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Abstract

Integration of Answer Set Programming (ASP) with neural networks has emerged as a promising tool in Neuro-
symbolic AL. While existing approaches extend the capabilities of ASP to real world domains, their reasoning
pipelines depend on classical solvers, which is a bottleneck for scalability. To tackle this problem, we propose a
new method to compute stable models, called decision—propagation (DProp), which alternates falsity decisions
and truth propagations. Successful DProp computations are shown to capture the stable model semantics. We
then develop Neural DProp (NDProp), a differentiable extension of DProp with neural computation for decisions
and fuzzy evaluation for propagations. We evaluate the capabilities of NDProp for learning decision heuristics
as well as neuro-symbolic integration, and compare it with existing neuro-symbolic approaches. The results
show that NDProp can learn to efficiently compute stable models, and it improves accuracy and scalability on
neuro-symbolic benchmarks.
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1. Introduction

Neuro-symbolic Al aims to develop systems that bring together robust learning in neural networks
with reasoning via symbolic representations [1, 2]. There has been a growing interest in using logic
programming as a general symbolic reasoning framework for such integrated systems [3, 4, 5]. Answer
Set Programming (ASP), a declarative programming paradigm widely used for knowledge representation
and reasoning tasks [6, 7], is used in such systems. Neuro-symbolic integration in ASP has been
attempted in various domains such as Visual Question Answering [8], compliance checking [9] and
many more [10].

One prominent approach to accomplishing neuro-symbolic integration with ASP is to train neural
networks with symbolic knowledge expressed with ASP. NeurASP [3] integrates neural atoms into
ASP programs, allowing neural network outputs to be directly incorporated into symbolic reasoning
and learning. SLASH [11] extends this line of work with neural-probabilistic predicates and removes
low-probability predicate outcomes before ASP solving, thereby reducing the number of stable models
that must be considered. However, these approaches still largely follow a hybrid design in which neural
components and symbolic ASP solvers remain separated by an interface: continuous neural predictions
must be translated into symbolic atoms/literals, constraints, or probabilistic facts before reasoning
can be performed. This introduces a combinatorial grounding problem, as the system must reason
over multiple candidate associations between perceptual entities and symbolic objects before being
processed by an ASP solver.

To address these challenges, we propose a novel method for computing stable models called decision—
propagation (DProp). A DProp run iteratively alternates between the following two phases: (i) decision,
which selects undecided atoms to commit to false non-deterministically, and (ii) propagation, which
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updates the current partial assignment by deriving consequences of the program under the current
assumptions. We then prove that successful DProp computations (runs that end without contradictions)
capture the stable model semantics.

Subsequently, we propose Neural DProp (NDProp), a differentiable extension of DProp. NDProp
uses neural networks for falsity decisions and fuzzy logic operators for propagations. As NDProp is
identical to DProp in the crisp case, it is able to prove stability when the outputs are binary under a
certain condition, making it easy to train in an unsupervised manner. These make the integration of
NDProp into neuro-symbolic systems seamless, while still preserving a clear connection to classical
stable model semantics. Furthermore, the learned decision steps and parallel capabilities via GPUs make
this approach significantly more scalable.

To demonstrate the effectiveness of NDProp, we conduct neuro-symbolic integration to determine
whether using NDProp has merits over existing approaches that use classical solvers. The results show
that NDProp performs better than the respective baselines; it is superior with respect to accuracy, and
has much higher inference speed than existing ASP-based approaches. Overall, this approach is the
first to provide a fully differentiable solver for ASP based on a novel fixpoint semantics, and is effective
at mitigating the problems that arise from the interface between components in existing approaches.

2. Preliminaries

Answer Set Programming. A ruler in a (normal logic) program P has the form
a<+bi,...,bp,notcy,...,notc, (1)

where a, b;, and c; are atoms and not denotes default negation. For a rule 7 of the form (1), the atom a is
the head of the rule denoted as H(r), and by, ..., by, not ¢y, ..., not ¢ is the body of the rule denoted
as B(r). The sets BT (r) = {b1,...,by,} and B~ (r) = {c1,..., ¢} denote the positive body atoms
and the atoms occurring under default negation, respectively. Given two interpretations /, J and a
normal logic program P, an immediate consequence operator with respect to J [12] is defined as

Cps(I)={H(r)e A|BY(r)CI,B (r)nJ =10}.

Fuzzy Interpretations. Fuzzy Answer Set Programming (FASP) extends ASP by interpreting atoms
with a truth degree in the interval [0, 1], making it possible to reason with vague or incomplete
information [13, 14]. Let A be a set of propositional atoms. A fuzzy interpretation is a mapping
I: A — [0,1] assigning each atom a degree of truth. To evaluate rule bodies, FASP fixes a t-norm
® : [0,1]2 — [0, 1] (fuzzy conjunction), i.e., a commutative, associative and monotone operator with
unit 1. Typical t-norms include Gédel, Product, and Lukasiewicz. Similarly, t-conorm @ : [0, 1] — [0, 1]
represents fuzzy disjunction. For a rule 7 of the form (1), the degree to which the body is satisfied under

Iis
1B0) = (Q14) = ((é)(l—f(cm),
=1 j

7j=1
where default negation is interpreted using I(notc) =1 — I(c).

3. Decision-Propagation for ASP

In this section, we describe DProp computations, and show that successful DProp computations capture
stable model semantics. DProp uses a forward chaining approach similar to [15, 16], with the biggest
difference being that the decisions are made at an atom and not at a rule level, making it much simpler
to differentiably extend.

Formally, DProp operates on an atom set .4 of P, with each state splitting A into disjoint true, false,
and undecided sets T, F,and U = A \ (T U F), respectively. With initial sets 7° = A(0), FY =1,

and U% = A\ (T° U FY), a run in DProp performs the following iterations (k > 1) until termination:



1. Decision. Select an undecided atom a € U*~! (via some policy), then update F* = FF=1 U {a}.

2. Propagation. With F* fixed, compute T* = ;OA\Fk (T*=1) and set U* = UF=1\ (T* U FF).

3. Termination. If U* = (), stop and return T’ k. otherwise continue to the next decision.

When a run terminates, we write £ = oo, obtaining 7°°°, F'*°, and U*°. Here, both T" and F" increase
monotonically because Propagation and Decision never remove atoms from them. The following
theorem states that successful DProp computations (computations that end with U = () and T°° N
F>° = () capture stable model semantics, and vice versa.

Theorem 1. Let P be a finite program and S C Ap, where Ap is the set of atoms occurring in P. Then
S is a stable model of P if and only if S is the final true set of a successful DProp computation.

4. Neural Decision-Propagation

We now instantiate DProp with differentiable operators and neural decision modules, yielding a neural
solver NDProp that is an extension of DProp. Corresponding to the true and false sets 7" and F', we
consider true and false degrees (1, ¢) € [0,1]™ x [0, 1]™.

4.1. Neural Extensions of DProp

Each atom a; carries a true and false degree 7; and ¢;. Literal evaluations are done with the val operator,
which outputs for positive and negative literals val(a;) = 7; and val(nota;) = ¢;, respectively.
Regarding (7;, ¢;), values near (0,0) indicate undecided atoms, (1,0) denotes derived truth, (0,1)
denotes explicit falsity, and (1, 1) encodes contradiction. For NDProp, we combine these into a single
membership score

which serves as the atom’s soft truth value indicating whether the atom should be included in the
answer set or not. This becomes binary iff (7, ¢;) is (1,0) or (0, 1). We denote by (7%, ') the degrees
at iteration ¢.

Decision Phase. Decisions update only ¢ while holding 7 fixed, as in DProp. Given a t-norm & and
t-conorm @, the undecided degree y; for atom a; at iteration ¢ is defined as u} := 1 — (7} @ ¢f) =
(1 -1 @ (1—¢l) €[0,1], which is the fuzzy conjunction of the degree to which a; is not true and
the degree to which a; is not false. We then produce decisions via a neural decision module (RNN) that
takes the current input and hidden state s'~! and yields decision logits d* and updated hidden state s*:

(dta St) - RNNdeC([Tt H ¢t H Mt}v St_l) ) 8 = U(dt)v

where || denotes concatenation and o : R — (0, 1) is the sigmoid function. RNNs retain historical
information with the hidden states s’, making it suitable for our approach that requires producing
decisions over multiple steps. The falsity degrees move towards 1 according to the decision §* and the
undecided degree y':

't =o' + (W © 5", (2)

with ® denoting elementwise multiplication. Note that ¢**! remains in [0, 1] since ! < 1 — ¢’ and
8" € [0,1]. Because ' becomes zero for already decided atoms, this additive rule directly mirrors the
discrete falsity decision when (7%, ¢!) and 4! are binary.

Propagation Phase. Propagation updates only 7 while holding ¢ fixed, as in DProp. Given a t-norm
® and t-conorm @, for each rule 7, its rule body contributes support

pi(r,0) = Q) vall),  (Cre(m))i= B pi(r.9).

£€B(rj) J:H(rj)=a;
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Figure 1: NDProp pipeline. The neuro-symbolic integration is added for specific instantiations, and the
arrow leading from the neuro-symbolic block to the ASP program is added only when the backbone
neural networks are being trained.

Given ¢'*1, we update 7 from 7¢ by iterating C p,ot+1 until convergence: il = C}’D‘j 1 (7%). In practice,
we stop the iteration early when the maximum change between successive applications of Cp 4:+1 falls
below a fixed convergence threshold, or the iteration reaches a given pre-defined value.

Based on the above definitions, we can show that NDProp coincides with DProp in the crisp case.

Proposition 1 (Crisp Case). Let (7,¢) € {0,1}" x {0,1}", 6 € {0,1}", and propagation compute the
fixpoint of Cp 4. Then, one update of NDProp coincides with one iteration of DProp.

4.2. Loss Alignment
We prove that enforcing NDProp to output binary values is equivalent to enforcing stability.

Theorem 2 (Binary terminal state yields stability). Let P be a finite program and S C Ap, where Ap is
the set of atoms occurring in P. Then S is a stable model of P if and only if propagation is applied until
convergence with the resulting membership score p; € {0,1} and S = {a; | p; = 1}.

From Theorem 2, we can conclude that when the output p of NDProp is trained with a loss function
that enforces binary outputs, it inherently forces the NDProp to learn to output stable models, given
that the final propagation is done until convergence.

5. Experiments

As NDProp can approximate answer sets differentiably, it is natural to combine with existing neural
networks based architectures to perform neuro-symbolic inference. In all settings, the input consists of
one or more MNIST images, and supervision is provided only through arithmetic relations between the
underlying concepts, rather than through per-image labels [4, 17, 18]. The goal is therefore to jointly
learn perception using symbolic reasoning from weak, relational supervision.

Setup. In this experiment, we evaluate NDProp on MNIST-based arithmetic reasoning tasks that
are commonly used as neuro-symbolic benchmarks [3, 4]. These include one- and two-digit addition,
Add2x2, Apply2x2, and three- and five-digit membership. In the addition tasks, the input consists of
digit images, and the output is their sum. In Add2x2, the input is a 2 x 2 grid of digit images, and the
outputs are the sums of the rows and columns. Apply2x2 is similar, but the arithmetic operators are
also given as handwritten images. In the membership tasks, the system predicts whether a queried digit
is included in a set of digit images. For NDProp, we use the setup with iteration of 1, hidden dimension
of 8, logical dimension of 2, learning rate of 1 X 1073, and product t-norm.

We compare the performance of NDProp with ASP-based neuro-symbolic systems: NeurASP [3]
and SLASH [11]. Experiments are conducted with a maximum of 10 epochs for NeurASP, SLASH



Addition Addition2 Add2x2 Apply2x2 Member3 Member5

NDProp NASP SLASH NDProp NASP SLASH NDProp NASP SLASH NDProp NASP  SLASH NDProp NASP SLASH NDProp NASP SLASH

Train 160 1612 430 235 TO 2374 692 TO TO 346 385 166 110 2829 TO 969 TO TO
Test 0.37 24.259.94 1.28 33.90 3.73 1.15 41.59 3.75 1.52 5.31 4.32 0.79 5.13 3.08 4.40 496.4 6.38

R.Acc 99.0 98.5 98.9 98.9 98.5 99.0 99.0 98.6 98.9 100.0 100.0 100.0 97.3 96.8 97.2 97.0 11.6 8.9
LAcc 98.2 97.1 97.8 96.1 94.6 96.5 95.7 93.70 95.2 100.0 100.0 100.0 99.0 98.6 98.7 97.5 59.7 60.3

Table 1

Neuro-symbolic MNIST results for NDProp, NeurASP (NASP) and SLASH, all trained for 10 epochs.
Metrics are Train: Training time, Test: Testing time, R.Acc: Recognition Accuracy (%), and I.Acc: Inference
accuracy (%).

and NDProp, setting timeout to 3000 seconds; the training is cut off when the budget is reached, and
accuracy is checked at that point.

ASP Encodings. In contrast to prior neuro-symbolic ASP systems that use neural predicates to
interface with perception modules [3], we adopt a different strategy. We embed the output of neural
models as fuzzy facts into a fixed ASP program that encodes the arithmetic constraints, as shown in
Figure 1. While this may seem to force NDProp to perform as a FASP solver, the objective is to produce
binary outputs, explicitly forcing the backbone perception model to predict binary values as well.

Results. Table 1 reports recognition accuracy, inference accuracy (accuracy of final output), and
runtime (seconds) for both training and testing splits, averaged over 3 runs. Across the six neuro-
symbolic tasks, NDProp achieves higher recognition and inference accuracy than NeurASP and SLASH
on five, with the exception of Addition2, where SLASH has slightly higher recognition and inference
accuracy. Empirically, this shows the benefits of using end-to-end trainable systems: jointly optimizing
perception and reasoning leads to more cohesive and consistent outputs. Furthermore, NDProp has
substantially lower training time than NeurASP and SLASH in most settings. In particular, for Member5,
both NeurASP and SLASH fail to complete even one epoch within the time budget, leading to very low
accuracy. This is more prominent in the testing speed, which is an average of 41.8 times faster than
NeurASP, and 6.8 times faster than SLASH. This is mainly due to the GPU capabilities of NDProp; GPUs
allow for higher parallelization, allowing our model to process multiple instances with one forward
pass.

6. Conclusion

We have presented decision—propagation (DProp), a novel method for computing stable models. DProp
alternates between falsity decisions and truth propagations, and a successful DProp computation is
shown to capture the stable model semantics. We then proposed NDProp, a differentiable extension of
DProp that uses neural decisions and fuzzy propagations, and show that it coincides with DProp at
the binary limit. Experiments on neuro-symbolic benchmarks show that NDProp outperforms existing
ASP-based neuro-symbolic systems in terms of accuracy and runtime, demonstrating the benefits of
end-to-end trainable systems for neuro-symbolic inference. The results display the benefits of using a
differentiable solver that minimizes the interfacing between the neural and symbolic components.

Throughout the experiments, we have noticed that some t-norms work better than others in each
setting. An extensive study of t-norms in particular settings is left out for future work. Another direction
to explore is whether the semantics of NDProp aligns with FASP. At the moment, NDProp is aimed
at normal logic programs, but with modifications, it could be used to solve fuzzy variants. Finally,
extending the framework to support often used constructs such as constraints, choices and aggregates
is left for future work as well.
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