions, path expressions allow us to describe complex sequences of
state transitions. For instance, the formula [𝜌]𝜙 requires that the state formula 𝜙 holds in all states
reachable by any action sequence expressed by the path expression 𝜌. Conversely, [𝜌]⊥ expresses
the inability to execute 𝜌. Additionally, combining path expressions with action negation, such as
[¬̇𝛼]⊥, allows us to concisely express the inability to perform any atomic actions other than those
in 𝛼. Complementary to the always operator, which dictates behavior across all possible paths, the
dual eventually operator expresses existential properties over action sequences. Specifically, ⟨𝜌⟩𝜙
guarantees that a valid execution of 𝜌 leads to at least one state satisfying 𝜙. Consequently, the formula
⟨𝜌⟩⊤ strictly mandates the actual execution of 𝜌.2

These modal literals serve as the foundational building blocks for modeling actions and change
within Dynamic Logic. To systematize this, we adopt the taxonomy of action laws proposed by [13]. A
static law is a state formula 𝜙 over ℱ of the form □𝜙. An effect law for an action formula 𝛼 takes the
form □(𝜙→ [𝛼]𝜓), where 𝜙 and 𝜓 are state formulas, Here, the consequent 𝜓 is the effect obtained
when the action 𝛼 is executed in a state satisfying the precondition 𝜙. An inexecutability law for an
action formula 𝛼 is of the form □(𝜙 → [𝛼]⊥), denoting that 𝛼 cannot be executed in states where
state formula 𝜙 holds.3 Finally, the non-monotonicity of our approach offers a succinct mechanism to
capture the default nature of inertia, without requiring any explicit reference to action formulas. As
put forward by [4], a persistency law for a state formula 𝜙 can be expressed as □(𝜙 ∧ ¬∘∼𝜙 → ̂︀∘𝜙).
Intuitively, this dictates that the satisfaction of 𝜙 remains unchanged upon a state transition, unless
there is a reason for it to change in the subsequent state.

3.1. Parallelism at work

In this section, we demonstrate the modeling advantages of our framework through representative
examples, focusing on its capacity to specify concurrency and complex control rules.

The first example deals with lifting a bowl of soup [27, 28]: Whenever Mary tries to lift the bowl with
one hand, she spills the soup. When she uses both hands, she does not spill the soup. We know that the
soup is not spilled initially. Formalizing this scenario requires accounting for dependencies between
actions. In particular, we utilize conjunction (∧̇) to express joint execution and negation (¬̇) to represent
non-execution of actions. We represent the domain using the actions ll and lr that denote lifting the
bowl with the left and right hand, respectively, and the fluent empty to indicate that the bowl is empty.
The fact that the bowl is full is represented by the literal ∼empty . We model this example as follows:

∼empty (3)
□(∼empty → [ll ∧̇ lr ]∼empty) (4)

□(⊤ → [(ll ∧̇ ¬̇lr) ∨̇ (lr ∧̇ ¬̇ll)] empty) (5)
□(empty ∧ ¬∘∼empty → ̂︀∘empty) (6)
□(∼empty ∧ ¬∘empty → ̂︀∘∼empty). (7)

Rule (3) establishes that the bowl is initially full. Effect laws (4) and (5) characterize the consequences of
the actions ll and lr . Specifically, Rule (4) states that the bowl remains full if both actions are performed
concurrently while it is full. In contrast, Rule (5) specifies that the bowl becomes empty if exactly one
of the two actions is executed, regardless of its previous state. Finally, rules (6) and (7) provide the
standard formalization of the law of inertia for the fluent empty using strong negation.

To demonstrate that the equilibrium models of our formalization capture the intended behavior, we
examine several representative traces. We begin with a labeled HT-trace M = (⟨T,T⟩,ℵ) of length
𝜆 = 1 where T = (𝑇0) = ({∼empty}) and ℵ(ll) = ∅,ℵ(lr) = ∅. Evidently, M satisfies the initial
condition (3) as ∼empty ∈ 𝑇0. Furthermore, M satisfies the inertia laws (6) and (7) at 0, since botĥ︀∘empty and ̂︀∘∼empty are vacuously true at the end of any trace. Similarly, the effect laws (4) and (5)
2This differs from a branching time setting, where it only requires one execution path for 𝜌.
3An executability law for an action formula 𝛼 of form 𝜙 → ⟨𝛼⟩⊤ seems too strong in our linear semantics, since it imposes
the execution of 𝛼 rather then merely asserting its possibility as in a branching semantics.



hold because [(ll ∧̇ ¬̇lr) ∨̇ (lr ∧̇ ¬̇ll)] empty and [ll ∧̇ lr ]∼empty are also trivially true at the last
state. One can readily verify that M constitutes an equilibrium model of the theory (3)–(7).

Next, consider a trace ⟨(𝑇0, 𝑇1), (𝑇0, 𝑇1)⟩ of length 𝜆 = 2, where

(𝑇0, 𝑇1) = ({∼empty}, {empty}) and ℵ(ll) = {(0, 1)} ℵ(lr) = ∅.

Since (0, 1) ∈ ℵ(ll) and (0, 1) ̸∈ ℵ(lr), the rule in (5) is triggered at 0, yielding empty at 1. In contrast,
the rule in (4) remains inapplicable as (0, 1) ̸∈ ℵ(lr). Furthermore, the inertia law for ∼empty in (7) is
inapplicable, causing ∼empty to be false at 1.

If we consider a trace of length 𝜆 = 2 where both hands are used,

(𝑇0, 𝑇1) = ({∼empty}, {∼empty}) and ℵ(ll) = {(0, 1)} ℵ(lr) = {(0, 1)},

the rule in (4) is triggered, ensuring ∼empty ∈ 𝑇1. In this case, Rule (5) is inapplicable since (0, 1) ̸∈
‖(ll ∧̇ ¬̇lr) ∨̇ (lr ∧̇ ¬̇ll)‖M|= . Similarly, the inertia rules in (6)–(7) are not fired, and empty remains false
at 1.

Finally, in a trace where no action occurs between the initial and final state,

(𝑇0, 𝑇1) = ({∼empty}, {∼empty}) and ℵ(ll) = ∅ ℵ(lr) = ∅,

neither effect law (4) nor (5) is triggered. Consequently, the inertia law in (7) ensures that ∼empty
persists at 1.

Our second example adapts the glass breaking scenario from [29] to incorporate concurrency. A wall
is struck with two hammers, ℎ1 and ℎ2, used either individually or simultaneously. Only simultaneous
strikes may cause the wall to break, though this outcome is not guaranteed; multiple hits might be required
before the wall finally breaks. We formalize this scenario using the actions ℎ1, ℎ2, representing strikes
with the respective hammers, and the fluent broken .

The following theory describes the resulting formalization in DELaf :

∼broken (8)
□(⊤ → [ℎ1 ∧̇ ℎ2] (broken ∨ ¬broken)) (9)

□(broken → ̂︀∘broken) (10)
□(∼ broken ∧ ¬∘ broken → ̂︀∘ ∼ broken) (11)

[(∼broken?; (ℎ1 + ℎ2))
*]¬broken →⊥ (12)

The fact in (8) specifies that the wall is initially intact. Rule (9) states that striking the wall with both
hammers concurrently may result in its breaking, leaving the truth value of broken undetermined in
the subsequent state. The inertia laws (10) and (11) ensure that a broken wall remains broken, whereas
an intact wall remains so unless evidence of the contrary is provided. Lastly, the liveness property
in (12) forbids equilibrium models in which the wall never breaks after any sequence of strikes. This
rule, which is equivalent to ¬¬⟨(∼broken?; (ℎ1 + ℎ2))

*⟩ broken , effectively implements an ‘until’ loop
and plays a role similar to that of dynamic constraints in golog [14].

While we omit the technical details, the reduction of DELaf to DEL described in Section 4 enables
the generation of the DFA in Figure 1, which illustrates the resulting transition system. With it, we can
check that the labeled HT-trace (⟨T,T⟩,ℵ) is an equilibrium model of (8)–(12), where

T = ({∼broken}, {∼broken}, {broken}, {broken}) and ℵ(ℎ1) = {(0, 1), (1, 2)},ℵ(ℎ2) = {(1, 2)}.

3.2. Action Language ℬ𝒞

To provide further evidence of the generality of our approach, we give next an embedding of action
language ℬ𝒞 [2, 30], as it encompasses the two primary approaches, ℬ [1] and 𝒞 [31]. An action
description in ℬ𝒞 is also based on a two-sorted alphabet, consisting of action and multi-valued state
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{∼broken, ℎ1},
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{∼broken, ℎ1, ℎ2}

{∼broken, ℎ1},
{∼broken, ℎ2}
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{broken, ℎ1, ℎ2}

{broken} {broken, ℎ1}, {broken, ℎ2},
{broken, ℎ1, ℎ2}

Figure 1: DFA accepting the equilibrium models of breaking a glass example. For each transition, all possible
sets of fluents and actions that must hold are displayed. Every atom not displayed is considered as false.

variables (or fluents). In what follows, we restrict ourselves to two-valued fluents over 0 and 1, and
abbreviate fluent atoms 𝑓 = 1 and 𝑓 = 0 by 𝑓 and ∼𝑓 to ease notation.4

An action description in ℬ𝒞 consists of a finite set of static and dynamic laws. A static law is an
expression of the form

𝑓0 if 𝑓1, . . . , 𝑓𝑚 ifcons 𝑓𝑚+1, . . . , 𝑓𝑛 (13)

where each 𝑓𝑖 is a fluent atom for 0 ≤ 𝑖 ≤ 𝑛. A dynamic law is an expression of the form

𝑓0 after 𝑎1, . . . , 𝑎𝑘, 𝑓1, . . . , 𝑓𝑚 ifcons 𝑓𝑚+1, . . . , 𝑓𝑛 (14)

where each 𝑓𝑖 is a fluent atom for 0 ≤ 𝑖 ≤ 𝑛 and each 𝑎𝑗 is an action variable for 0 ≤ 𝑗 ≤ 𝑘. The
keyword ifcons stands for “if consistent”, while if and after have their literal meaning. Static laws
describe causal dependencies between fluents in the same state, while dynamic laws describe direct
effects of actions, when passing from one state to another. Accordingly, ℬ𝒞 distinguishes statically
determined fluents, which are permitted only in the heads of static laws, not dynamic laws.

We can translate ℬ𝒞 into DELaf as follows. Given an action description 𝐷, the theory Γ(𝐷) contains

1. for each static law from 𝐷 of form (13), the formula

□(𝑓1 ∧ · · · ∧ 𝑓𝑚 ∧ ¬∼𝑓𝑚+1 ∧ · · · ∧ ¬∼𝑓𝑛 → 𝑓0) (15)

2. for each dynamic law from 𝐷 of form (14), the formula

□(𝑓1 ∧ · · · ∧ 𝑓𝑚 ∧ ¬∘∼𝑓𝑚+1 ∧ · · · ∧ ¬∘∼𝑓𝑛 → [𝑎1 ∧̇ . . . ∧̇ 𝑎𝑘] 𝑓0) (16)

3. for each non-statically determined fluent 𝑓 the formula (𝑓 ∨ ∼𝑓)
4. for each fluent atoms 𝑓 the following formulas

□¬¬(𝑓 ∨ ∼𝑓) (17)
□(¬(𝑓 ∧ ∼𝑓)) (18)

As regards semantics, [30] associates an action description 𝐷 with a family of logic programs with
strong negation (𝑃𝑙(𝐷))𝑙≥0 such that the stable models of 𝑃𝑙(𝐷) represent paths of length 𝑙 in the
4Note that we overload the strong negation operator here.



transition system corresponding to 𝐷. The signature of each 𝑃𝑙(𝐷) consists of literals of form 𝑓(𝑖),
∼𝑓(𝑖), and 𝑎(𝑖), for each fluent 𝑓 and action variable 𝑎 for 0 ≤ 𝑖 ≤ 𝑙.

For relating ℬ𝒞 and DELaf , we establish a one-to-one correspondence between the HT interpreta-
tions of a program 𝑃𝑙(𝐷) (cf. [21]) and the labeled HT traces of Γ(𝐷) of length 𝑙+1 : Given an HT
interpretation ⟨𝐻,𝑇 ⟩ of 𝑃𝑙(𝐷), we define a labeled HT-trace ((⟨𝐻𝑖, 𝑇𝑖⟩)𝑖∈[0..𝑙+1),ℵ) as

𝐻𝑖 = {𝑓 | 𝑓(𝑖) ∈ 𝐻} ∪ {∼𝑓 | ∼𝑓(𝑖) ∈ 𝐻} (19)
𝑇𝑖 = {𝑓 | 𝑓(𝑖) ∈ 𝑇} ∪ {∼𝑓 | ∼𝑓(𝑖) ∈ 𝑇} (20)

ℵ(𝑎) = {(𝑖, 𝑖+ 1) | 𝑖 ∈ [0..𝑙), 𝑎(𝑖) ∈ 𝐻} (21)

for 0 ≤ 𝑖 ≤ 𝑙. Conversely, given a labeled HT-trace ((⟨𝐻𝑖, 𝑇𝑖⟩)𝑖∈[0..𝜆),ℵ) of length 𝜆, we define the
HT-interpretation ⟨𝐻,𝑇 ⟩ as

𝐻 = {𝑓(𝑖),∼𝑔(𝑖) | 𝑓,∼𝑔 ∈ 𝐻𝑖, 𝑖 ∈ [0..𝜆)} ∪ {𝑎(𝑖) | (𝑖, 𝑖+ 1) ∈ ℵ(𝑎), 𝑖 ∈ [0..𝜆− 1)} (22)
𝑇 = {𝑓(𝑖),∼𝑔(𝑖) | 𝑓,∼𝑔 ∈ 𝑇𝑖, 𝑖 ∈ [0..𝜆)} ∪ {𝑎(𝑖) | (𝑖, 𝑖+ 1) ∈ ℵ(𝑎), 𝑖 ∈ [0..𝜆− 1)} (23)

for 0 ≤ 𝑖 ≤ 𝑙. With this one-to-one correspondence, we obtain the following results.

Proposition 9. Let (⟨H,T⟩,ℵ) be a labeled HT-trace of length 𝜆 > 0 and let ⟨𝐻,𝑇 ⟩ be an HT-
interpretation being in the above correspondence. For any domain description 𝐷, we have

⟨𝐻,𝑇 ⟩ |= 𝑃𝜆−1(𝐷) iff (⟨H,T⟩,ℵ), 0 |= Γ(𝐷)

⟨𝐻,𝑇 ⟩ =| 𝑃𝜆−1(𝐷) iff (⟨H,T⟩,ℵ), 0 =| Γ(𝐷)

Corollary 2. Let (⟨T,T⟩,ℵ) be a labeled HT-trace of length 𝜆 > 0 and let ⟨𝑇, 𝑇 ⟩ be an HT-interpretation
being in the above correspondence. For any domain description 𝐷, ⟨𝑇, 𝑇 ⟩ is an equilibrium model of
𝑃𝜆−1(𝐷) as defined in [21] iff (⟨T,T⟩,ℵ) is an equilibrium model of Γ(𝐷).

4. Reducing DELaf to DEL∼

Despite its expressiveness for reasoning about action and change, DELaf can be reduced to the simpler,
one-sorted Dynamic Equilibrium Logic (DEL; [10, 11]), whose logic programming fragment is imple-
mented by telingo [22]. More precisely, we consider DEL∼, the extension of DEL with strict negation
defined in Appendix A.

The syntax of DHTaf rests upon a two-sorted alphabet (𝒜,ℱ) of strictly disjoint actions and fluents
that cannot be used interchangeably. In contrast, DHT (and consequently DHT∼ and DEL∼) features
only a single generic action, τ. To translate formulas from DHTaf into DHT∼, we drop this two-sorted
distinction and treat all variables uniformly as fluents. In our terminology, this amounts to transforming
formulas over the alphabet (𝒜,ℱ) into formulas over the (one-sorted) alphabet ({τ},𝒜 ∪ ℱ).

Given a state formula 𝜙 over (𝒜,ℱ), we define 𝜏(𝜙) as the result of
1. replacing all operators ⊤̇, ¬̇, ∧̇ with ⊤,¬,∧, respectively,
2. replacing each maximal action formula 𝛼 with the path expression 𝛼?; τ, and
3. applying 𝜏 homomorphically to all remaining operators.

As this translation modifies only action formulas, 𝜏(𝜙) is a state formula over ({τ},𝒜 ∪ ℱ).
For example, applying 𝜏 to the effect law in (4) yields the formula

□ (∼𝑒𝑚𝑝𝑡𝑦 → [𝑙𝑙 ∧ 𝑙𝑟?; τ]∼𝑒𝑚𝑝𝑡𝑦) .

This can be transformed into the formula □ ((∼𝑒𝑚𝑝𝑡𝑦 ∧ 𝑙𝑙 ∧ 𝑙𝑟) → ̂︀∘∼𝑒𝑚𝑝𝑡𝑦).
To establish a model correspondence, we first identify a specific class of HT-traces, termed actionable,

that yields a bijection between labeled HT-traces in DHTaf and actionable HT-traces in DHT∼: An
HT-trace (⟨𝐻𝑖, 𝑇𝑖⟩)𝑖∈[0..𝜆) over ̃︀𝒜 ∪ ̃︀ℱ of length 𝜆 is actionable if (⟨𝐻𝑖, 𝑇𝑖⟩)𝑖∈[0..𝜆) is 𝒜-complete and
𝐻𝜆−1 ∩ ̃︀𝒜 = {∼𝑎 | 𝑎 ∈ 𝒜}. This property can be enforced as follows.



Proposition 10. An HT-trace M of length 𝜆 over ̃︀𝒜 ∪ ̃︀ℱ is actionable iff

M, 0 |= {□(¬F → (𝑎 ∨ ∼𝑎)),□(F → ∼𝑎) | 𝑎 ∈ 𝒜} (24)

We now establish the bijective model correspondence. Given a labeled trace (⟨𝐻𝑖, 𝑇𝑖⟩)𝑖∈[0..𝜆),ℵ) of
length 𝜆 over (𝒜, ̃︀ℱ), we define the HT-trace (⟨𝐻 ′

𝑖, 𝑇
′
𝑖 ⟩)𝑖∈[0..𝜆) of length 𝜆 over ̃︀𝒜 ∪ ̃︀ℱ , where for all

𝑖 ∈ [0..𝜆)

𝐻 ′
𝑖 = 𝐻𝑖 ∪ {𝑎 | (𝑖, 𝑖+ 1) ∈ ℵ(𝑎)} ∪ {∼𝑎 | (𝑖, 𝑖+ 1) ̸∈ ℵ(𝑎)} and
𝑇 ′
𝑖 = 𝑇𝑖 ∪ {𝑎 | (𝑖, 𝑖+ 1) ∈ ℵ(𝑎)} ∪ {∼𝑎 | (𝑖, 𝑖+ 1) ̸∈ ℵ(𝑎)}.

Note that the obtained HT-trace is actionable.
Conversely, given an actionable trace (⟨𝐻 ′

𝑖, 𝑇
′
𝑖 ⟩)𝑖∈[0..𝜆) of length 𝜆 over ̃︀𝒜∪ ̃︀ℱ , we define the labeled

trace (⟨𝐻𝑖, 𝑇𝑖⟩)𝑖∈[0..𝜆),ℵ) of length 𝜆 over (𝒜, ̃︀ℱ), where for all 𝑖 ∈ [0..𝜆)

𝐻𝑖 = 𝐻 ′
𝑖 ∩ ̃︀ℱ , 𝑇𝑖 = 𝑇 ′

𝑖 ∩ ̃︀ℱ , and ℵ(𝑎) = {(𝑖, 𝑖+ 1) | 𝑎 ∈ 𝐻 ′
𝑖 ∩ 𝒜}.

We obtain the following result.

Proposition 11. Let M be a labeled HT-trace of length 𝜆 over (𝒜, ̃︀ℱ) and M′ be an actionable HT-trace
of length 𝜆 over ̃︀𝒜 ∪ ̃︀ℱ satisfying the above correspondence.

For every state formula 𝜙 over (𝒜,ℱ), we have M, 𝑘 |= 𝜙 iff M′, 𝑘 |= 𝜏(𝜙) for all 𝑘 ∈ [0..𝜆).

Corollary 3. Let M be a labeled HT-trace over (𝒜, ̃︀ℱ) and M′ be an actionable HT-trace over ̃︀𝒜 ∪ ̃︀ℱ
satisfying the above correspondence.

For every formula 𝜙 over (𝒜,ℱ), we have that M is an equilibrium model of 𝜙 in DELaf iff M′ is an
equilibrium model of 𝜏(𝜙) in DEL∼ (as defined in Appendix A).

5. Related work

Our framework builds upon the foundations of propositional Dynamic Logic (DL; [7]). While the latter
is generally interpreted over Kripke frames, our formalism adopts a linear-time semantics over finite
traces. Consequently, formulas receive a different semantics: for example, what expresses executability
in DL corresponds to actual execution in our setting. Nevertheless, DELaf preserves the syntactic
structure of DL, relying on the interplay between path expressions and state formulas. Early work on
the interpretation of DL over linear traces was done in [15, 17]. In contrast to DELaf , this approach
is monotonic and permits only a single action per transition. Accordingly, it has no direct means to
express the parallel execution of actions. More recent work in this direction resulted in a variant based
upon linear finite traces [16], which retains a DL-style syntax yet in a one-sorted setting.

Rosenschein [12] pioneered the use of DL for planning. Extensions of DL that incorporate concurrent
path expressions [32, 33] typically rely on accessibility relations defined over sets of states. In contrast,
our approach is limited to the parallel execution of action formulas. DL has also inspired high-level
action languages such as golog [14] and congolog [34]. These formalisms decouple the specification of
action effects from the procedural constraints that govern admissible courses of action. This modeling
philosophy resonates with our approach, which leverages path expressions to restrict valid state
trajectories. However, unlike DELaf , these frameworks are inherently monotonic and consequently rely
on monotonic solutions to the frame problem. More broadly, DL has served as a foundation for meta-
theoretical investigations of action formalisms, encompassing analyses of consistency, ramifications, and
qualification [35], as well as modularity and the revision of domain descriptions [36, 37]. Furthermore,
comparative studies have employed DL as a unifying semantic framework for relating various monotonic
and non-monotonic solutions to the frame problem [38]. Notably, the non-monotonic nature of DELaf

enables a succinct representation of inertia, providing an effective solution to the frame problem.



Non-monotonic variants of DL were introduced in [39, 10, 29] as extensions of Equilibrium Logic [21],5
analogous to its linear temporal extension [41, 5]. Our approach advances these logics by introducing
a two-sorted setting, effectively establishing a clear distinction between action and state formulas. A
reduct-based non-monotonic extension of DL was proposed in [4], building upon the aforementioned
linear-time variant [15]. This approach was later reconstructed as an extension of Equilibrium Logic
in [39]. While it also relies on a two-sorted alphabet, it is restricted to single-action transitions and
omits test operations in path expressions.

Finally, action languages [27, 1, 42, 2] also strictly separate actions and fluents, typically defining
their semantics over transition systems. These formalisms provide concise means for representing
action and change, and admit concurrency [27]. They generally resolve the frame problem through
built-in minimal-change assumptions, which are often compiled into stable-model semantics [2, 30].
Notably, the resulting inertia laws closely resemble the formulations employed in our approach.

6. Conclusion

We presented a formal framework for reasoning about action and change that relies on Dynamic
Logic. Our approach unifies the core two-sorted language of [8, 9] with the non-monotonic semantic
foundations introduced in [10, 11]. Our primary objective was not merely to introduce yet another
standalone formalism for action and change, but rather to bridge the gap between high-level knowledge
representation and practical computability. By synthesizing established insights from the literature,
we formulated a system that is highly expressive by accommodating rich temporal constraints and
explicitly distinguishing between action and state variables, while remaining easily reducible to a
single-sorted structure. Consequently, rather than defining a purely theoretical logic from scratch,
our framework is explicitly designed to be amenable to implementation on top of state-of-the-art ASP
systems. Specifically, our reduction paves the way for evaluating these expressive dynamic models
using the temporal ASP solver telingo, leveraging the robust computational infrastructure of the ASP
system clingo.
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A. Definition of logics DHT∼ and DEL∼

Given a set ℱ of propositional (fluent) variables, dynamic formulas 𝜙 and path expressions 𝜌 are mutually
defined as follows:

𝜙 ::= 𝑓 ∈ ℱ | ⊥ | ∼𝜙 | ⟨𝜌⟩𝜙 | [𝜌]𝜙 (25)
𝜌 ::= τ | 𝜌+ 𝜌 | 𝜌; 𝜌 | 𝜌* | 𝜙? | 𝜌− (26)

The semantics of dynamic formulas is defined in terms of traces over ̃︀ℱ , as described in Section 2.2.
An HT-trace M = ⟨H,T⟩ of length 𝜆 over ̃︀ℱ satisfies (resp. falsifies) a dynamic formula 𝜙 over ℱ

at 𝑖 ∈ [0..𝜆), in symbols M, 𝑖 |= 𝜙 (resp. M, 𝑖 =| 𝜙), if the following conditions hold:

1. M, 𝑖 |= 𝑓 if 𝑓 ∈ 𝐻𝑖 for 𝑓 ∈ ℱ
2. M, 𝑖 ̸|= ⊥
3. M, 𝑖 |= ∼𝜓 if M, 𝑖 =| 𝜓
4. M, 𝑖 |= ⟨𝜌⟩𝜙 if M, 𝑗 |= 𝜙 for some (𝑖, 𝑗) ∈ ‖𝜌‖M|=
5. M, 𝑖 |= [𝜌]𝜙 if ⟨X,T⟩, 𝑗 |= 𝜙 for all (𝑖, 𝑗) ∈

‖𝜌‖⟨X,T⟩
|= and X ∈ {H,T}

6. M, 𝑖 =| 𝑓 if ∼𝑓 ∈ 𝐻𝑖 for 𝑓 ∈ ℱ
7. M, 𝑖 =| ⊥
8. M, 𝑖 =| ∼𝜓 if M, 𝑖 |= 𝜓

9. M, 𝑖 =| ⟨𝜌⟩𝜙 if M, 𝑗 =| 𝜙 for all (𝑖, 𝑗) ∈ ‖𝜌‖M̸=|
10. M, 𝑖 =| [𝜌]𝜙 if (⟨H,T⟩,ℵ), 𝑗 =| 𝜙 for some

(𝑖, 𝑗) ∈ ‖𝜌‖⟨H,T⟩
|=

where the relations ‖𝜌‖M|= ⊆ [0..𝜆)× [0..𝜆) and ‖𝜌‖M̸=| ⊆ [0..𝜆)× [0..𝜆) are defined for τ ̸∈ ℱ , state
formula 𝜙, and path expressions 𝜌, 𝜚, as

‖τ‖M|=
def= 𝐼𝜆

‖𝜙?‖M|=
def= {(𝑖, 𝑖) | M, 𝑖 |= 𝜙}

‖𝜌−‖M|=
def= {(𝑘, 𝑖) | (𝑖, 𝑘) ∈ ‖𝜌‖M|= }

‖𝜌 + 𝜚‖M|=
def= ‖𝜌‖M|= ∪ ‖𝜚‖M|=

‖𝜌 ; 𝜚‖M|=
def= ‖𝜌‖M|= ∘ ‖𝜚‖M|=

‖𝜌*‖M|=
def=

(︁
‖𝜌‖M|=

)︁*

‖τ‖M̸=|
def= 𝐼𝜆

‖𝜙?‖M̸=|
def= {(𝑖, 𝑖) | M, 𝑖 ̸=| 𝜙}

‖𝜌−‖M̸=|
def= {(𝑘, 𝑖) | (𝑖, 𝑘) ∈ ‖𝜌‖M̸=| }

‖𝜌 + 𝜚‖M̸=|
def= ‖𝜌‖M̸=| ∪ ‖𝜚‖M̸=|

‖𝜌 ; 𝜚‖M̸=|
def= ‖𝜌‖M̸=| ∘ ‖𝜚‖

M
̸=|

‖𝜌*‖M̸=|
def=

(︁
‖𝜌‖M̸=|

)︁*

An HT-trace of form ⟨T,T⟩ is a temporal equilibrium model of a theory Γ if it is a model of Γ and
there is no other model ⟨H,T⟩ of Γ with H < T.

Our treatment of strong negation in both DELaf and DEL∼ builds upon Nelson’s logic N5 [40],
reflecting its original application in extending Equilibrium Logic [21]. This choice ensures consistency
with Yang’s HT-based characterization of the action language ℬ𝒞 [30], which relies on the same concept
of negation, thereby facilitating our embedding of ℬ𝒞 into DELaf .

A different form of strong negation for DEL was proposed in [29]. Its semantics is based on the
alternative concept explored in [45], which aligns with the reduct-based semantics for nested expres-
sions [46]. Regarding DHT∼, the primary technical distinction between the two approaches manifests
in the dissatisfaction condition for the box modality: the alternative semantics employs the weaker
relation ‖𝜌‖⟨T,T⟩

|= in Condition 10. instead of ‖𝜌‖⟨H,T⟩
|= . The definition of DELaf and its reduction to DEL

could equally be based on this alternative formulation, especially since both concepts of implication are
interdefinable [45].
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