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Abstract

Understanding parallel complexity is increasingly important in the era of multicore processors and distributed
computation. Yet parallel complexity is rarely taught at the undergraduate level, in part because it has lacked
an accessible programming model. We show that Logica, an open-source logic programming language, makes
parallel complexity practical and teachable. In Logica, the parallel time of a computation corresponds to the
recursion depth of the program, and the total work corresponds to the size of the computation across all steps.
We illustrate this through a series of short, readable programs, which consists of transitive closure, shortest paths,
connected components, edit distance, matrix exponentiation, and PageRank, each expressing a parallel algorithm
in a few lines. We also discuss the connection to tabling in XSB Prolog. Several of our examples can be expressed
via lattice answer subsumption, and we present an experimental logica_table library for SWI-Prolog that
enables broader use of aggregation in tabling.
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1. Introduction

Parallel complexity — the study of how computation time can be reduced by using multiple processors
— is fundamental to modern computer science. Every laptop today has multiple cores; every cloud
computation is distributed. Understanding what can and cannot be parallelized is no longer a pure
theoretical question.

Yet parallel complexity is not broadly taught at the undergraduate level. The standard complexity
curriculum covers P, NP, and PSPACE, giving students tools to reason about sequential time. But it
skips the parallel dimension almost entirely. Most students graduate knowing how to ask “can this be
solved in polynomial time?” but not “can this be efficiently parallelized?”

We believe the gap is pedagogical, not substantive. The key concepts — parallel time, total work,
the trade-off between them — are intuitive and important. What has been missing is an accessible
programming model that supports intuitive reasoning and experimentation.

It is a well-known result from descriptive complexity theory that parallel complexity classes can be
characterized via iterative Datalog evaluation [4, 12]. The recursion depth of a bottom-up evaluation
corresponds directly to parallel time. However, in standard Datalog syntax that the theory directly refers
to, this characterization remains a theoretical observation. A classical Datalog program for transitive
closure is elegant, however for anything more interesting the programs are very hard to read and
are rarely spelled out. On the other hand, the programs one can write in conventional programming
languages like C++ or Java are too verbose to serve as compelling illustrations of parallel algorithms.

We propose that Logica fills this gap. Logica is an open-source logic programming language for data
analysis that extends Datalog with aggregation, functions, and modules while compiling to SQL for
execution. Its aggregation operators — Min=, Max=, += — along with set-theoretic deduplication via
distinct, allow parallel algorithms to be expressed concisely and readably. The structure of a Logica
program — its recursion depth and the work done across all steps — makes parallel time and total work
natural to understand and easy to reason about.
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A student can write two versions of the same program — one with linear recursion depth, one with
logarithmic — run both, and reason about the trade-off between parallel time and total work. This is
parallel complexity, made tangible.

The rest of the paper is organized as follows. Section 2 provides background on parallel time and work,
and introduces Logica. Section 3 develops the core pedagogical approach through transitive closure,
showing how students can reason about recursion depth as parallel time, and introduces the complexity
class NC. Section 4 presents a gallery of examples — shortest paths, connected components, edit distance,
matrix exponentiation, and PageRank — each illustrating a different aspect of parallel complexity in a
few lines of Logica. Section 5 discusses the connection to XSB Prolog’s tabled evaluation and presents
logica_table, an experimental library for semigroup aggregation in SWI-Prolog. Section 6 concludes.

2. Background

2.1. Parallel Time and Work

A parallel computation can be characterized by two measures: parallel time (also called depth — the
number of steps, where each step may use arbitrarily many processors) and work (the total number of
operations across all processors).

A good parallel algorithm minimizes depth while keeping work manageable. The ideal is a work-
efficient parallel algorithm: one whose work matches the best sequential algorithm, but whose depth is
polylogarithmic.

2.2. Recursion Depth as Parallel Time

The connection between recursion depth and parallel complexity is established through what is known
as naive evaluation of logic programs. A program evaluated bottom-up computes a sequence of tables:
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where each T} is obtained by applying all rules to 7; once, and k is the number of iterations until a
termination condition (for instance fixed point) is reached.

The key insight is that a typical logic rule built out of predicate calls connected by conjunction and
disjunction can be efficiently parallelized, that is evaluated in constant parallel time [13]. Fortunately
parallelization remains possible when we extend classical logic programming with abelian semigroup
aggregation as Logica does, since aggregation over a set of size n can be computed in O(logn) parallel
time via a balanced reduction tree[4]. And therefore we have

+ Parallel time = number of iterations = recursion depth
« Work = total size of computation across all iterations

It is worth noting that Prolog and Datalog implementations often prefer semi-naive evaluation[1],
which avoids redundant computation by only considering new facts at each step. Logica uses naive
evaluation, which recomputes the full table at each iteration. This can often increase total work, but the
clean level-by-level structure gives a direct correspondence between recursion depth and parallel time,
making it easy to reason about the asymptotics of parallel algorithms and to see the trade-offs between
parallel speed and total work. For many of our examples, naive evaluation achieves the theoretically
optimal parallel depth. A work-efficient parallelization — one matching both the optimal depth and
the optimal total work — often cannot be expressed via naive evaluation alone. For teaching parallel
complexity, however, this is good level of abstraction, and we use it to reason about parallel complexity
in the following sections.



2.3. Logica

Logica [9, 8] is an open-source logic programming language for data analysis. Programs are compiled
to SQL and evaluated bottom-up by the underlying engine (DuckDB, BigQuery, PostgreSQL, or SQLite).

Logica extends standard logic programming with abelian semigroup aggregation: aggregation defined
by an associative and commutative binary operation. Operators such as Min=, Max=, += appear
directly in rule heads, giving concise expression to optimization, counting, and summation. Logica’s
aggregation mode is similar to XSB Prolog’s answer subsumption [11], which supports lattice aggregation
— semigroup aggregation with the additional requirement of idempotency. We discuss this connection
in detail in Section 5.

Beyond aggregation, Logica provides functions, modules, and integration with SQL databases, making
it practical for both education and data analysis. Execution stages are displayed during program
evaluation, allowing students to observe the progression of computation.

3. Teaching to Reason About Parallel Complexity

We introduce the core ideas through the simplest possible example: transitive closure.

3.1. Two Programs for Transitive Closure

Consider a directed graph — for instance, a family tree where edges represent parent-child relationships.
Computing the ancestor relation means finding all pairs of people connected by a chain of parent-
child links. This is transitive closure, and a student usually encounters it in a first course on logic
programming,

Given edges via predicate E(a, b), we can compute all connected pairs with Logica as follows.

TC(a, b) distinct :- E(a, b);
TC(a, c) distinct :- TC(a, b), E(b, c);

Here we note Logica’s convention of using PascalCase for predicates and snake_case for variables,
using semicolon rather than period to denote end of the rule. Also note that Logica uses keyword
distinct to declare predicates that are sets rather than multisets. As a language design choice,
distinct is annotated at the rule level, however all rules defining a predicate must be consistently
annotated.

In practice we often encounter graphs of bounded degree, so we focus our analysis on the case
where degree of vertex is bounded by a constant b. So let us assume we are running this program for a
graph with n edges of total diameter d. At each iteration, paths grow by one edge. Thus the number
of iterations equals the diameter d of the graph. Then the work of each iteration in the worst case is
O(n?) (joining TC, which is of size up to n?, with the edge table E, each pair from TC matching to at
most b edges). Since the longest path has length d, we need d iterations to find all paths. Total work:
O(n?-b-d).

Alternatively in the second rule we may be making both calls to predicate TC.

TC(a, b) distinct :- E(a, b);
TC(a, c) distinct :- TC(a, b), TC(b, c);

At each iteration, known paths are composed with known paths. The maximum path length doubles
at each step. The number of iterations is O(logn). But each iteration does O(n*) work (joining TC of
size n? with itself). Total work: O(n*logn).

The difference in the program text is a single edit: replacing E(b, c¢) with TC(b, c¢). Yet this
changes both the parallel time and the work.



3.2. Parametric Analysis

Just as students learn to analyze sequential time complexity parametrically, e.g. knowing for QuickSort
algorithm “this algorithm runs in O(n logn)”, now they can analyze parallel depth parametrically. Like
we have seen in the previous subsection for a graph of size n of degree bounded by b and diameter
bounded by d we have:

« Single-recursion TC: recursion depth, i.e. parallel time is O(d) and total work is O(n? - b - d).
« Double-recursion TC: recursion depth, i.e. parallel time is O(log n) and work is O(n*logn).

Which is better? It depends on the graph. For a chain graph (d = n), single recursion has depth
O(n) and work O(n?), while double recursion has depth O(logn) and work O(n*logn). The double-
recursion version is massively faster in parallel time, but at the cost of significantly more total work.

For a graph with small diameter (d = O(logn)), single recursion already has logarithmic depth —
and far less work. The “obvious” parallelization isn’t always needed.

This kind of reasoning, in terms of parameters of the problem and possible trade-offs, is exactly what
we want students to learn.

3.3. When Depth is Polylogarithmic: The Class NC

When the parallel time (recursion depth) of a program is O(log" n) for some constant k, the program
computes a problem in NC (Nick’s Class) — the class of problems efficiently solvable in parallel.

Class NC is one of the central complexity classes. Whether P and NC are equal, that is, can every
polynomial-time computation be efficiently parallelized or not, is a major open problem, on par with
P vs NP in its importance for understanding the nature of computation. With Logica, NC becomes
concrete. A student can ask: “Can I rewrite this linear-depth program to have logarithmic depth?” For
transitive closure and shortest paths, the answer is yes. For some problems, no such rewriting is known,
and finding one (or proving none exists) would resolve the NC vs P question.

This gives students a concrete way to engage with one of the deepest questions in complexity theory:
not as an abstract theorem, but as a programming challenge. For example, in the previous section we
showed a logarithmic-depth program for transitive closure, proving that TC is in NC.

Moreover, Logica programs are not merely illustrations: they compile to SQL and execute in parallel
via the underlying engine. DuckDB utilizes multiple cores; BigQuery distributes computation across
thousands of machines. Distribution does introduce synchronization overhead, but modern SQL engines
are engineered to manage it efficiently. Part of the course can be dedicated specifically to explaining
how the engine distributes data across machines and evaluates joins and aggregations in parallel, giving
students a path to understand the lower level implementation.

4. Examples Gallery

To demonstrate Logica’s usefulness in the education process we present a collection of classic parallel
algorithms written in Logica. Each example is short and self-contained. For each, we discuss recursion
depth (which corresponds to the parallel time) as well as total work.

4.1. All-Pairs Shortest Paths

Given a graph with edges E(a, b), the all-pairs shortest path problem asks for the minimum number
of edges between every pair of vertices. As with transitive closure, we can write two versions.
The single-recursion version extends paths one edge at a time:



D(a, b) Min= 1 :- E(a, b);
D(a, c) Min= D(a, b) + 1 :- E(b, ¢c);

Here we encounter Logica’s functional notation. We define distance predicate as a function
D(from_node, to_node) = distance. Itis an ordinary predicate, but we use one of the columns
for value as a syntactic sugar. In this case it is especially natural to use the functional notation because
for each pair of connected vertices we identify a single value, which is the distance. Note that in general
in Logica functional value is just an attribute of the predicate, so we can be defining multi-valued
functions.

Functional value can be defined without aggregation with a simple equality sign, or via a predicate-
level aggregation, like it is done in this example. When a column is aggregated it has to be done
consistently across all the rules of the predicate, similarly to how distinct would be applied to all or
none of the rules.

The first rule says: if there is an edge from a to b, then the distance from a to b is at most 1. The
second rule says: if the distance from a to b is known and there is an edge from b to c, then the distance
from a to c is at most that distance plus one. The Min= operator keeps only the minimum over all
derivations. Similarly to transitive closure we see that depth would be O(d), where d is the diameter of
the graph.

The double-recursion version composes pairs of known paths:

D(a, b) Min= 1 :- E(a, b);
D(a, c) Min= D(a, b) + D(b, c);

The second rule now says: if the distance from a to b and from b to c are both known, then the
distance from a to c is at most their sum. At each iteration, the maximum known path length doubles —
this is the logical equivalent of repeated squaring of the distance matrix. Here depth is O(logn) and
thus this program proves that finding all distances is a problem from NC.

4.2. Connected Components

For an undirected graph (a graph where edges are symmetric) a connected component of a graph is a
set of nodes such that you can travel between each pair of nodes. It is a natural question to ask: given a
graph how many connected components does it have?

To solve the problem with Logica we note that a connected component of an undirected graph can
be identified by the smallest vertex reachable from each vertex of the component. We can determine
which vertex is reachable from which via computing transitive closure TC. We have computed it in
Subsection 3.1 for a directed graph, and computing it for a simple graph can be done via replacing each
undirected edge with two directed edges that go both ways of the original edge. Once TC has been
computed we can then compute the number of connected components of a graph as follows.
Component (x) Min= y :- TC(x, Vy);

NumComponents() += 1 :- Component(x) == X;

The first rule assigns each vertex x to the component labeled by the minimum vertex y reachable
from it. The second rule counts components: a vertex is a component representative if it is its own
minimum, i.e. Component (x) == x. The += operator sums 1 for each such representative. These two
lines add only a constant to the depth — the parallel cost is dominated by TC.

4.3. Edit Distance

Edit distance is a classic dynamic programming problem. Given strings A and B of lengths n and m
defined as functions like A(1) = i_th_letter_of_a we can compute edit distance incrementally
defining a predicate ED(len_of_prefix_a, len_of_prefix_b).



ED(0, 0) Min= 0;

ED(i, j) Min= ED(i-1, j) + 1 :- A(i);
ED(i, j) Min= ED(i, j-1) + 1 :- B(3);
ED(i, j) Min= ED(i-1, j-1) + cost :-
cost = (if A(i-1) == B(j-1) then 0 else 1);

The sequential time complexity is O(n - m). But what is the parallel time?

Each cell (7, j) depends on cells (i—1, j), (i, 7—1),and (i—1, j—1). The longest chain of dependencies
runs along the anti-diagonal: cells on the same anti-diagonal (where ¢ + j is constant) are independent
and can be computed in parallel. There are n + m anti-diagonals, so the parallel time is O(n + m), so
it is linear, not quadratic. Note that parallel complexity is revealed by simply writing the declarative
formulation of the problem, and moreover when executed on Logica this complexity will be automatically
achieved.

Writing this simple program, a student can immediately observe that an algorithm with quadratic
sequential time has only linear parallel time. This follows directly from analyzing the recursion depth
of the Logica program, applying the same parametric reasoning used for transitive closure.

4.4. Matrix Exponentiation

The previous examples use Min — an idempotent aggregation. Matrix multiplication requires +=
(summation), which is not idempotent; this is an example of a program that is not natively supported
by Prolog tabling, which we discuss in Section 5. This distinction matters: many parallel algorithms in
linear algebra are built on matrix exponentiation.

@Recursive (PowerOfA, 5);
PowerOfA(i, j, 1) += A(i, J);
PowerOfA(i, j, 2*p) +=
PowerOfA(i, k, p) * PowerOfA(k, j, p);
PowerOfA(i, j, 2+%p+1) +=
PowerOfA(i, k, p) * PowerOfA(k, j, p+1);

The += operator performs the summation that constitutes matrix multiplication. The two recursive
rules implement repeated squaring: A%P = AP - AP and AP+ = AP . APF1,

The directive @Recursive (PowerOfA, 5) instructs Logica to perform 5 iterations. Since the power
doubles at each step, this computes A?” = A32 _ the iteration count grows only logarithmically with
the desired exponent. Logica also supports stop conditions, but a fixed iteration count is the simplest
approach for the classroom: students set it to the value they need.

This is the building block for matrix inversion via the Leverrier-Faddeev algorithm (~30 lines of
Logica), determinant computation, and solving linear systems — all of which are in NC [2].

4.5. PageRank

PageRank is a more advanced example that illustrates an iterative parallel algorithm, where values are
refined over successive rounds rather than computed in a single pass to a fixed point.

PR(x) 4= 0.15 / N() :- Node(x);
PR(xX) 4= 0.85 * PR(y) / OutDeg(y) :- Edge(y, X);

The first rule gives each node a base rank of 0.15/N, where N is the number of nodes. The second
rule distributes each node’s rank equally among its outgoing neighbors, scaled by the damping factor
0.85. The += operator sums contributions from all incoming edges.

Like all programs in this paper, Logica evaluates PageRank by naive iteration: at each step, the old
table of facts is replaced by a new table derived from the rules. Once intuition is developed, we see that
in all our examples this iteration converges monotonically to the answer with respect to some order —
however, this order becomes more and more subtle as we progress to more advanced examples.



For matrix exponentiation, the new facts are a superset of the old — this is set monotonicity, the
most transparent case. For shortest paths, distances are updated, but the replacement is clearly “better”:
values can only decrease in the lattice order. For PageRank, monotonicity is the most subtle: the
Euclidean distance from the current distribution to the stationary distribution decreases at each step
— a consequence of how a stochastic matrix contracts along its non-dominant eigenvectors [6, 3].
Convergence is geometric: after k iterations the error is proportional to 0.85%, so O(log(1/¢)) iterations
suffice for precision € [5].

Unlike lattice monotonicity, this guarantee does not follow from the syntax of the program alone —
it requires understanding the underlying linear algebra. A lecturer should introduce such examples
only after students are comfortable with the simpler cases, or skip them entirely.

5. Connection with XSB Tabling

The ideas above are not exclusive to Logica. XSB Prolog’s tabled evaluation with answer subsumption
[11, 10] supports related functionality, and it is instructive to examine the connection.

5.1. Lattice Answer Subsumption

XSB’s answer subsumption allows aggregation during tabling via lattice operations — binary operations
that are associative, commutative, and idempotent. For our examples that use Min=, as well as those
that rely on deduplication (distinct), this is a direct fit. Shortest paths with double recursion, for
instance, translate naturally:

:- table dist(_, _, lattice(min/3)).

min(X, Y, Z) :- X <Y ->Z =X 3; Z =Y).
dist(X, Y, 1) :- edge(X, Y).

dist(X, Y, D) :- dist(X, Z, D1), dist(zZ, Y, D2),

D is D1 + D2.

5.2. Beyond Lattices

For examples that use summation (+=), the situation is more nuanced. Summation is not idempotent,
so it is not a lattice operation in the strict sense. Nevertheless, XSB’s lattice(sum/3) can correctly
compute summation in cases where the data flow is acyclic — for instance, in matrix exponentiation,
where the recursion flows through the exponent argument without cycles. In such cases, each contribu-
tion arrives exactly once. We ran a few tests with SWI-Prolog and the non-idempotency of summation
caused no problems in our experience. However, the keyword “lattice” indicates that this usage is not
quite originally intended.

For cyclic computations like PageRank, however, standard answer subsumption with summation
diverges: the accumulating table grows without bound.

5.3. An Experimental Bridge: logica_table

To explore the possibility of bringing Logica-style semigroup aggregation to Prolog, we developed
logica_table, an experimental library for SWI-Prolog. The library tracks individual contributions by
tagging each with a unique key, and replaces — rather than accumulates — contributions from the same
source when they are updated during fixpoint iteration. This effectively reduces semigroup aggregation
to lattice aggregation on tagged values.



With logica_table, PageRank converges correctly in SWI-Prolog:

:- consult(logica_table).
sum(X, Y, Z) :- Z is X + Y.

:- logica_table pr(_, abelian_semigroup(sum/3)).
pr(X, V) :- n_count(C), n(X), V is 0.15 / C.
pr(Y, V) :- pr(X, PX), d(X, D), e(X, Y),

V is PX / D * 0.85.

The library is at an early stage — it handles PageRank and similar iterative computations, but more
complex programs may encounter subtleties related to key derivation and contribution tracking. We
see this as a promising direction for future work rather than a finished tool. The library is available as
part of the supplementary materials.

Note that the current implementation of XSB tabling is sequential, although certain progress towards
developing a parallel version was made. YAP Prolog explored parallel tabled evaluation more completely

[7].

5.4. Summary

The lattice-based examples in this paper (transitive closure, shortest paths, connected components)
can be expressed directly in XSB Prolog via answer subsumption and thus Prolog can also be used
in the discussions of parallel complexity. Examples requiring non-idempotent aggregation (matrix
exponentiation, PageRank) work in Logica natively, and can be brought to Prolog via logica_table
with varying degrees of maturity.

6. Conclusion

Parallel complexity is increasingly important yet rarely taught at the undergraduate level. We have
shown that Logica makes it accessible through short, readable programs where parallel time corresponds
directly to recursion depth.

The key pedagogical move is parametric analysis of recursion depth — the same skill students
already learn for sequential complexity, applied to the parallel dimension. For transitive closure, single
recursion gives depth proportional to the graph diameter, while double recursion gives logarithmic
depth. For edit distance, a quadratic-time algorithm turns out to have only linear parallel time. For
matrix exponentiation, repeated squaring achieves logarithmic depth with non-idempotent aggregation.
In each case, a few lines of Logica express a parallel algorithm that students can analyze, compare, and
reason about.

When depth is polylogarithmic, the program computes a problem in NC — one of the most important
and least taught complexity classes. Where depth cannot be reduced — that is the frontier of parallel
complexity theory, and students can now see exactly where that frontier lies.

We have also shown that the Prolog ecosystem supports much of this through tabled evaluation
with answer subsumption. The logica_table library offers an experimental path toward broader
aggregation support in Prolog, and we see its further development as promising future work. Logic
programming — whether Logica or Prolog — is a natural home for reasoning about parallel complexity.
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