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Abstract

When studying machine learning (ML) models induced from the same training data, one query of interest is
predictive equivalence, i.e. to decide whether two models compute the same function. By keeping a single
representative of the ML models computing the same function, one removes unwanted redundancy from the
Rashomon set associated with the given training data. Furthermore, it is often paramount to answer queries
about ML models when not all inputs are known, i.e. when there exists missing data. Examples of relevant
queries include prediction sufficiency, but also several other queries related to explainable artificial intelligence
(XAI). This paper shows that most of these queries related with reasoning about decision trees can be solved in
polynomial time. Furthermore, the paper proves a lower bound on the complexity of enumeration of abductive
explanations also in the case of DTs.
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1. Introduction

In decision tree (DT) learning, the Rashomon set [1, 2] captures the set of DTs for a given classification
problem which are within some distance from some accepted definition of optimal DT [2]. Recent years
have witnessed renewed interest in Rashomon sets, and several practical uses have been studied [3,
4,5,6,2,7,8,9,10, 11, 12, 13, 14, 15, 16]. For the same classification problem, different decision trees
capture different classification functions, and it is often of interest to study a sample of the decision
trees in the Rashomon set. It has been shown that approximations of Rashomon sets can contain a
significant fraction of DTs implementing the same function [17], i.e. DTs that are predictive equivalent.
Hence, one query studied by McTavish et al. is to decide predictive equivalence. Besides predictive
equivalence, answering different queries in the presence of missing data represents another class of
computational problems studied by McTavish et al. One example is to decide prediction sufficiency, i.e.
whether the specified inputs suffice to decide the prediction. Finally, the work of [17] also studied the
removal of explanation redundancy in DTs, a topic also studied in earlier works [18, 19, 20].

At the core of the solutions proposed in [17] for those computational problems, i.e. deciding predictive
equivalence, reasoning about missing data and removing explanation redundancy, is the well-known
method of Quine-McCluskey (QM) [21, 22, 23] for simplifying propositional formulas. However, the
OM method solves a problem that is well-known to be hard for the second level of the polynomial
hierarchy [24, 25], and requires worst-case exponential space and time on the size of the given DTs.
Concretely, the first step of the QM method is the computation of all prime implicants and minterms,
which are worst-case exponential even in the case of DTs. The second step of the QM method is a
set-covering step, which is NP-hard, and so worst-case exponential with known algorithms.

Contributions. This paper makes the following contributions. First, the paper proves that the
computational problems studied in [17] can all be solved in polynomial time. Thus, the algorithms
proposed in this paper are shown to be exponentially more efficient than the solutions proposed in [17],
in theory and in practice. Second, the paper proposes polynomial-time algorithms for solving several
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XAl-related queries, in addition to those studied in [17]. The proposed algorithms for answering
XAl-related queries are applicable even when there exists missing data in the ML model’s input. Third,
the paper proves a lower bound on the delay of enumerating abductive explanations in the case of
DTs, which makes it unlikely that polynomial delay algorithms might exist for enumerating abductive
explanations [26]. Finally, the experiments confirm the performance gap that the algorithms proposed
in this paper attain when compared with recent work [17].

Organization. Section 2 introduces the notation and core definitions used throughout the paper.
Section 3 proposes new definitions of logic-based explanations to account for missing data. Section 4
briefly overviews recent work on Rashomon sets, prediction sufficiency with missing data, and XAI
queries. Section 5 proposes a simple polynomial-time algorithm for predictive equivalence of DTs,
and argues that tractability of predictive equivalence holds for other families of ML models. Section 6
investigates several XAl queries in the context of missing data, and proves that most are solved in
polynomial time. Section 7 proves that polynomial delay enumeration of AXps, even without missing
data, is as hard as hypergraph transversals. Section 8 summarizes experiments showing that the use of
OM proposed in earlier work [17] does not scale in practice. Finally, the paper concludes in Section 9.

2. Notation & Definitions

Classification models. A classification problem is defined on a set of features 7 = {1,...,m}. Each
feature 7 has a domain ID;. Domains can be categorical or ordinal. If ordinal, domains can be integer or
real-valued. Feature space is defined as the cartesian product of the domains, F =D x --- x D,. A
classifier computes a non-constant classification function «, that maps feature space to a set of classes
K={ci1,...,cx}, ie. k: F — K. Given a feature i, z;; represents a variable that takes values from D;,
whereas v; represents a constant taken from ;. An instance is a pair (v, c), with v € Fand ¢ € K,
such that k(v) = ¢. A classification model is defined as a tuple C' = (F,F,K, k). (The domains of
features are left implicit for simplicity.) Although the paper studies classification models, the same
theoretical framework can be used to analyze regression problems [27, 28].

Partial assignments & consistency. Let OP denote some universe of relational operators. In
this paper, we consider OP = OP, U OP,, with OP, = {=,<,<,>,>} and OP, = {€}. (Logic
negation can be used to obtain additional operators.) Let L = {(x;, Ri,op;)|(: € F) A (R; C
D;) A (op; € OP;)} U {(xs, Ri,op;) | (i € F) A (R; € D;) A (op; € OP,)} denote all the literals that
can be obtained from the variables associated with the features in F and subsets or values from their
domains. (Throughout the paper, we will simplify the notation. For example, (x;,v;) will be used
instead of (x;,v;,=), and both represent the literal x; = v;. Moreover, (x;,v;,=) is equivalent to
writing (z;, {v;}, €).) The set of partial assignments is defined by the powerset of I, i.e. A = 2. Thus,
a partial assignment A € A is a subset of L. In the case of complete assignments (or inputs to an ML
model), we require that all features are assigned a single value from their domain, [ = {4 € A |V(i €
F).H{(zi, Ri,op;) € A} = 1 A (z4,vi,=) € A}. Apoint v = (v1,...,v,,) in feature space can be
viewed as a partial assignment:

AW) = {(z1,v1,=), -, (Tm, Vm, =) }

Finally, the features associated with a partial assignment A are defined as follows,

Feat(A) :=
{i € F|(xs, Ri,op;) € A\ {(xs,D5,€) | i € F}}
With each literal (x;, R;,op;) € L we associate a domain dom((x;, R;,op;)) = {x =
(X1y...yTiy...,Tym) € F|xz;op; R;}. Thus, the domain of a literal is the set of points in feature

space for which the literal holds true. Similarly, we define the domain of a partial assignment A, i.e.
dom(A) = Nz, ,v;,0p,)d0M(Z:, v, 0p;). In addition, a partial assignment is said to be consistent, if it



exhibits a non-empty domain:
Consistent(A) = [dom(A) # (]

By default, we will expect partial assignments to be consistent. Consistency is also defined with respect
to pairs of partial assignments:

Consistent(A1, A2) = [dom(A;) Ndom(Ay) # 0]

Section 3 describes how partial assignments provide a suitable framework for formalizing explanations
in DTs. It should be noted that (prime) implicants have also been represented as partial assignments in
the past [29, 30].

Decision trees. A DT is a connected directed acyclic graph 7 = (V, E), with a single root node
r € V. r = Root(T) indicates that r € V is the root of DT 7. The tree nodes V' are partitioned into non-
terminal and terminal nodes. Each non-terminal node s (such that predicate NonTerminal(s; 7°) holds
true)’ is associated with a feature 4, i.e. i = Feature(s; 7). For a non-terminal node s, associated with
feature 7, the domain of ¢ is partitioned among the children of node s. Each terminal node s (such that
predicate Terminal(s; 7') holds true) is associated with a class from K, denoted by Class(s; 7). Whereas
non-terminal nodes have two or more children, terminal nodes have no children. Moreover, for each
node s in the DT, Parent(s; T) represents the parent of s in the tree. For the root node r = Root(7),
Parent(r; T) = none. Children(s, T ), for a non-terminal s, denotes the children nodes of s. A DT
computes a classification function 7, mapping feature space to K. For convenience, NonTerminal(7)
denotes the nodes in V' that are non-terminal. Similarly, Terminal(7") denotes the nodes in V' that are
terminal.

A path P in a DT is a sequence of nodes P = (si,...,S5,), such that s; = Root(7), s; =
Parent(s;j4+1;7),7 = 1,...,r, and Terminal(s,,; 7) holds true. Moreover, each pair (s;, sj11) repre-
sents both an edge of P and of T, i.e. (s, 5j41) € E. We will use Terminal(P; T') to denote the terminal
node of path P in DT 7. The paths of DT 7 are denoted by Paths(7"). Moreover, if (s, s4) is an edge of
T, then Literal(s,, sq; T') represents the literal associated with Feature(s,; 7") and edge (sp, s4) on the
path of 7 containing that edge. For a path P € Paths(T), Literals(P) = {Literal(sp, s¢; T) | (sp, Sq) €
P}. We note that Literals(P) represents a partial assignment and so the above definition of consistency
also applies to the literals in a DT path.

In this paper, we assume the following conditions regarding DTs: (i) any path in the DT is consistent;
(ii) any point in feature space is consistent with at least one tree path; and (iii) any point in feature
space that is consistent with some tree path must not be consistent with any other tree path.

Two DTs T and T are predictive equivalent if it holds that: V(x € F). (k7(x) = k77(x)). Thus,
predictive equivalence signifies that the two DTs cannot be distinguished over any point in feature
space. For any pair of DTs 77, 72, the predicate PredictiveEquivalent(77, 72) takes value T (i.e. it holds
true) if the pair of DTs is predictive equivalent; otherwise it takes value L. Although the paper focuses
mostly on DTs, it is plain that the definition of predictive equivalence can be used to relate two arbitrary
ML models. For example, we could have a DT that is predictive equivalent to some random forest
(RF) [31]. In Section 5 we revisit predictive equivalence in this more general setting.

Running example. The DT shown in Figure 1 will be used as the running example throughout the
paper. The running example illustrates the definitions introduced earlier in this section.

Prediction sufficiency. A consistent partial assignment Ag is sufficient for (or entails) for some

prediction if,

A(c e K)V(x € F).

( (z3,R:,0p;)EAs %1 0P Ri) - (R(X) - C) (1)

In this case, we say that Ag is sufficient for class c. Thus, given Ag, the prediction is ¢ independently of
the values assigned to the features in F \ Feat(Ag).

'For predicates, parameterizations are shown after ’;’, but will be omitted for simplicity.



Figure 1:
. Example DT 7, with F = {1,2,3,4},
\‘\\ Dl = DQ = D3 = ]D)4 = {071}, K = {071}
All literals in the tree are of one of two forms:
(24,0,=) or (x;,1,=), with ¢ = {1,2,3,4}. The
cases (z;,0,=) are shown with a dashed line, and
the cases (x;, 1, =) are shown with a solid line. Also,
V = {1,...,11}, Root(T) = 1, Terminal(T) =
{4,7,8,9,10,11}, NonTerminal(T) =
{1,2,3,5,6},  Paths(T) = ((1,2,4),
(1,2,5,8),(1,2,5,9), (1,3,6,10), (1,3,6,11), (1,3,7)}.

Missing data. A topic studied in the recent work of [17] is that of missing data, where the values of
some features are unknown.” In the presence of missing data, we are interested in deciding whether a
prediction can be uniquely determined. This amounts to deciding whether the partial assignment to
the features with known values is sufficient for some prediction. In addition, the partial assignment is
required to be consistent. If that consistent partial assignment is sufficient for the prediction, then we
will be interested in several XAl queries; these are detailed in Section 6.

To reason about missing data, we allow the domain of each feature i € F to be extended with a
value u, different from any value in D;, and which will signify that the value of ¢ is missing (and so
it is unknown). If a feature 7 is assigned value u, this corresponds to a literal of the form (z;,D;, €),
i.e. feature ¢ can take any value from its domain. Alternatively, we can simply use partial assignments,
where missing data is not included in the partial assignment.

Example 1. For the DT in Figure 1, we will consider the following input, with missing data: Ag =
{(x2,1,=), (x3,1,=)}. Thus, the value of features 1 and 4 are unknown. This partial assignment can
also be represented by the point (u, 1, 1,u). By inspection it is clear that the partial assignment Ag is both
consistent and sufficient for predicting class 1.

3. Logic-Based Explanations & Missing Data

Past work on logic-based explainability mostly studied instance-based explanations [32], where the
instance is a pair representing a point in feature space and the associated prediction. As a result,
explanations were computed starting from the set of all features F. In this paper we will assume instead
sufficient consistent partial assignments as the starting step for reasoning about explanations, thereby
generalizing past work on logic-based explanations. Nevertheless, to account for missing data, we will
need to introduce changes to the common definitions of abductive and contrastive explanations [32].

Abductive explanations (AXps). AXps have been proposed in a number of works [33, 26], and
represent an example of formally defined explanations. An AXp answers a “Why (the prediction)?”
question, and can be interpreted as a logic rule. Given a sufficient consistent partial assignment .Ag for
prediction ¢, let S = Feat(Ag), X C S and let,

Lits(Asg, X) == {(xi, Ri,op;) € Ag|i € X}

Clearly, X = Feat(Lits(.Ag, X)). A weak abductive explanation (WAXp) is a subset of .S, such that the
corresponding literals also entail the prediction c:

X C Feat(Ag) AV(x € F).

</\(zi,Ri7opi)6Lits(As,X) L Op; Ri) — (’K;(X) = C) (2)

*Missing data has been studied ubiquitously in the field of ML; [17] initiated its study in the context of XAL



% In addition, a consistent partial assignment is sufficient for some prediction iff the set of features
is a WAXp. This generalizes the fact that any v € F is sufficient for k(v), and so F is a WAXp.
Subset-minimal WAXps are referred to as abductive explanations (AXps). Accordingly, predicate
AXp(X; Ag,c, M) is defined to hold true if X is an AXp. WAXps (resp. AXps) are also referred
to as sufficient (resp. minimal) reasons for a prediction [34, 35].

Example 2. For the example DT of Figure 1 and the partial assignment of Example 1, it is apparent by
inspection that X = {2} is a (W)AXp, i.e. if the value of feature 2 is fixed to value 1, then the prediction is
guaranteed to be 1, independently of the values of the other features.

Contrastive explanations (CXps). CXps answer a “Why Not (some other prediction)?” question,
and identify the conditions that can be used to change the prediction [36, 32].*

Let Ag denote a sufficient consistent partial assignment for some class ¢, and let S = Feat(Ag).
Moreover, let U denote the features with unknown values, i.e. U = F \ S. To define weak contrastive
explanations WCXps) with missing data, we need to decide how to handle the features in U. One
solution would be to treat the features in U as existential variables, and so we would handle U the
same way as the features in the WCXp, but without U being accounted for. One downside of such
a definition of WCXp is that it would ascribe specific values to the features in U as required by the
witness for the WCXp, and these values might not be realistic for the given model, or contradict what
one might expect from the missing data. As a result, in this paper we opt for a stricter definition of
WCXp, one that ensures independence from the possible values assigned to the features with unknown
values. From U, we define the following set:

U = T2 ITE(j € U; D;, {u})

i.e. U ranges over all possible domain values for the features that are unspecified in .Ag. Next, for a
given u € U, we define a subset of feature space, as follows:

F(usU) = {x € F|(j € U).(x; = u,)}
i.e. we allow any point in feature space where the features in U are fixed to the values specified in u.

Example 3. Forthe running example Figure 1 and the partial assignment from Example 1, withU = {1,4},
we get,
U=D; x {u} x {u} x Dy

And an example isu = (0, u,u, 1). Thus, in this case we get,

F((0,u,u,1);{1,4}) = {(0,0,0,1),(0,0,1,1),
(0,1,0,1),(0,1,1,1)}

A WCXp is a subset of .S, such that the corresponding literals (and the literals not occurring in the
reference consistent sufficient partial assignment) suffice to change the prediction to a class other than
c:

Y C Feat(Ag) AV(u e U)3(x € F(u; U)).

</\(zi,R¢,0pi)€Lits(As,S\Y) i OP; Ri) A (5(x) # ¢) ®)
Thus, if we fix the features of the literals in .Ag except for those in Y, then there exists at least one point
in feature space such that the prediction is a class other than ¢, independently of the value assigned to
the features not specified in .Ag. As shown in Section 6, the decision to universally quantify the features
in U does not impact the complexity in the case of DTs. Predicate WCXp(Y'; Ag, ¢, M) is defined to
hold true when (3) holds. A subset-minimal WCXp is referred to as a contrastive explanation (CXp).
Accordingly, predicate CXp(Y'; Ag, ¢, M) is defined to hold true Y is a CXp.

*For predicates, parameterizations are shown after ’;’, but will be omitted for simplicity.
*Contrastive explanations were introduced informally in earlier work [37].



Example 4. For the example DT of Figure 1 and the partial assignment of Example 1, i.e.
{(x2,1,=), (z3,1,=)}, we can observe by inspection that by picking values for the features inU = {1, 4},
there are assignments for which the prediction does not change. Hence, we declare that there are no CXps,
i.e. without knowing and changing the value of some of the features with unknown values, we are unable
to guarantee a change of prediction.

Now, let us consider a different partial assignment Ag = {(z2,1,=), (x3,1,=), (z4,1,=)}. In this case,
for any value assigned to feature 1, we are able to change the prediction, by changing the value of feature 2.
Hence, {2} is a CXp for the given partial assignment.

Duality of explanations. As illustrated by the examples above, minimal hitting set duality between
AXps and CXps does not hold in the presence of missing data. This is a direct consequence of the
proposed universal quantification of the features in U. The alternative definition, hinted above, would
ensure minimal hitting set duality. (Minimal hitting set duality has been shown to be a fairly robust
concept, finding a wide range of applications since the seminal work of Reiter [38] (also, see [39, 40] for
additional examples). Given the proposed definition of WCXps, explanations in the presence of missing
data represent one exception.)

Example 5. Regarding Examples 2 and 4, for the partial assignment {(x1,1,=), (z2,1,=)} there is one
AXp {2}, but there is no CXp. In contrast, for the partial assignment {(z2,1,=), (z3,1,=), (x4,1,=)},
there is one AXp {2} and one CXp {2}.

4. Related Work

Rashomon sets. For a given classification problem, the Rashomon set [1, 2] captures the set of DTs
for a given classification problem which are within some distance from some accepted definition of
optimal DT [2]. Recent work [17] has shown that a significant percentage of the DTs in computed
Rashomon sets can represent predictive equivalent DTs. Multiple copies of predictive equivalent DTs
are uninteresting, since all these predictive equivalent DTs represent the same classification function.

Predictive equivalence. With the purpose of identifying and removing predictive equivalent DTs,
McTavish et al. [17] proposed to apply the well-known Quine-McCluskey method [21, 22, 23] for the
simplification of boolean formulas. Nevertheless, it is well-known that QM solves an optimization
problem that is hard for the second level of the polynomial-hierarchy [24, 25]. Moreover, a polynomial
time algorithm for predictive equivalence of DTs was proposed in the late 1990s [41] for decision trees.

XAI queries. Besides deciding predictive equivalence of DTs, the work of McTavish et al. [17] also
studied two concrete queries. The first query is to provide smallest/minimal explanations for predictions,
and the second query is to decide prediction sufficiency in the presence of missing data. In a more
recent report, McTavish et al. propose a linear time algorithm for deciding prediction sufficiency [42].

The limitations of the QM method. As shown in later sections, all the problems studied in [17]
can be solved in polynomial time. Nevertheless, one might argue that, despite solving an optimization
problem hard for the second level of the polynomial hierarchy, the QM method might still be competitive
with those polynomial-time solutions. Unfortunately, this is not the case. We briefly analyze examples
that demonstrate the inadequacy of using the QM method.

As noted earlier in the paper, the QM method starts by generating all the prime implicants and
minterms of a propositional formula. In the case of the work of McTavish et al., the propositional
formula is extracted from the DT, and captures the implicants for each prediction. As a result, it suffices
to construct DTs for which the extracted formula is guaranteed to generate exponentially many prime
implicants and, as a result, exponentially many minterms. Since AXps are prime implicants given a
specific instance [33], then it suffices to devise DTs with exponentially many AXps. This result has
been proved in earlier work [19]. Thus, it is the case that there exist parameterizable DTs, exhibiting
exponentially many AXps, for which the size required by the QM method will be exponentially large.

We study one such example here, which will serve to demonstrate the practical limitations of using
the QM method in Section 8.



Figure 2:
Gadgets used in the proof of Proposition 1.
The main gadget is repeated r times, i.e. ,

k=1,...,r.

67+3

(a) Main gadget (b) Final gadget

Proposition 1. There exist DTs 7 for which the number of AXps for one of the instances is exponential
in the size of T.

Proof. (Sketch) We construct a DT with 2r + 1 features and 67 + 3 nodes, for some integer r. For this
DT, a lower bound on the number of AXps is shown to be 2". Concretely, we select an instance, and
prove that 2" is a lower bound of the number of AXps

The DT is constructed with two gadgets, shown in Figure 2. The main gadget is replicated r times. In
addition, the final gadget is linked to the last of the r replicas of the main gadget. Clearly, the DT size is
polynomial on the number of features. The chosen instance is ((1,...,1),1). A lower bound on the
number of AXps is derived as follows. There are r + 1 ways to change the prediction of class 1 to class
0. One way involves changing the value of feature 2, ;. Each of the other ways involves a pair of
variables zo;_1 and xok, £ = 1, ..., 7. Thus, for ensuring that the prediction cannot be changed, one
must choose from 2" possible ways. Each such way is subset-minimal, and so it represents an AXp. [

5. Tractable Predictive Equivalence

As noted earlier in Section 4, the use of QM is unnecessary for deciding predictive equivalence of DTs,
and a polynomial time algorithm has been known since the late 1990s [41]. However, the algorithm of
Zantema [41] tackles trees with binary or categorical features, it iteratively transforms the DT, and its
analysis is non-trivial. (Also, to the best of our knowledge, there is no publicly available implementation
of this algorithm.) This section proposes a simple algorithm for predictive equivalence, with worst-case
complexity matching that of Zantema’s algorithm, but that removes restrictions on the domains of
features, and that avoids the additional overhead incurred by Zantema’s algorithm. Furthermore, the
proposed algorithm is used to derive an asymptotically more efficient parallel algorithm.

Predictive equivalence for DTs. Algorithms 1 and 2 summarize the main steps of our approach for
deciding predictive equivalence. Algorithm 1 traverses 7. For each terminal node and associated set of
assignments (and indirectly a tree path of 7;), Algorithm 1 invokes Algorithm 2 to check consistency
between paths with different predictions. DT 7 is then traversed, and for each terminal node such that
the literals in the path are consistent with those obtained from 77, difference in predictions represents a
counterexample to prediction equivalence. The updates to the sets of literals, and the consistency checks
are all attained in constant time. As a result, the algorithm exhibits a running time in O(|71| X |T2|).

Parallelization. The organization of Algorithms 1 and 2 focuses on the run time complexity. However,
a different organization could be envisioned, i.e. one that analyzes the paths of 77 one at a time, and
compares each path of 7 for consistency with 75. This solution would not be as efficient, but it reveals
different approaches to parallelize deciding predictive equivalence. One solution is to run in parallel
the checking of each path of 77 against 72 (or vice-versa). Another solution is to enumerate all pairs of
paths and compare each pair in parallel.

Tractable predictive equivalence: more cases. For several other families of classifiers, predictive
equivalence can be decided in polynomial time. We briefly review those results. First, since equivalence
checking is in polynomial time for several propositional languages [43, 44], then for these languages,



Algorithm 1: Predictive equivalence: traversal of 7;.
Input: 7;: DT 1; 75: DT 2
Output: true if DTs are predictive equivalent; else false

1: function PredictiveEquivalent(71, 72)
2: L[s] + 0 for s in Nodes(T7)
3: return PredEquivalentRecur(7;, Root(71), £, 7T2)

4: function PredEquivalentRecur(71, s, £, 7T2)

5: if Terminal(s; 77) then

6: return NoConsist(72, Root(7z), £, Class(s; 71))
7: for ¢ € Children(s; 77) do

8: lit < Literal(s,t;71)

9: L[s] < LitReduce(L][s] U {lit})

10: if not PredEquivalentRecur(71,t, £, T2) then
11: return false

12: L[s] < LitReduce(L]s] \ {lit})

13: return true

Algorithm 2: Predictive equivalence: traversal of 7.

Input: 7: DT; s: tree node; L: literals; c¢: class
Output: true is no consistency; false otherwise

1: function NoConsist(7, s, L, ¢)

2 if Terminal(s; 7) then

3 return ITE(Class(s; 7) = c, true, false)
4 for ¢t € Children(s;T) do

5: lit < Literal(s,t;7)

6 if Consistent(L[s] U {lit}) then

7 L][s] < LitReduce(L[s] U {lit})

8 if not NoConsist(7,r, L, ¢) then

9: return false

10: L][s] < LitReduce(L[s] \ {lit})

11: return true

it is the case that predictive equivalence can be decided in polynomial-time. SDDs and OBDDs are
two well-known examples. Second, for multi-variate decision trees, there are specific languages of
node constraints that enable polynomial-time computation of explanations [45]. This is the case when
each node queries a Horn clause, among others. For these cases, Algorithms 1 and 2 can also be used,
ensuring that predictive equivalence can be decided in polynomial time.

6. Missing Data & Tractable XAl Queries

In Section 3, we investigated how AXps/CXps can be redefined to account for missing data. A downside
of this redefinition is that minimal hitting set duality between AXps and CXps no long holds. In turn,
this might affect the complexity of XAI queries studied in the past [32]. This section studies several
other XAI queries in the presence of missing data, and proves that, in all cases considered, tractability
is not affected. Nevertheless, new algorithms have to be devised.

XAI queries. Given the relationship between prediction(s) in the presence of missing data and
WAXps, we can envision several more XAI queries that can be answered in the presence of missing
data:



Algorithm 3: Deciding prediction sufficiency

Input: 7: DT; A: partial assignment
Output: Value in KU {u}

1: function PredictionSufficient(7, A)

2 rv, cind < IsSufficient(7, Root(7), A, 0)
3: if rv = u or cind then

4 return u

5 return rv

1. Deciding WAXp/WCXp: (i) decide whether a partial assignment and a set of features with missing
data is a WAXp; and (ii) decide whether changes to the partial assignment can be made so as to
change the prediction.

2. Finding one AXp/CXp: (i) find one CXp; and (ii) find on AXp.

3. Deciding feature necessity: (i) decide whether a given feature must be included in all AXps; and
(ii) decide whether a given feature must be included in all CXps.

4. Deciding feature relevancy: (i) decide whether a given feature is included in some CXp; and (ii)
decide whether a given feature is included in some AXp.

5. Enumeration of WCXps/WAXps: (i) enumerate the set of CXps; and (ii) enumerate the set of
AXps.

The queries above are premised on a partial assignment A being sufficient for predicting a value other
than u. As a result, a related query is to decide whether A is indeed sufficient for predicting a value
other than u.

Tractability results for DTs. We now show that most of the queries list above are tractable. The
exceptions are (a) the enumeration of AXps, since there can exist exponentially many AXps [19]; and
(b) finding a smallest-size AXp [19]. Section 7 proves that even enumeration of AXps with polynomial
delay is unlikely.

Proposition 2. For DTs, in the presence of missing data, the following queries are in P:

(q1) Deciding whether a partial assignment and a set of features with missing data is a WAXp;

(g2) Deciding whether changes to the partial assignment can be made so as to change the

prediction;

(93) Finding one (smallest) CXp;

(q4) Finding one AXp;

(g5) Deciding whether a given feature is included in some CXp, i.e. CXp relevancy;

(g6) Decide whether a given feature must be included in all CXps, i.e. CXp necessity;

(q7) Deciding whether a given feature is included in some AXp, i.e. AXp relevancy;

(g8) Deciding whether a given feature must be included in all AXps, i.e. AXp necessity; and

(99) Enumerating the set of CXps.
Proof. (q1) corresponds to prediction sufficiency, which can be decided in polynomial-time for a set of
fixed features [20, 42]. The algorithm of [42] runs in linear time in the size of the DT but applies to
binary decision trees. Algorithms 3 and 4 details a general-purpose algorithm allowing features with
categorical or ordinal domains, and the universe of literals introduced in Section 2.
We now prove (q9), since it will serve to prove the other cases. Without missing data, the enumeration
of CXps is known to be in polynomial-time [18, Proposition 6]. In the presence of missing data, we
proceed as follows. Compute the set of all CXps for DT, treating the features with unknown values, i.e.
set U, as fixed features with value u, thereby allowing the features in U to be included in CXps. Next,
remove any CXp with a feature in U. If C(Ag, U) is the set of all CXps allowing the features in U to
take value u, then the set of AXps becomes:

C(Ag) = {Y € C(As, U) | Y N U = 0}}

Thus, it is the case that (q9) is in P.
To answer (q2), we first answer (q9), and then check if the set of features is one of the CXps.



Algorithm 4: Recursive procedure to find prediction given partial assignment

Input: 7: DT; s: tree node; A: partial assign; L: lits
Output: Value in K U {u}, Conflict indication

1: function IsSufficient(7, s, A, £)

2 if Terminal(s; 7) then

3 return Class(s; T), false

4: rv<«u

5. fort € Children(s; T) do

6 lit < Literal(s,t;7T)

7 if Consistent(.A, £ U {lit}) then

8 nrv, cind < IsSufficient(7, , A, LU {lit})
9 if rv = u then

10: rv <— nrv

11: if nrv#u and nrv # rv or cind then
12: return u, true

13: return rv, false

To answer (q3), we first answer (q9), and then return any of the computed CXps. For a smallest CXp,
just sort the CXps by size, and return the one of the smallest size.

To answer (q4), we first answer (q9), and then find a (subset-)minimal hitting set in polynomial-time.
To answer (q5), we first answer (q9), and then check whether the feature occurs in any CXp.

To answer (q6), we first answer (q9), and then check whether the feature occurs in all CXps.

To answer (q7), we first enumerate all CXps as in the case of (q9), thus obtaining C(.Ag, U). However,
instead of dropping CXps that contain a feature in U, we remove from the CXps any feature that occurs
in U. In case all features are removed, then we remove the CXp:

H(As) ={Y \U|Y € C(As, U)} \ {0}

The resulting sets can be used for enumerating the AXps (i.e. computing all the minimal hitting sets)
that do not include features in U. To decide relevancy of a feature, we just need to check whether the
feature occurs in any of those sets.

To answer (q8), we first construct the same sets as for answering (q7). Any feature occurring in the
intersection of all the sets will be included in all the minimal hitting sets. d

For deciding whether a partial assignment if a WAXp or for computing one AXp, we can either use
the algorithms proposed in earlier work [20], or exploit instead Algorithms 3 and 4. Since deciding
the WAXp condition corresponds to deciding prediction sufficient, in this paper we opt for interfacing
Algorithms 3 and 4. Moreover, the algorithms described in the proof of Proposition 2 are illustrated
with the DT of Figure 1.

Example 6. We consider again the consistent partial assignment Ag = {(z2,1,=), (x3,1,=)}, which is
sufficient for prediction 1. We assign to features 1 and 4 in U the value u. Then we apply the algorithm for
enumerating (W)CXps proposed in [18, Proposition 6], thereby obtaining:

WC(ASH U) = {{17 2}7 {17 2, 4}}
C(As,U) = {{1,2}}

(The CXps are obtained by traversing the paths with prediction other than 1, and collecting the literals
inconsistent with the given assignment.)

As a result, the set of CXps obtained by removing CXps containing features 1 or 4 is: C(Ag) = 0, i.e. we
are unable to change the prediction independently of the values of features with unknown values.

Next, we proceed to compute the set of AXps. First, we obtain the set H(Ag) = {{2}}. Thus, the only AXp
not containing features with unknown values is: {2}.



Algorithm 5: Construct DT from hypergraph

Input: L: list of nodes; E': hyperedges
Output: DT T

1: function ConstructDT(L, E)

2 if () € FE then

3 nn < TreeTermNode(0)
4 else if £ = () then

5: nn <— TreeTermNode(1)
6 else

7 fn < L.pop(0)

8 nn <— TreeNode(fn)

9: E +{S|SeEnfn¢gS}

10: nn.left <— ConstructDT(L, E;)

11 R < L.copy()

12: E, < {S\{fn}|Se Enfne S}
13: nn.right <— ConstructDT(R, E;)

14: return nn

7. Complexity of AXp Enumeration in DTs

This section studies the complexity of AXp enumeration for ML models for which the enumeration of
CXps is in polynomial time. For example, this is the case of DTs [18, 20].

Hypergraph transversals. An hypergraph is a tuple G = (V, E), with E C 2", The hypergraph
transversal problem (HypTr) for G consists of enumerating all the minimal hitting sets (i.e. the transver-
sals) of E [46]. It is well-known that the hypergraph transversal problem can be solved with a quasi
polynomial time delay algorithm [47, 46]. To the best of our knowledge, polynomial delay algorithms
have not been proposed and, given past work, should be unexpected.

AXp enumeration as hypergraph transversal. If the set of CXps is unknown (or it worst-case
exponential), and so it is computed on-demand, then enumeration of AXps/CXps is usually achieved by
adapting the MARCO algorithm [48], e.g. [32].

In this section, the number of CXps is assumed to be polynomial in the size of the ML model
representation. Past work proposed the use of algorithms for finding the hypergraph transversal (also
referred to as minimal hitting set dualization). In theory, this problem is well-known to be in quasi
polynomial time [46, 49, 50, 51].

Hypergraph transversal as AXp enumeration. The previous reduction of AXp enumeration to
the hypergraph transversal problem provides an upper bound on the complexity of AXp enumeration.
Nevertheless, an open question is whether AXp enumeration might be implemented more efficiently
than solving the hypergraph transversal problem. We now show that this is not the case, by reducing
the hypergraph transversal problem to that of enumerating the AXps of a DT, thus proving a lower
bound on the complexity of AXp enumeration for DTs.

Proposition 3. The problem of hypergraph transversal reduces in polynomial-time to the problem of
AXp enumeration for DTs, HypTr <, A11AXp .

Proof. Let G = (V,E), with V = {1,...,n} and E C 2", represent an hypergraph. We reduce HypTr
for G to the problem of computing the AXps of a binary DT 7T, as follows. The set of binary features is
F = V. The instance to explainis ((1,...,1),1). For each set S € E, we create a path in 7 ending in
a terminal node predicting 0. All other paths in 7 end in terminal nodes predicting 1. To construct
the DT T, we pick any order of the features. We will prove that any order will do. Thus, WLOG, we
pick the order (1,...,m). The DT is then constructed as shown in Algorithm 5. Given a hypergraph
G = (V, E), ConstructDT is invoked with the arguments list(V') and E. For each element i of V, the
branch with value 0 means that ¢ is picked along this path. Thus, the elements of E without i are
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discarded, and ¢ is dropped form the elements of E containing ¢. The branch with value 1 means that
the sets containing ¢ are no longer considered, i.e. ¢ is not picked along this path. Each leaf tagged with
a set containing the empty set represents one of the sets to hit, and there is exactly one such path for
each set in E. Each leaf tagged the empty set represents a case we do not care about. O

Figure 3 illustrates the intuition for the reduction in the proof above with a simple hypergraph
G = ({1,2,3},{{1,2},{2,3}}). The CXps are {1,2} and {2, 3}, and so the AXps represent the
transversal of the starting hypergraph G.

Since we prove lower and upper bounds using HypTr, then it is the case that,

Corollary 1. A11AXp . is computationally as hard as HypTr.

8. Experiments

The results in [17] offers comprehensive evidence regarding the importance of eliminating predictive
equivalent DTs from the Rashomon set. Moreover, most of the algorithms proposed in the previous
section exhibit negligible running times, even for DTs of fairly large size. (Our results concur with similar
results were obtained in earlier work when computing instance-specific explanations [20].) As a result,
the focus of our experiments is to demonstrate the practical effect of exercising the worst-case running
time of the QM method used by McTavish et al. Since the proof of Proposition 1 only considers a single
instance, the experiments target the complete enumeration of AXps for the instance ((1,...,1),1), for
different values of 7.

Experimental setup. The algorithm described in [17] uses SymPy’s implementation of QM [52].°
We also implemented a prototype in Python, that mimics a standard implementation of the prime
implicant generation step of the QM method. Furthermore, all the algorithms described in the paper
were implemented in Python, with the exception of parallel predictive equivalent checking. Furthermore,
the results were validated, and the performance was assessed. All experiments were run on a Macbook
with an M3 Pro processor. For the DT used in the proof of Proposition 1, different values of r were
considered.

Results. Table 1 summarizes the results for values of r ranging from 3 to 9, i.e. DTs with up to
6 X r 4+ 3 = 57 nodes (for r = 9). As can be observed, for class 1 (resp. class 0), the number of AXps
grows exponentially (resp. linearly) with the value of r. SymPy’s QM algorithm shows large running
times, and it was stopped for » = 7, i.e. DT with 45 nodes. For the independent generation of the
sets of prime implicants (for the two classes), the running times also grow exponentially (as expected).
For r = 9, the running times for computing the AXps (see column AXp time) are already unwieldy.
The inefficiency observed is attributed to the fact that Python was used and, more importantly and as
noted earlier in the paper, the computational overhead of generating the set of AXps. This overhead

*https://www.sympy.org/.
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r SymPy #AXps=0 #AXps=1 AXp time
3 0.13 4 22 0.01
4 0.57 5 46 0.07
5 39.60 6 94 0.84
6 2789.45 7 190 11.28
7 >150000.00 8 382 161.25
8 - - 9 766 2264.62
9 - - 10 1534  64458.55

Table 1
Results for different values of r, 7 < 9. SymPy’s QM was stopped for r = 7 after 150000s. Running times in
seconds. The number of DT nodes is: 6 x r + 3 and the number of features is 2 x r + 1.

r  #nodes #feat. LB#AXps one AXp isWAXp? PE?

200 1203 401 2200 00545 0.0002s 0.029s
500 3003 1001 2500 0.377s  0.0004s 0.169s
1000 6003 2001 21000 1.480s  0.0009s 0.727s

Table 2
Running times for DTs much larger than those in Table 1, with r € {200, 500, 1000}.

is significant, and worsens for trees with more AXps. For the algorithms proposed in this paper as
alternatives to the work of McTavish et al, we consider the cases r = 200, 500, 1000, as shown in Table 2.
The results illustrate the scalability of the DT predictive equivalence algorithm described in Section 5,
for DTs for which a lower bounds on the number of prime implicants is well-beyond what practical
implementations of the QM method would achieve.

Finally, we underscore that the experimental results consider a special DT construction aiming at
highlighting the performance limitations of using an implementation of the QM method. In practice,
DTs of fairly large size can occur in some high-risk [53] application domains, where high accuracy is
paramount. For example, [54] reports a DT with 161 nodes and 20 real-valued features. In those cases,
the use of the QM method will also not scale, even if high-performance solutions are exploited [55]
(and these might not ensure deterministic execution). (Furthermore, we note that SymPy is known to be
inefficient for formulas with more than 8 boolean variables.®)

9. Conclusions

Recent work [17] studied the problem of predictive equivalence in the context of eliminating redundant
decision trees (DTs) from the Rashomon set. The proposed solution is based on the Quine-McCluskey
(OM) method [21, 22, 23]. However, it is well-known that the QM method solves an optimization
problem that is hard for the second level of the polynomial hierarchy. In addition, the same work
studied prediction sufficiency in the presence of missing data and explanation redundancy, and proposed
their solution using the representation obtained with the QM method. This paper proves that the use
of the QM method is unnecessary, since all problems studied in [17] can be solved in polynomial
time in the case of DTs. Also, regarding predictive equivalence, the paper observes that it can be
decided in polynomial time for several other families of ML models. Furthermore, the paper proves that
several queries in the presence of missing data relate with similar queries in XAI, and so can also be
solved with polynomial-time algorithms in the case of DTs. Finally, the paper proves a lower bound
on the enumeration of abductive explanations for DTs, which in turn suggest that enumeration with
polynomial delay, while not necessarily impossible, appears to be unlikely.

SThis is discussed for example in https://docs.sympy.org/latest/modules/logic.html.
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10.

Declaration on Generative Al

No generative Al tools were used in preparing this paper.
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