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Abstract

The class of context-free grammars is the only class of languages in the Chomsky hierarchy that is not closed
under complement. A complete CF(¢,$)-grammar is an extended context-free grammar that generates both a
language and its complement. Hence, complete CF (¢,$)-grammars enable the study of the class of context-free
languages that are closed under complement. We introduce and study two types of reductions based on complete
CF(¢, $)-grammars and their languages. Both types of reduction used in this paper ensure correctness and
error-preserving analysis by reducing each word over its input alphabet. We present two relaxed models of
complete CF(¢,$)-grammars that characterize regularity, and we show hierarchies of grammars and separation
results for these models in terms of complete CF(¢,$)-grammars.

Keywords

context-free language, regular language, context-free grammar, complete CF(¢,$)-grammar

1. Introduction

This paper is a continuation of the papers [1, 2], and is also inspired by [3, 4]. Paper [1] focuses on
non-regularity and pumping tests with the aim of identifying conditions under which the languages
generated by a complete CF(¢, §)-grammar are non-regular. Paper [2] shifts from non-regularity tests
to regularity tests. It investigates restrictions guaranteeing that a complete CF(¢, $)-grammar generates
only regular languages.

Here, we study complete context-free grammars with sentinels and two types of reductions of their
words that are separated by a prefix and a suffix. The first type is described as a property of their
languages, while the second one is described as a property of grammars. These notions are motivated by
the linguistic method called analysis by reduction; see [5, 6, 7]. Namely, they can be useful for technical
support for the normalization of natural (national) and artificial languages.

Linguistic analysis by reduction serves as a tool for constructing formal grammars from linguistic
observations. Analysis by reduction checks the (non)correctness of an input sentence by stepwise
rewriting some part(s) of the current form with a reduced (shorter) one until we obtain a simple sentence
for which we can easily decide its correctness. In general, analysis by reduction is nondeterministic.
One step of the analysis consists of rewriting a substring of length bounded by a constant with a shorter
string. An input sentence is accepted if there is a sequence of reductions that ends with a final simple
sentence from the language. Then, of course, all intermediate sentences obtained during the analysis are
also accepted. Each reduction must be error-preserving; that is, no sentence outside the target language
can be rewritten into a sentence of the target language.

Here, we focus on two restricted versions of the analysis by reduction. At first, we require that at
each step of the analysis by reduction, the current word is not rewritten. Instead, a continuous segment
of the current word is deleted. Second, we consider the reduction analysis for languages generated only
by so-called complete grammars.
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Informally, a complete grammar (with sentinels ¢ and $) G¢ is an extended context-free grammar
with two initial nonterminals S4 and Sg. This grammar has a finite alphabet 3 of terminals not
containing ¢ and $, a finite alphabet of nonterminals, and a set of context-free rewriting rules of the
form X — «a, where X is a nonterminal and « is a string of terminals, nonterminals, and sentinels ¢, $.
The language generated by the grammar is the set {¢} - 3* - {$}. The set of words generated from the
initial nonterminal Sy, called the accepting language, is a language of the form {¢} - L - {$}, where
L C ¥*. Analogously, the set of words generated from the second initial nonterminal Sg, called the
rejecting language, is exactly {¢} - (X*\ L) - {$}.

The paper is structured as follows. Section 2 introduces the basic notions. Section 3 introduces
PSFL(c)-grammars, shows that the languages they generate are regular, and presents a hierarchy of
PSFL(c)-grammars based on the parameter c. Section 4 introduces PSFG(d)-grammars, where d is a
positive integer, and shows that the class of PSFG-grammars is a subclass of the class of PSFL-grammars.
We show that there is a PSFL(4)-grammar that is not a PSFG(d)-grammar for any natural number d.
Further, we present additional separation results. The last section presents conclusions and ideas for
future work.

2. Basic notions

Definition 1 (CF(¢,$)-grammars). Let N and X be two disjoint alphabets, ¢,$ ¢ (N UX) and G =
(N, X U{¢, 8}, S, P) be a context-free grammar generating a language L C %, of the form {¢} - L - {$},
where N is a finite set of nonterminals, ¥ U {¢, $} is a set of terminals, S is the initial nonterminal and S
does not occur in the right-hand side of any rule (production) in a finite set of rules P, each rule in P is of
the form X — «, where X € N and o € (N UX U {¢, $})*. We say that G is a CF(¢,$)-grammar. The
language L is the internal language of G, and is denoted as Li, (G).

The right sentinel $ in CF(¢,$)-grammars facilitates language recognition. While each deterministic
context-free language L can be generated by an LR(1) grammar, both L - {$} and {¢} - L - {$} are
generated by even simpler LR(0) grammars [8]. The left sentinel ¢ is included in CF(¢,$)-grammars
for compatibility with restarting automata [9]. The closure properties of context-free languages [10]
imply that the class of internal languages of CF(¢,$)-grammars characterizes the class of context-free
languages (CFL).

Definition 2. Let Go = (N, X U {¢,$}, S, P) be a CF(¢,$)-grammar. Then G¢ is called a complete
CF(¢,$)-grammar if

1. S — S4 | Sr, where Sa,Sr € N, are the only rules in P that contain the initial nonterminal S.
No other rule of G¢ contains S or Sg on its right-hand side.

2. The languages L(G 4) and L(GR) generated by the grammars G4 = (N,X U {¢,$},54, R)
and Gr = (N,X U {¢, 8}, Sr, R), respectively, are disjoint and complementary with respect to
{¢} - 2% - {8}. Thatis, L(G4) N L(GRr) = 0 and L(G¢) = L(GA) U L(GRr) = {¢} - 2* - {$}.

We will denote the complete CF(¢,$)-grammar G¢ as a pair Go = (G a4, GR). Furthermore, we will denote
the accepting and rejecting grammars of the complete CF(¢,$)-grammar G¢ by G 4o and G, respectively.

For each word of the form ¢w$, where w € ¥*, there exists some derivation tree T" according to
G¢. The node under the root of T is labeled either S4 or Sg. If it is S 4, the word is generated by the
accepting grammar (G 4. Otherwise, it is generated by the rejecting grammar Gg.

Realize that although two or more derivation trees can exist for each word, either all of them are
accepting, or all of them are rejecting.



3. PSFL(c)-grammars

In this section, we transform the regularity tests based on pumping properties from [2] into restricted
types of reductions. Examples illustrating the following notions can be found in Sections 3.3 and 4.1
below.

In what follows, we introduce, in two steps, a class of complete CF(¢, $)-grammars, which guarantee
that both their accepting and rejecting languages are regular. In this section, we use only restrictions
based on the properties of L(G 4) and L(GR). On the other hand, we will later in this paper compare
the class of grammars introduced here with a class of grammars introduced later. We stress that we
consider our results as results on the comparison of (sub)classes of context-free grammars.

Next, we will define complete CF(¢, $)-grammars that enable correctness-preserving reductions in
each sufficiently long prefix and each sufficiently long suffix of any word.

Definition 3. Let Go = (Ga,GRr) = (N, X U{¢, $}, S, P) be a complete CF(¢, $)-grammar, ¢ > 0 be
a constant, and x, s, x1,u; be words over X U {¢, $} such that the following conditions are fulfilled:

(Ap) for each xs € L(G ) such that |z| > ¢ we can write x = x1u1y; such that 0 < |ui| < ¢, and
118 € L(GH).

(As) for each xs € L(G ) such that |s| > ¢ we can write s = xjuiy; such that 0 < |ui| < ¢, and
TT1Y1 € L(GA).

(Rp) for each xs € L(GR) such that |x| > ¢ we can write v = x1u1y1 such that 0 < |u;1| < ¢, and
z1y18s € L(GR).

(Rs) for each xs € L(GR) such that |s| > ¢ we can write s = x1u1y1 such that 0 < |ui| < ¢, and
TX1Y1 € L(GR).

In conditions (Ap) and (Rp), the suffix s can be an empty word. Similarly, in conditions (As) and (Rs), the
prefix x can be an empty word.

We say that G ¢ is a PSFL1(c)-grammar. The notation arises from the fact that in Prefixes and in Suffixes
we require Free reducing in languages generated by PSFL1(c)-grammars.

Note that the previous definition is based on the reducing properties of L(G 4) and L(Gr) only; no
structural properties of the complete CF(¢,$)-grammar G ¢ are explicitly assumed, and no pumping is
explicitly assumed. This is a crucial difference from our attempt in [2], where we required that the
omitted string can be pumped any number of times (including zero, as used in Definition 3). We will
show that our current approach is more general than the former.

If G¢ is a PSFL1(c)-grammar, then each long enough word wiws € L(G) contains a prefix (suf-
fix) subword after the deletion of which the resulting word belongs to L(G,) < wiws € L(G,),
x € {A, R}. In order to simplify the reduction process, we shall consider the “prefix/suffix” and
“leftmost/rightmost” reductions of wjwy defined below.

Definition 4 (PS-cut xs, P-reductions, S-reductions). LetGo = (G4,GRr) = (N,XU{¢, $}, S, P)
be a complete CF(¢, $)-grammar, ¢ > 0 be a constant, and let x, s, x1,y1, be words.

(ps) Let xs € L(G¢). We say that xs is a prefix-suffix cut by Go (PS-cut by G, PS-cut if G is known
from the context). The division between the prefix x and the suffix s will be known from the context.
(ap) Let xs € L(G 4) fulfills the conditions (Ap).
We write xs ~pq, *1y15 and say that vs ~pq. x1y15 is a P-reduction of xs by G¢,c (a
c-reduction in the Prefix).
(as) Let xs € L(G 4) fulfills the conditions (As).
We write x5 ~g G, xx1y1 and say that vs ~gq, vx1y1 is an S-reduction of xs by G, c (a
c-reduction in the Suffix).



(rp) Letxs € L(GR) fulfills the conditions (Rp).
We write xs ~p g, T1y15 and say that xs ~pg. T1Yy15 is a P-reduction of xs by Gc,c (a
c-reduction in the Prefix).

(rs) Let xs € L(GR) fulfills the conditions (Rs).
We write x5 ~g5.G, rx1y1 and say that xs ~g g, rx1y1 is an S-reduction by G¢c,c of xs (a
c-reduction in the Suffix).

The relations~ ., . and~p ; . are the reflexive and transitive closure of ~ . , and~ . ., respectively.

Definition 5 (PSFL(c)-grammars). Let Go = (G4, GR) be a PSFL1(c)-grammar. We say that G¢ is a
PSFL(c)-grammar if the following additional condition (A) is fulfilled for all words x, ', s, 8", y,y':

(A) Ifzs' ~p g, '8, ys' ~pg, '8, and ws ~§ ;s then there is a (composed) reduction such
/
thatys ~g . ys'-

Condition (A) in the definition of PSFL(c)-grammar means that if two words xs’ and ys’ can be
reduced to the same word z’s’ using P-reductions and s’ can be obtained from xs using S-reductions,
then the same S-reductions can be applied to ys to obtain ys’. Hence, the reductions in prefixes are
independent of the reductions in suffixes.

3.1. Technical notions

To show the regularity of accepting languages defined by PSFL(c) grammars, we utilize the characteri-
zation of regular languages by the right congruence of a finite index (Theorem 3.1, [11]). The idea is to
construct classes of words, where one class contains all words that can be reduced to the same shortest
irreducible word by applying P- and S-reductions. The following technical notions serve to construct
the desired relation gradually.

Definition 6 (Pl-reductions, Sr-reductions). Let Go = (G 4, GR) be a PSFL(c)-grammar, and x, 1,
u1, Y1, S be words.

(apl) Let zs € L(GA), v = x1u1y1, and xs ~p g, T1y15 be a P-reduction of xs by G¢ be such that
x1uy is the shortest prefix such that x1y1s € L(G4); if there are more possibilities to divide the
prefix xyuy = xyul so that xjy1s € L(G ), we take x1uy for which x4 is the shortest possible.
We write xs ~ pj g, T1y15 and say that vs ~ p; g, x1y15 is a Pl-reduction of xs by G¢ (the
leftmost reduction in Prefix).

(asr) Letxs € L(G4), s = x1ui1y1, and x5 ~pg, xx1y1 be an S-reduction of vs by G¢ such that uiy
is the shortest suffix such that xx1y; € L(G 4); if there are more possibilities to divide the suffix
u1y1 = uyyy so that xx1y] € L(G ), we take uyyy for which y; is the shortest.

We write xs ~g,.G. Tx1y1 and say that x ~ g, G, xx1y1 is an Sr-reduction of vs by G¢ (the
rightmost reduction in Suffix).

(rpl) Let xs € L(GR), x = z1u1y1, and s ~p.g. T1Y15 be a P-reduction of xs by G such that x1u;
is the shortest prefix such that v1y1s € L(GR); if there are more possibilities to divide the prefix
x1uy = xju) so that 2iy1s € L(GR), we take x1uy for which x1 is the shortest.

We write xs ~ pj g, T1y15 and say that vs ~ p; g, T1y15 is a Pl-reduction of xs by G¢ (the
leftmost reduction in the Prefix).

(rsr) Letxs € L(GR), s = x1u1y1, and xs ~pg, xx1y1 be an S-reduction of vs by G such that uiy
is the shortest suffix such that xx1y; € L(GR); if there are more possibilities to divide u1y1 = u v}
so that xx1y) € L(GR), we take u1yy for which y; is the shortest.

We write x5 ~ g, Tx1Yy1 and say that xs ~ g, g, rx1y1 is an Sr-reduction by G¢ of xs (the
rightmost reduction in Suffix).

The relations «»*ST’GC and M;I,Gc are the reflexive and transitive closure of ~ g, G, and~p; G, respec-
tively.

Remark. Note that any Sr-reduction is an S-reduction and any Pl-reduction is a P-reduction.



Basic PS-prefix, PS-suffix by G¢

Let G¢o = (G4, Gr) be a PSFL(c)-grammar, for some ¢ > 0, and zs € L(G(), for some words z, s.
« If |z| < ¢, we say that z is a basic PS-prefix by G¢.
« If |s| < ¢, we say that s is a basic PS-suffix by G¢.

Other technical notions

Let Go = (G4, GR) be a PSFL(c)-grammar, with sentinels ¢, $ and terminal alphabet 3.
The set of nonempty PS-prefixes for G will be denoted as

Pref ={¢x |z e ¥} U {¢a$ | x € ¥*}.
The set of all nonempty PS-suffixes for G¢ will be denoted as
Suff ={s$|seX*}U{¢s$|se X}
The set of all basic PS-prefixes will be denoted as
BPref(c) = {x | x € Pref,|x| < c}.
The set of all basic PS-suffixes will be denoted as
BSuff(c) = {s | s € Suff, and |s| < c}.

Consider a long enough string w = zs € {¢} - £* - {$}. As G¢ is a PSFL(c) grammar, xs can
be reduced to shorter words. Assume that at first w is reduced within the suffix s by the rightmost
reductions, so that w, = x5’ is obtained and |s’| < ¢. Then, continue with a series of leftmost reductions
within 2 only, resulting in a word w,; = 2’s’, where |2’| < ¢. The obtained w,; will help us identify the
right congruence class to which the original w belongs.

In what follows, for a set X, P(X) denotes the set of all its subsets.

Definition 7 (Prefix-BSuffix characteristic function). Let Go = (G 4, GRr) be a PSFL(c)-grammar
for some ¢ > 0. A characteristic prefix-BSuffix function by G¢ is the function

ChpB(G¢) : Pref(Ge) x BSuff (Ge) — BPref(Ge)

that assigns to each PS-prefix x and basic suffix sy, the basic PS-prefix x1 to which the PS-prefix x can be
reduced when we reduce xs, by the leftmost Pl-reductions. More formally:

ChpB(Gc¢)(z, sp) = x1, where a1 € BPref(c), x5y~ . T15b,
and there is no Pl-reduction for x1s, by G¢.

Note that Pl-reductions are deterministic; therefore, there is at most one such 7.

3.2. Equivalence of PS-prefixes and regularity of the languages generated by
PSFL(c)-grammars

Based on the characteristic functions of PS-prefixes, we will define an equivalence on PS-prefixes.

Definition 8. Let Go = (G4, GRr) be a PSFL(c)-grammar. We say that two PS-prefixes x and z are
equivalent, and we write x = z, if

ChpB(Gc)(x, sp) = ChpB(Gc)(z, sp) for all s, € BSuff.



Lemma 1. Let Go = (G4, GR) be a PSFL(c)-grammar, for some positive integer c. The relation = defined
for pairs of PS-prefixes by G ¢ is an equivalence relation of a finite index on the set of prefixes Pref.

Proof: It is easy to see that the relation =2 is reflexive, symmetric, and transitive. Thus, it is an
equivalence relation. The finite index of = follows from the fact that the number of members BSuff is
finite (and is determined by G¢ and c), and the number of possible values of ChpB(G¢) is finite (and
is determined by G¢ and c). O

The following lemma is the key property for showing that the accepting and rejecting languages of a
PSFL(c)-grammar are regular.

Lemma 2. Let Go = (G 4, GR) be a PSFL(c)-grammar, for some positive integer ¢, and let x = y for
some PS-prefixes x, y by Gc. Then, for each PS-suffix s, xs € L(G4) < ys € L(G ).

Proof: Let z and y be two PS-prefixes by G¢ such that x = y, and let s be a PS-suffix by G¢. Let us
suppose zs € L(G 4). Then zs ~7§, o T8y~ ¢ TbSb, for some basic PS-suffix s, € BSuff (c) and
a basic PS-prefix x;, € BPref(c).

Then x = y implies (Definition 8) x, = ChpB(x, sp) = ChpB(y, sp). Using Condition (A) from
the definition of PSFL(c)-grammar (Definition 5), we get ys ngGC ySp. The final step follows from
the fact that s ngGC pSp and ysp MPZ,GC pSp. As S-reductions and P-reductions are error- and
correctness-preserving, all words xpsp, ysp, and ys are in L(G 4).

The corresponding statement also holds for L(G ), which completes the proof that

xs € L(Ga) © ys € L(Gy).

a

Important note. Let 17, denote the equivalence with respect to a language L defined in the following
way: xRpy if and only if for all words z, xz € L < yz € L. According to Theorem 3.1 of [11], the
language L is regular if and only if Ry, has a finite index.

Lemma 3. LetGo = (G4, GRr) bea PSFL(c)-grammar, for somec > 0, and L = L(G4) C (XU{¢, $})*.
Let Ry, denote the equivalence relation on (X U {¢, $})* defined with x Rry if and only if for each word z
it holds xz € L < yz € L. Then Ry, has a finite index.

Proof: We will show that the index of Ry, is at most the index of = increased by 2. Consider the relation
Ry, where L = L(G4). We need to show that Ry, has a finite index on I'*, where I' = {¢,$} U 3.
Obviously,

L(Ga) U (1)
"= {eel™|Vyel™ayg{c} - {$}} UL(Gr) U (2)
{rel*|Iyelt ayec{c -2* {$}}. (3)

Therefore, we will distinguish three cases.

All words in L = L(G ) (case (1)) are Ry -equivalent, and there are no words outside L that can be
Rp-equivalent to a word in L, because the only word we can append to a word from L(G 4) to obtain a
word from L(G 4) is the empty word .

Similarly, all words in L' = {x e T* |Vy e T : zy & {¢} - X* - {$}} U L(GR) (case(2)) are Rp-
equivalent, as appending any word from I'* to a word from L’ results in a word not in L = L(G ).

In addition, we will show that Pref = {x € I* | Iy € I'" : 2y € {¢} - ©* - {$}}, that is, all proper
prefixes of words from {¢} - ¥* - {$} (case (3); note that y is nonempty here) belong to a finite number
of different equivalence classes with respect to Ry.

For a contradiction, assume that the words in Pref belong to an infinite number of different classes
of equivalence with respect to Ry,. Then, for each n > 1, there exist words z1, 29, ...,z, € Pref that
are pairwise [2;-non-equivalent.



If n is greater than the number of equivalence classes with respect to = (see Definition 8), then there
exist two words x;, x;, x; # x;, such that x; = z;, and x; is not Ry, equivalent to x;. However, each
word s is either a PS-suffix or not. If s is a PS-suffix, then according to Lemma 2, z;s € L(G4) <
xjs € L(Gy). If s is not a PS-suffix, then x;s ¢ L(G4) and yjs ¢ L(G4). Hence, for all words s,
zis € L(Ga) =L & xjs € L(G4) = L, and x; Rx; — a contradiction to the assumption that z; is
not 17, equivalent to z;. O

Corollary 1. Let Go = (G4, GR) be a PSFL(c)-grammar, for some ¢ > 0, and ' = ¥ U {¢, $} be
the terminal alphabet of G¢. Then there is a right congruence Ry, on I'* of a finite index such that L(G 4)
is a class of the partition of I'* given by Ry,.

Theorem 1. Let Go = (G4, GR) be a PSFL(c)-grammar. Then the languages L(G 4) and L(GR) are
regular.

Proof: According to the previous corollary, the language L(G 4) is regular. The regularity of the
language L(GR) follows from the closure properties of regular languages. O

Corollary 2. Let Go = (Ga,GR) be a complete CF(¢,$)-grammar, and L(G 4) be a non-regular
language. Then G is not a PSFL(c)-grammar for any natural number c.

3.3. A hierarchy of PSFL(c)-grammars

Note that PSFL(c) grammars are a special type of complete CF(¢,$)-grammars, implying that the shortest
word from L(G¢) is ¢$, which is of length 2. So, if we think of the hierarchy of PSFL(c) grammars
with respect to the integer ¢, the smallest possible class is PSFL(2). As {¢} - X* - {$} is the accepting
language of a PSFL(2)-grammar, this smallest class is not empty.

Proposition 1. If G¢ is a PSFL(c) grammar, then c > 2.

Example 1. Let G((?) = ({S,S4,Sgr,B},{a,b, ¢, $},S, R) be a complete CF(¢,$)-grammar with the
following set of rules:

S — Sa|Sg,

S4 — ¢BS,

B = aB|bB|A

The grammar G(C(JQ) is a CF(¢,$)-grammar G(C(JQ) = (G(CQ) G(C2)) where G(CQ) has starting symbol
Sa, G%Z) has starting symbol Sg, and obviously, L (G(C )> =1L ( ) {¢} - {a,b}* - {$}, and
LGSy = .

We can see that G(cz) (GEXZ), ng)) is a PSFL(2)-grammar.

Corollary 3. There exists a PSFL(2)-grammar.

Example 2. LetG = ({S,S4,Sr, B},{a,b,¢,$}, S, R) be a complete CF(¢,$)-grammar with the
following set ofrules

S — Sa|Skg, B — aB|bB|al|b,
Sa — ¢BS, Sr — ¢$.

The grammar G(C?B)

is a complete CF(¢,$)—grammarG(C3) = (G(CB) G(Cg)> where G( %) has the starting

symbol Sy, G has the starting symbol Sg. L G(03 ={¢}-{a,b}T - {$}, L 62) = {¢$}, and
R

L (Gg3)> =1L (GEXS)) UL (Gg?’)) = {¢} - {a,b}* - {3$}. It is easy to see that grammar G(g3) is a

PSFL(3)-grammar, and since ¢a$ cannot be reduced, the grammar is not a PSFL(2)-grammar.



Corollary 4. There is a PSFL(3)-grammar, which is not a PSFL(2)-grammar.

Example 3. Let us consider the complete CF(¢,$)-grammar G(Cf4) = (GE§4), G'g?)) that generates the
accepting language {¢a®"b™$ | n > 0,m > 0} with the following set of rules:

S — Sa|Skg, Sr — ¢As$ | ¢BsS | ¢8| ¢al,
Sa — ¢ABS, As — aaAs | AbXaX |a | abX,
A = a?Alad?, X — aX|bX |\

B — Bb| A,

It is easy to check that Ggél) is a PSFL(4)-grammar.

We can also see that the word ¢aa$ is a word of length 4 from L (fol)), and that it cannot be reduced

by any reduction ofG(Cf4). This means that G(Cf4) is not a PSFL(3)-grammar.
The next corollary is a consequence of the previous example.

Corollary 5. There is a PSFL(4)-grammar, which is not a PSFL(3)-grammar.

Example 4. Let k be a natural number such that k > 1. Let us consider the complete CF(¢,$)-grammar
ng) = (G(Xk),Gggk)) that generates the accepting language {¢a®™b™ | n > 0,m > 0} with the
following set of rules:

S — Sa|Sg, Sp — ¢AS| ¢Bs$ | ¢a'$, wherel <i <k -1,

Sa — ¢ABS, A, — adFA,| AbXaX | d' | a'bX, wherel <i <k — 1,
A — dFA|d, X — aX |bX |\

B — Bb| A,

It can be shown that G(C?k) is a PSFL(k + 2)-grammar.
We can also see that the word ¢a*$ is a word of length k + 2 of L (Gfgk)), and that it cannot be reduced

by any reduction according to G(gk). This means that G(C,Ck) is not a PSFL(k + 1)-grammar.
The next corollary is a consequence of the previous examples.

Corollary 6. Let k be a natural number greater than or equal to 3. Then there is a PSFL(k)-grammar,
which is not a PSFL(k — 1)-grammar.

3.4. Non-regularity by complete CF-grammars

Example 5. This example shows that there is a complete CF(¢,$)-grammar that generates a non-regular

accepting language. Consider a complete CF(¢,$)-grammar G(C?) = <GE§), GSE?) generating the accepting

language {¢a"b™$ | n > m > 0} using the following rules:

S — S ’ SR, Sr — ¢XbaX ’ ¢A1$ ’ ¢C$,
SA — ¢A$ | ¢B$, A1 — CLBl | B1 | b,
A — aB ‘ ab, By — Aib,
B — Ab| A, C = aC |,
X = aX |bX|A

We show that L (GS)) is a non-regular language by contradiction. Suppose that L (Gi?) is a regular
language. Then, by a pumping lemma for regular languages, we have a positive constant k such that the

suffix b*$ of the word ¢aFbF$ € L (G%)) contains a subword which can be pumped, and all the pumped



(5) (5)

words remain in L (GA ) However, $ cannot be pumped because all words in L (GA ) contain exactly

one occurrence of $. Finally, no occurrence of b can be pumped, as the condition > of the number of a’s and
the number of b’s will be disturbed. That is a contradiction.

If G¢ is a complete CF(¢,$)-grammar, then both L(G 4) and L(GR) are context-free languages. How
can we see whether those languages are non-regular? See the paper [1] that (partially) answers that
question.

4. PSFG-grammars and One-side Grammars
PSFG-grammars introduced in this section are inspired by the notions in [2].

Definition 9. Let G = (N, X U {¢,$}, S, P) be a CF(¢,$)-grammar, x,u1,v,us,y € X%, ujug # A,
A€ N, and
S =* ¢xAy$ =7 crug Ausy$ =* cruivugys. (1)

We say that A is areducing nonterminal, (¢x, uq, v, A, ug, y$) is areducing G-infix, (¢x, u1, v, u2, y$)
is a pure reducing G-infix, ¢xujvuoy$ =>¢ ¢xvy$ is a G-reduction.

A (pure) reducing G-infix or a G-reduction is two-side if both u; and uy are nonempty. They are
right-side (left-side, respectively) if u; (ua, respectively) is empty.

A (pure) reducing G-infix or a G-reduction is one-side if uy or ug is empty.

The relation =>{, is the reflexive and transitive closure of the reduction relation =>¢.

Note that if (¢z, up, v, A, ug, y$) is a reducing G-infix, then for each nonnegative integer i, we have
a derivation S =* ¢zufvubyS. This fact was used to define pumping reductions in [2].

One-side and Two-side Reducing CF(¢,$)-grammars

Let G be a CF(¢,$)-grammar. We say that G is a left-side reducing CF(¢,$)-grammar if all its reducing
infixes are left-side reducing infixes (Definition 9). Similarly, we say that G is a right-side reducing
CF(¢,$)-grammar if all its reducing infixes are right-side reducing infixes. We say that G is a one-side
reducing CF(¢, $)-grammar if it is either a left-side or right-side reducing CF(¢, $)-grammar.

Definition 10. Let Go = (G 4, GRr) be a complete CF(¢:, $)-grammar and d > 0 be a constant such that
for all words x, x1, s all of the following three conditions are satisfied:

(P) For each xs € L(G¢) such that |x| > d, there is x1, |x| — |x1| < d such that xs =>¢q,, x15.
(S) Foreachxs € L(Gc) such that |s| > d, there is s1, |s| — |s1| < d such that xs =>q,, x51.
(C) All the G -reductions mentioned in (P) and (S) are right-side or left-side G ¢ -reductions.

We say that G¢ is a PSFG1(d)-grammar.

Note that the definition of PSFG1(d)-grammar uses reductions based on the (structural) properties
of G¢. A PSFG(d)-grammar need not be one-side complete CF(¢,$)-grammar, as the conditions of
Definition 10 can be satisfied also when G ¢ enables both left-side and right-side G¢-reductions, or
even two-side reductions (see Example 6 below).

Definition 11 ((P, G¢)-reductions, (S, G¢)-reductions). Let Go = (G4, GR) be a PSFG1(d)-gram-
mar, for some integer d > 0, and x, x1, uy, u2, v, y1, s be words.

(gp) Letzs € L(Gc),
reducing G ¢-infix.
We write x1u1vuay1S =>p,G, £10y1S and say that z1uivusy1s =>p g, r1vy18 is a (P, Gc)-
reduction.

x| > d, v = xyurvugyr, where In = (x1,u1,v,u2,y15) is a pure one-side



(gs) Let zs € L(Gc¢),
pumping Gc-infix.
We write £s1u1vU2y1 =>5,G TS10Y1 and say that Tsiujvugy =>g5,6. 1oy is an (S, Go)-
reduction.

s| > d, s = sjuivugyy, where In = (xs1,u1,v,us,y1) is a pure one-side

The relations =>% ; . and =>7 ., . are the reflexive and transitive closures of the relations =>g ¢, and
=>p G, respectively.

Definition 12 (PSFG(d)-grammars). Let Go = (G4, GRr) be a PSFG1(d)-grammar, for some d > 0.
We say that G ¢ is a PSFG(d)-grammar if the following condition (Cg) is fulfilled for all words x,y, s, s:

(Cg) Ifas' =>p g, 2's ys' =>5 g 7'’ andws =>§ o ws', thenys =>% o ys'.

Obviously, Condition (Cg) in the definition of PSFG(d)-grammar (Definition 12) corresponds to
Condition (A) of the definition of PSFL(d)-grammar (Definition 5).

Lemma 4. Let Go = (G4, GR) be a PSFG(d)-grammar, for some d > 0. Then G¢ is a PSFL(d )-grammar.

Proof: We can see from the definitions that each (.S, G¢)-reduction (E>§GC) according to PSFG(d)-
grammar G is an S-reduction (~g ) according to a PSFL(d)-grammar G¢, and that each (P, G¢)-
reduction (E>}7GC) according to PSFG(d)-grammar G is a P-reduction (~ p ) according to PSFL(d)-
grammar G¢. Therefore, each PSFG(d)-grammar satisfying conditions (P), (S), and (C) of Definition 10
satisfies the conditions (Ap), (As), (Rp), and (Rs) for PSFL(d)-grammar (Definition 3). Therefore, each
PSFG1(d)-grammar is a PSFL1(d)-grammar. Further, Condition (Cg) of Definition 12 implies Condition
(A) of Definition 5. Thus, each PSFG(d)-grammar is a PSFL(d)-grammar. O

Using Theorem 1, we obtain the following corollary.

Corollary 7. Let Go = (G a,GRr) be a PSFG(d)-grammar. Then the languages L(G 4) and L(GR) are
regular.

Theorem 2. A language L is a regular language if and only if there exists a PSFG(d)-grammar Go =
(Ga,GR) such that L = Lin (G 4).

Proof: According to Corollary 7, for each PSFG(d)-grammar, the languages L(G 4) and L(GR) are
regular. It remains to show that if L is a regular language, then there exists a PSFG(d)-grammar
Gc = (G4, GR) such that L = L;,,(G 4). Then, there exists a deterministic (complete) finite state
automaton M = (Q, X, 6, qo, F') such that L = L(M ). Obviously, if we replace the set of final states F’
of the automaton M with @ \ F', we get a finite state automaton (Q, X, §, go, @ ~ F') that accepts the
language ¥* ~\ L.

Based on the finite automaton M, we can construct a complete CF(¢, $)-grammar Go = (N, X U
{¢,$}, S, P), where N = {S,S4,Sr} UQUQ, where Q' = {¢' | ¢ € Q} is a set of marked versions
of the states from @, the symbols S, S4, and Sg are new nonterminals, {5, S4,Sg} N (QU Q") = 0,
and P contains the following rules:

S — Sa| Sk,

Sa — ¢qo8,

SR_>¢q/0$7

X —zY if X, YeQandd(X,z) =Y,
X' — xy’ if XY € Qand 6(X,z) =Y,
X =\, ifX eF,

X = A ifXe@\F.



Each derivation of a word ¢wjws - - - w,$ € L(G¢), where wy,...,w, € ¥, for some n > 0,
according to the grammar G¢ is one of the following two forms:

S :>Gc SA :>GC ¢p0$ :>GC ¢w1p1$ :>Gc ¢wlw2p2$ :>Gc T

:>Gc ¢U)1U}2 e wnpn$ :>Gc ¢w1 e U}n$, (2)
S =G. Sk =ce ¢PpS = o cwrpl$ = Cwiwaph$ = -
=G Cwiwy - wpp,$ =g Cwr - wy$. (3)

where po,....pn € Q.po = qo.Pn € Fopp, -, € Q0o = o € F' ={d' | g € QL ~ FL}.
Then, all reducing G c-infixes are of the following form:

(¢ZC> uy, v, A> uz, y$) = (¢$, ur, v, Aa )\7 $)>

where x, u1, v, ug, y are words from ¥*, ¢zujvusy$ € L(Ge), ug = A, y = $, and either A € Q or
A € @'. Evidently, G¢ is a left-side reducing complete CF(¢, $)-grammar. Moreover, we will show that
G is a PSFG(d)-grammar, where d = |Q)|.

At first, let us check that G¢ is a PSFG1(d)-grammar. For some words x and s, if xs € L(G¢) and
|z| > d, the beginning of the derivation of the word w = ¢w; - - - w,$ = xs is in one of the following
two forms:

S =S4 = ¢po% = cwipr$ = Cwiwape$ = -+ = Cwiws - - wupPg$,
S = Sgp = ¢pp$ = cwnp)$ = cwiwaph$ = -+ = Cwiws - - wepl$,

where po, ..., pa € Q,Po = qo. Py - - - Py € Q' Py = qpp» and Cwy - - - wg is a prefix of z. Since |Q| = d,
there exist i,j € {0,...,d}, i < j, for which p; = p; or p; = p. Then,

(Cwy -+ Wi, Wig1 -+ Wy, Wjg1 -+ We, A, N, $)

is a reducing G¢-infix, where either A = p; = p; € Qor A = p, = p} € @'. In both cases,
¢w1 s wn$ = ¢w1 o WWi1 s WjWg1 wn$ E>P,G’c ¢w1 o WiW41 wn$. Hence, there
exists a word 2’ obtained by omitting w; 1 - - - w; from z such that s =>p g, 15 and |z| — |z1| < d,
and condition (P) of Definition 10 is satisfied.

Similarly, we can find a repeating state in the last d steps of the derivation of the form (2) and (3) and
show that condition (S) of Definition 10 is true.

Condition (C) of Definition 10 follows from the fact that all reducing G ¢-infixes are left-side.

Altogether, we see that G¢ is a PSFG1(d)-grammar.

Finally, let us show that the condition (Cg) of the definition of PSFG(d)-grammar (Definition 12)
holds.

Let aff =>¢. ¢/ be a Go-reduction. Then, there exists a reducing Ge-infix (¢, ur, v161, 4, A, $)
for some words ari, u1,v1, 31 € X* and a nonterminal A such that o = ¢caquivr, 8 = 519, o = ¢aqvy,
and we have the following derivation

S =G CanAS =G caqu AS =¢, caquvi BS = aB$ =5 ¢aruivi /18 = af,
for some nontermainal B € Q U @)'. Then the following derivation is possible
S =G ca1AS =, cav1 BS = o' B$ =G ca1v1 518 = o B
This means that 3 is generated from the nonterminal B in both of the above derivations and
S =4, aBS = o,
* / * /
S =4, oBS =g, dB.
Using induction on the number of steps in the sequence of reductions af =>¢, , o/ B, we can show
that there exists a nonterminal B and derivations
S =6 alB$ =0 aﬁ/ and
* *
S =g, aBS =g, dB.



Similarly, if o8 =>¢, a3, there exists a nonterminal C' such that

S =4, a08 = afand
S =6, aC$ =G af.

Letzs’ =>% o 2's', ys' =>p 5, '8’ and ws =>7 @8/, for some words z,y, s, s". Using the
above observations, we know that there exist nonterminals B, C, D such that

S =g, 2BS =¢ a8, S =6, y08 =5, vs, S =4, wDS =5 xs,
/ /! / /! /
S=g. 1B =g, 2, S=4, 2'C8 = 2's', S=¢, aD$ =5 w8

However, G¢ is unambiguous. Therefore, from S :>EC z'B$ and S :>*Gc 2'C$ it follows that
B =C.From S = xzB%$and S =G xDS$ it follows that B = D. Then

S =4, yBS =, ysand
S =6, yBS =5, vs,

which implies ys =>¢, | ys', and the condition (Cg) is satisfied. Hence, G¢ is a PSFG(d)-grammar.
This completes the proof that G¢ is a PSFG(d)-grammar. |

4.1. Separation Results

Example 6. Let Gg) = ({S,54,5r, A, B},{a,b, ¢, 8}, S, R) be a complete CF(¢.,$)-grammar with the
following set of rules:

S — Si|Skg, A — aAb]| ab,

Sa — ¢A$|¢BS, B — aB|bB| A\

The grammar GS) is a complete CF(¢,$)-grammar G(Cl) = <Gf41), Gg?), where GS) has starting

symbol S 4, Gg) has starting symbol Sg, and obviously, L (Gg)) =L <Gf41)> ={¢}-{a,b}*-{$}, and

L(Gy) =0
As (¢aa, a,ab, A, b, bbS) is a two-side reducing infix by GV, and the word w = ¢aaaabbbb$ is in
(1) (1)

L (GA ), the grammar G’ is a two-side reducing grammar. However, the word w can also be derived

)

using rules ofG(A1 that do not contain the nonterminal A, and all corresponding infixes are left-side infixes.

We can see that according to Definition 5 and Definition 12 the complete CF(¢,$)-grammar Gg) =

(GEL‘I), Gg?) is a PSFL(3)-grammar and a PSFG(3)-grammar that is not a one-side reducing grammar.

Actually, we could omit all rules that include A from the grammar, and we would obtain a grammar
that generates the same language as the original grammar and is left-side reducing.

The next corollary is a consequence of Example 6.

Corollary 8. There is a PSFG(3)-grammar and PSFL(3)-grammar Gg) that is not a one-side reducing
CF(¢,$)-grammar.

Example 7. Let us consider the complete CF(¢,$)-grammar G(Cz) = (Gf), G?) generating the accepting
language {¢a"b™$ | n + m > 0} using the following rules:

S — SA ’SR, Bl — Alb‘b,

Sa — ¢AS|¢DS | ¢Bi$| ¢S, D — aDb|ab,

A — aB|a, Sr — ¢C8,

B — Ab|A]|, C — XCX|ba,
A1 — CLBl’Bl|)\, X — aX|bX|)\



G(g) = (G?,G?) is a PSFL(4)-grammar according to Definition 12. Gf) is an unambiguous

(2)
A

context-free grammar. We can see that the words generated with the help of A by G’ are from the

set {¢a™™$ | n > m,m > 0}, the words generated by Gf) with the help of By are from the set

¢a™™$ | n < m,n > 0}, and the words generated b G'?) with the help of D are from the set
&8 Y Ga p

{¢a™"$ | n > 0}.

There is no suffix reduction => within the subword b"™ of any word of the form ¢a™b"$ where

5,62
n > 0. Note that ¢ab"$ € L (Gf)) forn > 0. This means that G(c%) is not a PSFG(n )-grammar for any

natural number n. This observation also emphasizes the difference between the two types of reductions =>
and ~> used in this article for complete CF(¢,$)-grammars.

The next corollary is a consequence of Example 7.

Corollary 9. There is a PSFL(4)-grammar Gg) that is not a PSFG(d)-grammar for any natural number d.

4.2. A Hierarchy of PSFG(d)-grammars

Using some of the above examples, we can show several hierarchy results.

Corollary 10. There is a PSFG(2)-grammar, and there is no PSFG(1)-grammar.

Proof: The grammar G(CCQ) from Example 1 is a PSFG(2)-grammar. Obviously, there is no PSFG(1)-
grammar. O

Corollary 11. There is a PSFG(3)-grammar, which is not a PSFG(2)-grammar.

Proof: The grammar G(C€3) from Example 2 is a PSFG(3)-grammar, and it is not a PSFG(2)-grammar. O

Corollary 12. There is a PSFG(4)-grammar, which is not a PSFG(3)-grammar.

Proof: The grammar G (654) from Example 3 is a PSFG(4)-grammar, and it is not a PSFG(3)-grammar. O

Corollary 13. Let k be a natural number greater than 0. Then there is a PSFG(k+2)-grammar, which is
not a PSFG(k+1)-grammar.

Proof: The grammar G(CCk) from Example 3 is a PSFG(k+2)-grammar, and it is not a PSFG(k+1)-grammar.
O

5. Conclusions and Future Work

We believe that the next conjecture can be proved as a non-trivial consequence of Theorem 1 and the
construction of a complete CF(¢,$)-grammar in the proof of Theorem 2.

Conjecture 1. Let Go = (G4, GR) be a complete CF(¢, $)-grammar, and L(G 4) be a regular language.
Then G¢ is a PSFL(d)-grammar for some natural number d, where d is determined by G¢.

While PSFL(c)-grammars depend on the properties of the generated language, but not on the structure
of the grammar, PSFG(d)-grammars are based directly on the properties of the grammars. We have
shown that the notion of PSFL(c)-grammar is more general than PSFG(c)-grammar. Nevertheless, we
have shown a hierarchy based on the parameter ¢ both for PSFL(c)- and PSFG(c)-grammars.



PSFL(c)-grammars and PSFG(d)-grammars can be seen as special types of Marcus contextual gram-
mars; see [12].

We believe that any relaxation of the conditions for PSFL(c)-grammars leads to non-regularity of the
considered grammars.

Until now, we have not studied the computability and decidability questions related to complete
CF(¢, $)-grammars. In the future, we will focus on these questions, and one of our plans is to study
restarting automata (see [9]) controlled by complete CF(¢, $)-grammars.
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