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Abstract
Several approaches to use a number of grammars to jointly generate a word were already studied in the literature
(e.g., Cooperating distributed grammar systems, Parallel communicating grammar systems). When considering
words in languages generated by such systems of grammars, it is possible to identify subwords generated by a
particular grammar. Based on the known operation of shuffle, a new operation on languages - the controlled shuffle -
is introduced and studied in this paper. The motivation came from the study of usefulness of additional information
in problem solving in the formalism of grammars. Unlike the ordinary shuffle operation, it allows to shuffle the
words in a predefined way. It is shown that families of languages closed under controlled shuffle are also closed
under basic language operations. Moreover, properties of the closure of the basic language families in the Chomsky
hierarchy under controlled shuffle are presented.
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1. Introduction

This work is motivated by the study of usefulness of information in problem solving. The information
is useful if it helps to solve a problem easier. So far, it was studied in the formalism of automata. A
problem, a language 𝐿𝑝𝑟𝑜𝑏, is solved by an automaton 𝐴𝑝𝑟𝑜𝑏 accepting this language. A supplementary
information (advice) allows to assume the input word satisfies some property (belongs to an advice
language 𝐿𝑎𝑑𝑣 accepted by an automaton 𝐴𝑎𝑑𝑣) so, for determining whether the input word belongs to
𝐿𝑝𝑟𝑜𝑏, it suffices to check for fewer properties by a simpler automaton 𝐴𝑛𝑒𝑤 accepting 𝐿𝑛𝑒𝑤. Thus the
task can be viewed as a decomposition of an automaton 𝐴𝑝𝑟𝑜𝑏 into two simpler automata 𝐴𝑛𝑒𝑤 and 𝐴𝑎𝑑𝑣
such that 𝐿𝑝𝑟𝑜𝑏 = 𝐿𝑛𝑒𝑤 ∩ 𝐿𝑎𝑑𝑣 (see, e.g., [9] for motivation and results). In [1], the study of usefulness
of information using grammars is introduced. The solution to a problem 𝐿𝑝𝑟𝑜𝑏 is given by a grammar
𝐺𝑝𝑟𝑜𝑏. A supplementary information provided enables a simpler grammar 𝐺𝑛𝑒𝑤 to generate just parts
of the word in 𝐿𝑝𝑟𝑜𝑏 the remaining parts to be filled in by the advice grammar 𝐺𝑎𝑑𝑣. Thus, to obtain a
word in 𝐿𝑝𝑟𝑜𝑏, some words in 𝐿𝑛𝑒𝑤 and 𝐿𝑎𝑑𝑣 are shuffled in an appropriate way. Here, the general shuffle
operation known from the literature may result in words not in the original 𝐿𝑝𝑟𝑜𝑏. This leads to introducing
a new operation - the controlled shuffle - studied in this paper. It allows to specify how two grammars can
cooperate on producing a word consisting of parts generated by each of the grammars.

The idea of using several grammars to jointly generate a word already appeared in the literature.
Cooperating distributed grammar systems [6] and Parallel communicating grammar systems [8] (among
others) are grammar systems where several grammars are used to jointly generate a word. In the words
generated by such grammar systems, subwords generated by individual grammars can be identified. The
new binary operation - controlled shuffle - also keeps this property. In contrast to the ordinary shuffle,
parameters of the controlled shuffle, called the control symbols, determine how the subwords are shuffled
to create a single resulting word. By generating these control symbols, the grammar 𝐺𝑛𝑒𝑤 indicates
positions in the word generated at which it expects parts of the word generated by 𝐺𝑎𝑑𝑣 to be inserted to
obtain a word in 𝐿𝑝𝑟𝑜𝑏. Similarly, the control symbols generated by 𝐺𝑎𝑑𝑣 indicate how the word generated

ITAT 2026: Information Technologies - Applications and Theory, September 25-29, 2026, Biele Karpaty, Slovakia
∗Corresponding author.
†These authors contributed equally.
$ karina.chuda@fmph.uniba.sk (K. Chuda); rovan@dcs.fmph.uniba.sk (B. Rovan)
� 0000-0002-0015-403X (B. Rovan)

© 2026 Copyright for this paper by its authors. Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0).

CEUR
Workshop
Proceedings

ceur-ws.org
ISSN 1613-0073

published 2026-11-09

mailto:karina.chuda@fmph.uniba.sk
mailto:rovan@dcs.fmph.uniba.sk
https://orcid.org/0000-0002-0015-403X
https://creativecommons.org/licenses/by/4.0/deed.en


is to be split in parts to fit in the places indicated in the word generated by 𝐺𝑛𝑒𝑤. Clearly, only some pairs
of words are suitable to fulfil the expectations of both grammars. The notion of compatibility of pairs of
words shall be explained later. The role of the control symbols, a placeholder, a separator, and an empty,
can be assigned to any triple of pairwise distinct symbols not occurring in the alphabet of 𝐿𝑝𝑟𝑜𝑏.

It is to be noted that several approaches (using different motivation) to limit the result of the general
shuffle operation appeared in the literature. In [7], a generalization of the rewrite step in grammars is
considered limiting the result of the shuffle of two words to be in a given regular language. In [5], the
result of the shuffle is determined by explicitly specifying the number of letters to be taken from the first
word, then the number of letters taken from the second word, and again the number of letters from the
first word, etc., using the notion of a trajectory (in the two dimensional grid). The shuffle on trajectories
was shown to be able to simulate various types on restrictions on shuffle. It might be of interest to explore
the relation between the shuffle on trajectories and the controlled shuffle studied in this paper.

Following the definition of the controlled shuffle in Section 2, the properties of the controlled shuffle
are studied in Section 3. It is shown that the controlled shuffle is a powerful operation. It is shown that a
family of languages closed under controlled shuffle is (under mild assumptions) also closed under the
usual basic language operations. Finally, closures of basic language families in the Chomsky hierarchy
under controlled shuffle are investigated in Section 4.

Standard notations of the formal languages theory are used throughout the paper, for instance the
notations introduced in [4, 3]. To abbreviate the presentation and to enhance the readability of the text,
some conventions are kept unless stated otherwise.

The control symbols are always assumed to be pairwise distinct. The following dedicated symbols are
used as the control symbols, the placeholder denoted by ⌞⌟, the separator denoted by ⌝⌜, and the empty
denoted by ϶. The dedicated control symbols are omitted from the notation of related notions. The use of
other symbols in the role of control symbols is explicitly mentioned.

All (words and) languages are assumed to be over the alphabet Σ. It is convenient to assume that the
control symbols are in Σ.

The alphabet Σ0 denotes the set of symbols in Σ which are not control symbols, more precisely
Σ0 = Σ − {⌞⌟, ⌝⌜, ϶}. (In the simulations of operations, it is assumed that the control symbols do not occur
in the argument languages. This can be achieved by using new symbols that do not occur in the argument
languages.) The alphabet Σ0 is assumed to have 𝑘0 elements 𝑎𝑖 for 1 ≤ 𝑖 ≤ 𝑘0.

In the process of defining the controlled shuffle, a set of special symbols _, ⌞, ⌟, ⌜, and ⌝ is used. These
special symbols are assumed to be pairwise distinct and not in Σ0. The alphabet Σ𝑀 denotes Σ0 together
with the special symbols, more precisely Σ𝑀 = Σ0 ∪ {_, ⌞, ⌟, ⌜, ⌝}.

It shall often be useful to mark the symbols in Σ0. For each 𝑎 in Σ0 a new symbol 𝑎′ is used. The
′ notation shall be used in a natural way. Thus, for Σ0 =

{

𝑎1, 𝑎2, 𝑎3,… , 𝑎𝑘0
}

, the alphabet of primed
symbols is Σ0

′ =
{

𝑎1′, 𝑎2′, 𝑎3′,… , 𝑎𝑘0
′
}

. Similarly, for a word 𝑤 in Σ0
∗, the word 𝑤′ is obtained by

using the primed version of the symbols in 𝑤. Naturally, for a language 𝐿, the language 𝐿′ consists of the
primed versions of the words in 𝐿.

2. Controlled shuffle

The way the controlled shuffle operates can be explained by describing the roles of the control symbols.
The placeholder ⌞⌟ in one word is replaced by a substring over Σ0 from the other word. The separator ⌝⌜ is
used to separate neighboring substrings. The empty ϶ stands in for the empty string. The control symbols
vanish in the shuffling process. A simple example of the controlled shuffle follows. It is further used in a
step by step explanation of the controlled shuffle. The word in the first row and the word in the second
row are shuffled into the word in the third row.

𝑎𝑏 ⌞⌟ ⌞⌟ ϶
⌞⌟ 𝑐𝑎𝑐 ⌝⌜ 𝑎 ⌞⌟

𝑎𝑏 𝑐𝑎𝑐 𝑎



The controlled shuffle can be explained in two steps. A pair of words can be shuffled only in case they
are compatible. Thus the first step in the explanation describes the compatibility relation. The second
step in the explanation describes the controlled shuffle itself.

Images of words by an a-transducer as defined, e.g., in [3] shall be used to explain the compatibility. It
is a nondeterministic finite state transducer with accepting states. Observe that an a-transducer can be
applied to any language however only input words leading to an accepting state have a nonempty output.

The image of a word by the a-transducer 𝑀 (depicted below) is a language of words without the control
symbols also containing the new pairwise distinct symbols _, ⌞, ⌟, ⌜, ⌝ not in Σ0. The words of the language
consist of possibly empty subwords not containing the control symbols enclosed between ⌜ and ⌝ and of
possibly empty subwords of variable length containing only symbols _ enclosed between ⌞ and ⌟.

The images of words from the previous example by 𝑀 are as follows.
𝑀 (𝑎𝑏⌞⌟⌞⌟϶) =

{

⌜ 𝑎 𝑏 ⌝ ⌞ _𝑖1 ⌟ ⌞ _𝑖2 ⌟ ⌜ ⌝|
|

𝑖1, 𝑖2 ∈ ℕ
}

𝑀 (⌞⌟𝑐𝑎𝑐⌝⌜𝑎⌞⌟) =
{

⌞ _𝑖1 ⌟ ⌜ 𝑐 𝑎 𝑐 ⌝ ⌜ 𝑎 ⌝ ⌞ _𝑖2 ⌟|
|

𝑖1, 𝑖2 ∈ ℕ
}

The a-transducer 𝑀 has states 𝑝, 𝑝⌞, 𝑝⌜, 𝑝𝑓 where the state 𝑝 is the initial state and the states 𝑝 and 𝑝𝑓
are final states. If the a-transducer is in the state 𝑝 (and in the state 𝑝𝑓 ) then the output consists of subwords
enclosed either between ⌞ and ⌟ or between ⌜ and ⌝. If the a-transducer is in the state 𝑝⌞ then the possibly
empty subword containing only symbols _ delimited by ⌞ from the left is produced. If the a-transducer is
in the state 𝑝⌜ then the possibly empty subword not containing the control symbols delimited by ⌜ from
the left is produced. At the end of an input word ending with a non control symbol, the a-transducer can
enter the final state 𝑝𝑓 .

The a-transducer 𝑀 , formally defined in Notation 2.1, can be given by a diagram having the transition
arrows labeled with pairs of input symbol and output word. The diagram is simplified, the symbol 𝑎
stands for all 𝑎 distinct from the control symbols and two transitions sharing the beginning state and the
ending state are depicted simply by one arrow with two label pairs.

𝑝

𝑝⌞

𝑝⌜

𝑝𝑓

⌝⌜, 𝜀
⌞⌟, ⌞

϶, ⌜
𝑎, ⌜𝑎

𝜀, _

𝜀, ⌟

⌝⌜, ⌝
⌞⌟, ⌝⌞

϶, 𝜀
𝑎, 𝑎

𝜀, ⌝

Notation 2.1. Denote by 𝑀 the a-transducer (

𝑄,Σ,Δ,𝐻, 𝑞0, 𝐹
) such that the set of states

𝑄 =
{

𝑝, 𝑝⌜, 𝑝⌞, 𝑝𝑓
}, the input alphabet is Σ, the output alphabet Δ = Σ𝑀 (see Σ𝑀 defined in

Section 1), the transitions 𝐻 = {(𝑝, ⌝⌜, 𝜀, 𝑝) , (𝑝, ⌞⌟, ⌞, 𝑝⌞) , (𝑝, ϶, ⌜, 𝑝⌜)} ∪
{

(𝑝, 𝑎, ⌜𝑎, 𝑝⌜)|
|

𝑎 ∈ Σ0
}

∪
{(𝑝⌞, 𝜀, _, 𝑝⌞) , (𝑝⌞, 𝜀, ⌟, 𝑝)} ∪ {(𝑝⌜, ⌝⌜, ⌝, 𝑝) , (𝑝⌜, ⌞⌟, ⌝⌞, 𝑝⌞) , (𝑝⌜, ϶, 𝜀, 𝑝⌜)} ∪

{

(𝑝⌜, 𝑎, 𝑎, 𝑝⌜)|
|

𝑎 ∈ Σ0
}

∪
{(

𝑝⌜, 𝜀, ⌝, 𝑝𝑓
)}, the initial state 𝑞0 = 𝑝, and the set of final states 𝐹 =

{

𝑝, 𝑝𝑓
}.

Note that the image of a word by the nondeterministic a-transducer 𝑀 is a (nonempty) language such
that the only difference between its words is the number of symbols _ to which a particular occurrence of



⌞⌟ is mapped (due to the nondeterministic behavior of the state 𝑞⌞). A pair of words 𝑢 and 𝑣 is compatible
if and only if the lengths of the subwords consisting of symbols _ enclosed between ⌞ and ⌟ in the outputs
𝕦𝑣 and 𝕧𝑢 by 𝑀 for the inputs 𝑣 and 𝑢 can be chosen in a way that any subword enclosed between ⌞ and ⌟

in one of the outputs is of the same length as the corresponding subword enclosed between ⌜ and ⌝ in the
other of the outputs. Note that if it is possible to choose such lengths then the 𝕦𝑣 and 𝕧𝑢 are unique since
the length of a subword enclosed between ⌞ and ⌟ in one of the words is determined by the length of the
the corresponding subword enclosed between ⌜ and ⌝ in the other word.

While the translation of a word 𝑢 by the a-transducer 𝑀 is almost deterministic in the sense that the
words in the image 𝑀 (𝑢) of 𝑢 by 𝑀 differ only in the lengths of the sequences of symbols _ (as explained
above), distinct words 𝑢1 and 𝑢2 can have the same image 𝑀 (

𝑢1
)

= 𝑀
(

𝑢2
) by the a-transducer 𝑀 (due

to the handling of the symbols ⌝⌜ and ϶ by 𝑀).
The words given in the example are compatible.
⌜ 𝑎 𝑏 ⌝ ⌞ _ _ _ ⌟ ⌞ _ ⌟ ⌜ ⌝ ∈ 𝑀 ( 𝑎𝑏 ⌞⌟ ⌞⌟ ϶ )
⌞ _ _ ⌟ ⌜ 𝑐 𝑎 𝑐 ⌝ ⌜ 𝑎 ⌝ ⌞ ⌟ ∈ 𝑀 ( ⌞⌟ 𝑐𝑎𝑐 ⌝⌜ 𝑎 ⌞⌟ )
To give an exact definition of the compatibility, it is useful to introduce the following alphabet of paired

symbols, with the pairs written in columns, and projections to each of the levels.

Notation 2.2. Denote by Π the alphabet
{[

⌜
⌞

]

,
[

⌞

⌜

]

,
[

⌝
⌟

]

,
[

⌟

⌝

]}

∪
{[

𝑎
_

]

|

|

|

|

|

𝑎 ∈ Σ0

}

∪
{[

_
𝑎

]

|

|

|

|

|

𝑎 ∈ Σ0

}

.

Denote by 𝜋1 the homomorphism from Π∗ to Σ𝑀
∗ such that 𝜋1

([

𝑎
𝑏

])

= 𝑎 for each
[

𝑎
𝑏

]

∈ Π.

Denote by 𝜋2 the homomorphism from Π∗ to Σ𝑀
∗ such that 𝜋2

([

𝑎
𝑏

])

= 𝑏 for each
[

𝑎
𝑏

]

∈ Π.

Definition 2.3. Let 𝑢 an 𝑣 be words.
The compatibility word 𝕨𝑢𝑣 of 𝑢 and 𝑣 is the word over Π such that 𝜋1

(

𝕨𝑢𝑣
) is a word in 𝑀 (𝑢) and

𝜋2
(

𝕨𝑢𝑣
) is a word in 𝑀 (𝑣).

The words 𝑢 and 𝑣 are compatible, denoted by 𝑢 ⟂ 𝑣, if there exists the compatibility word 𝕨𝑢𝑣 of 𝑢
and 𝑣.

As mentioned above, if the words 𝑢 and 𝑣 are compatible then there exist unique output 𝕦𝑣 for the
input 𝑢 by 𝑀 and unique output 𝕧𝑢 for the input 𝑣 by 𝑀 stacking up to the compatibility word 𝕨𝑢𝑣. In
other words, if the words 𝑢 and 𝑣 are compatible then there exist unique output 𝕦𝑣 for the input 𝑢 and
unique output 𝕧𝑢 of 𝑣 such that there exists the compatibility word 𝕨𝑢𝑣 over Π with 𝜋1

(

𝕨𝑢𝑣
)

= 𝕦𝑣 and
𝜋2

(

𝕨𝑢𝑣
)

= 𝕧𝑢. Thus 𝕨𝑢𝑣 is uniquely determined by 𝑢 and 𝑣 if 𝑢 and 𝑣 are compatible and there exists no
such word if 𝑢 and 𝑣 are not compatible.

Although the compatibility word 𝕨𝑢𝑣 is uniquely determined for any pair of compatible words 𝑢 and
𝑣, distinct pairs of compatible words, say the pair 𝑢1 and 𝑣1 and the pair 𝑢2 and 𝑣2, may yield the same
compatibility word 𝕨𝑢1𝑣1 = 𝕨𝑢2𝑣2 , since distinct words can have the same image by 𝑀 as discussed above.

The compatibility word of the words given in the example used above follows.
[

⌜
⌞

] [

𝑎
_

] [

𝑏
_

] [

⌝
⌟

] [

⌞

⌜

] [

_
𝑐

] [

_
𝑎

] [

_
𝑐

] [

⌟

⌝

] [

⌞

⌜

] [

_
𝑎

] [

⌟

⌝

] [

⌜
⌞

] [

⌝
⌟

]

To explain the controlled shuffle itself, a homomorphism 𝔥 on the compatibility word is used.

Notation 2.4. Denote by 𝔥 the homomorphism from Π∗ to (Σ − {⌞⌟, ⌝⌜, ϶})∗ such that 𝔥
([

⌜
⌞

])

= 𝜀,

𝔥
([

⌞

⌜

])

= 𝜀, 𝔥
([

⌝
⌟

])

= 𝜀, 𝔥
([

⌟

⌝

])

= 𝜀, 𝔥
([

𝑎
_

])

= 𝑎 for each 𝑎 ∈ Σ0, and 𝔥
([

_
𝑎

])

= 𝑎 for each
𝑎 ∈ Σ0.

Note that the homomorphism 𝔥 shall be used on compatible words only.
The image under 𝔥 of the compatibility word of the given example is as follows.
𝔥
([

⌜
⌞

] [

𝑎
_

] [

𝑏
_

] [

⌝
⌟

] [

⌞

⌜

] [

_
𝑐

] [

_
𝑎

] [

_
𝑐

] [

⌟

⌝

] [

⌞

⌜

] [

_
𝑎

] [

⌟

⌝

] [

⌜
⌞

] [

⌝
⌟

])

= 𝑎𝑏𝑐𝑎𝑐𝑎



Using the homomorphism 𝔥 on the compatibility word, the controlled shuffle can thus be defined as the
image of the compatibility word under 𝔥.

The words from the example shuffle to the following word.
𝑎𝑏⌞⌟⌞⌟϶⧢⧢⌞⌟𝑐𝑎𝑐⌝⌜𝑎⌞⌟ = 𝔥

([

⌜
⌞

] [

𝑎
_

] [

𝑏
_

] [

⌝
⌟

] [

⌞

⌜

] [

_
𝑐

] [

_
𝑎

] [

_
𝑐

] [

⌟

⌝

] [

⌞

⌜

] [

_
𝑎

] [

⌟

⌝

] [

⌜
⌞

] [

⌝
⌟

])

= 𝑎𝑏𝑐𝑎𝑐𝑎

Definition 2.5. Let 𝑢 and 𝑣 be compatible words. The controlled shuffle 𝑢⧢⧢𝑣 of words 𝑢 and 𝑣 is the
word 𝑢⧢⧢𝑣 = 𝔥

(

𝕨𝑢𝑣
) over Σ0 for each 𝑢 ⟂ 𝑣. It is not defined otherwise.

Let 𝐿1 and 𝐿2 be languages. The controlled shuffle 𝐿1⧢⧢𝐿2 of languages 𝐿1 and 𝐿2 is the language
𝐿1⧢⧢𝐿2 =

{

𝑢⧢⧢𝑣|
|

𝑢 ∈ 𝐿1, 𝑣 ∈ 𝐿2, 𝑢 ⟂ 𝑣
} over Σ0.

A purely algebraic definition of the controlled shuffle (without an a-transducer) can be found in [1].

3. Properties of controlled shuffle

It is shown that the controlled shuffle is a powerful operation. In particular, a family of languages closed
under controlled shuffle is (under mild assumptions) also closed under the usual basic language operations.
This follows from the fact that the controlled shuffle can be used to simulate several operations on languages,
namely concatenation, union, intersection, homomorphism, and substitution. In the simulations, the
original languages are first replaced by auxiliary languages derived from the original languages. These
languages are derived by simple means such as mappings by elementary homomorphisms (renaming
symbols) or simple operations (concatenation and union with a singleton language) up to an exception
discussed later. In particular, the derived languages are in the Chomsky family of the original languages.
The presented simulations vary in difficulty. The simulation of concatenation and of union require one
controlled shuffle while the simulation of intersection (being the hardest), homomorphism, and substitution
use a sequence of controlled shuffles depending on the size of the underlying alphabets.

Since the controlled shuffle requires a non empty string to be matched with ⌞⌟, a language𝐿϶,𝜀 constructed
from the respective language 𝐿 is often used instead of 𝐿 itself.
Notation 3.1. Let 𝐿 be a language over Σ0 and let ℎ𝜀,϶ be the homomorphism from (

Σ0 ∪ {϶}
)∗ to Σ0

∗

such that ℎ𝜀,϶ (϶) = 𝜀 and ℎ𝜀,϶ (𝑎) = 𝑎 for each 𝑎 ∈ Σ0.
Denote by 𝑤϶,𝜀 any word such that 𝑤϶,𝜀 is not 𝜀 and ℎ𝜀,϶

(

𝑤϶,𝜀
)

= 𝑤.
Denote by 𝐿϶,𝜀 any language such that 𝜀 is not in 𝐿϶,𝜀 and ℎ𝜀,϶

(

𝐿϶,𝜀
)

= 𝐿.
If 𝑤 = 𝜀 then the role of 𝑤϶,𝜀 can be played by any word from the preimage of 𝑤 under ℎ𝜀,϶ except

𝑤 itself and by no other word, hence it can be any word from {϶}+. If 𝑤 ≠ 𝜀 then the role of 𝑤϶,𝜀 can
be played by any word from the preimage of 𝑤 under ℎ𝜀,϶ including 𝑤 itself and by no other word. For
instance, 𝑎𝑏϶,𝜀 can be chosen to be not only 𝑎𝑏, but also 𝑎𝑏϶ or any other word from {϶}∗ 𝑎 {϶}∗ 𝑏 {϶}∗.

The most straightforward is the simulation of concatenation.
Notation 3.2. Let 𝐿1 and 𝐿2 be languages over Σ0. Denote by 𝐿1 2 the language 𝐿1 2 =
𝐿1϶,𝜀 {⌞⌟}⧢⧢ {⌞⌟}𝐿2϶,𝜀.
Theorem 3.3. Let 𝐿1 and 𝐿2 be languages over Σ0. Then 𝐿1𝐿2 = 𝐿1 2.
Proof. Take the assumptions from Theorem 3.3 and Notation 3.2.

Let 𝑤 be in 𝐿1 2. Hence there exist 𝑢϶,𝜀 in 𝐿1϶,𝜀 and 𝑣϶,𝜀 in 𝐿2϶,𝜀 such that 𝑤 = 𝑢϶,𝜀⌞⌟⧢⧢⌞⌟𝑣϶,𝜀.
Furthermore, there exist 𝑢 in 𝐿1 and 𝑣 in 𝐿2 such that ℎ𝜀,϶

(

𝑢϶,𝜀
)

= 𝑢 and ℎ𝜀,϶
(

𝑣϶,𝜀
)

= 𝑣. Since 𝑢
is in 𝐿1 and 𝑣 is in 𝐿2, 𝑢𝑣 is in 𝐿1𝐿2. Thus 𝑤 = 𝑢϶,𝜀⌞⌟⧢⧢⌞⌟𝑣϶,𝜀 = ℎ𝜀,϶

(

𝑢϶,𝜀
)

ℎ𝜀,϶
(

𝑣϶,𝜀
)

= 𝑢𝑣 is in 𝐿1𝐿2.
Let 𝑤 be in 𝐿1𝐿2. Hence there exist 𝑢 in 𝐿1 and 𝑣 in 𝐿2 such that 𝑤 = 𝑢𝑣. Furthermore, there exist

𝑢϶,𝜀 in 𝐿1϶,𝜀 such that ℎ𝜀,϶
(

𝑢϶,𝜀
)

= 𝑢 and 𝑣϶,𝜀 in 𝐿2϶,𝜀 such that ℎ𝜀,϶
(

𝑣϶,𝜀
)

= 𝑣. The words 𝑢϶,𝜀⌞⌟ and ⌞⌟𝑣϶,𝜀
are compatible therefore 𝑢϶,𝜀⌞⌟⧢⧢⌞⌟𝑣϶,𝜀 is in 𝐿1 2. Thus 𝑤 = 𝑢𝑣 = ℎ𝜀,϶

(

𝑢϶,𝜀
)

ℎ𝜀,϶
(

𝑣϶,𝜀
)

= 𝑢϶,𝜀⌞⌟⧢⧢⌞⌟𝑣϶,𝜀 is
in 𝐿1 2.

The simulation of union is slightly more involved, but similar to the concatenation case.



Notation 3.4. Let 𝐿1 and 𝐿2 be languages over Σ0. Denote by 𝐿1∪2 the language 𝐿1∪2 =
(

𝐿1϶,𝜀 {⌞⌟} ∪ {⌞⌟϶}
)

⧢⧢
(

𝐿2϶,𝜀 {⌞⌟} ∪ {⌞⌟϶}
).

Theorem 3.5. Let 𝐿1 and 𝐿2 be languages over Σ0. Then 𝐿1 ∪ 𝐿2 = 𝐿1∪2.
Proof. Take the assumptions from Theorem 3.5 and Notation 3.4.

Observe that 𝑢϶,𝜀⌞⌟ is only compatible with ⌞⌟϶ for each 𝑢϶,𝜀 in 𝐿1϶,𝜀 and 𝑣϶,𝜀⌞⌟ is only compatible with
⌞⌟϶ for each 𝑣϶,𝜀 in 𝐿2϶,𝜀 and that ⌞⌟϶ and ⌞⌟϶ are not compatible.

Let 𝑤 be in 𝐿1∪2. There exists either 𝑢϶,𝜀 in 𝐿1϶,𝜀 such that 𝑤 = 𝑢϶,𝜀⌞⌟⧢⧢⌞⌟϶ or 𝑣϶,𝜀 in 𝐿2϶,𝜀 such that
𝑤 = ⌞⌟϶⧢⧢𝑣϶,𝜀⌞⌟. In the first case, there exists 𝑢 in 𝐿1 such that ℎ𝜀,϶

(

𝑢϶,𝜀
)

= 𝑢. Since 𝑢 is in 𝐿1, 𝑢 is in
𝐿1 ∪ 𝐿2. Thus 𝑤 = 𝑢϶,𝜀⌞⌟⧢⧢⌞⌟϶ = ℎ𝜀,϶

(

𝑢϶,𝜀
)

= 𝑢 is in 𝐿1 ∪ 𝐿2. The second case is proven analogously.
Let 𝑤 be in 𝐿1 ∪ 𝐿2. There exists either 𝑢 in 𝐿1 such that 𝑤 = 𝑢 or 𝑣 in 𝐿2 such that 𝑤 = 𝑣. In

the first case, there exists 𝑢϶,𝜀 in 𝐿1϶,𝜀 such that ℎ𝜀,϶
(

𝑢϶,𝜀
)

= 𝑢. The words 𝑢϶,𝜀⌞⌟ and ⌞⌟϶ are compatible
therefore 𝑢϶,𝜀⌞⌟⧢⧢⌞⌟϶ is in 𝐿1∪2. Thus 𝑤 = 𝑢 = ℎ𝜀,϶

(

𝑢϶,𝜀
)

= 𝑢϶,𝜀⌞⌟⧢⧢⌞⌟϶ is in 𝐿1∪2. The second case is
proven analogously.

The simulations of intersection, homomorphism, and substitution proceed using several controlled
shuffles, about one controlled shuffle is needed for each symbol from the underlying alphabet. During the
simulation, the already processed symbols and the yet to be processed symbols have to be distinguished.
One way to deal with the task is to mark all symbols at the beginning of the simulation and to erase the
marks on the symbols as they are processed.

While marking the symbols is just a technical solution to prevent mismatch in processed and unprocessed
symbols, the following considerations explain the core of the presented simulations of intersection,
homomorphism, and substitution.

Two transformations of a given language 𝐿 are considered with focus on subwords consisting of
symbols ⌞⌟. Such subword shall be called ⌞⌟ maximal if it is delimited by symbols other than ⌞⌟ or the
beginning, resp. the end of the word. Note that a word may contain several ⌞⌟ maximal subwords possibly
having different lengths. First, for a language 𝐿, the symbol ⌞⌟, a positive integer 𝑛, and a word 𝜐, the
language derived from 𝐿 in the following way is considered. Any word in 𝐿 containing a ⌞⌟ maximal
subword of length not divisible by 𝑛 is discarded. Any word in 𝐿 containing ⌞⌟ maximal subwords of
possibly various lengths divisible by 𝑛 is transformed. In the transformation, each ⌞⌟ maximal subword,
which is necessarily ⌞⌟𝑘𝑛 for some 𝑘 ∈ ℕ, is replaced by 𝜐𝑘 while the rest of the word is kept without
change. Second, given a language 𝐿, the symbol ⌞⌟, a positive integer 𝑛, and a language Λ, the language
derived from 𝐿 in the same way as before is considered except that ⌞⌟𝑘𝑛 is replaced by Λ𝑘.

The concept is formalized using a symbol 𝛼. In the simulations, special cases are used where 𝛼 is
identified either with 𝜐 or with ⌞⌟𝑛. The case (𝑛 = 2 and) 𝛼 = 𝜐 is used in the simulation of intersection
where ⌞⌟2 is replaced by 𝛼. The case 𝛼 = ⌞⌟𝑛 implying 𝑛 = 1 is used in the simulation of homomorphism
where 𝛼 is replaced by 𝜐 and in the simulation of substitution where 𝛼 is replaced by Λ. While the
intended use in the simulation of intersection might not be obvious, in the case of the homomorphism and
substitution simulations, the replacement of 𝛼 by the respective 𝜐 or Λ has clearly a lot in common with a
homomorphism or substitution mapping each but one symbol to itself or to the language which contains
the mapped symbol as the only word, respectively. The general case is presented to prevent discussing
three similar results using nearly identical definitions and proofs.

To formalize the concept, the symbol 𝛼 mentioned and the homomorphisms ℎ⌞⌟𝑛,𝛼 and ℎ𝜐,𝛼 are used.
The symbol 𝛼 is mapped to ⌞⌟𝑛 by ℎ⌞⌟𝑛,𝛼 and to 𝜐 by ℎ𝜐,𝛼 while each of the remaining symbols is mapped
to itself by both homomorphisms. In terms of the homomorphisms, the language 𝐿 is transformed to
the image under ℎ𝜐,𝛼 of the preimage under ℎ⌞⌟𝑛,𝛼 of 𝐿. Replacing the word 𝜐 by the language Λ, the
homomorphism ℎ𝜐,𝛼 has to be replaced by the substitution 𝜏Λ,𝛼 such that 𝛼 is mapped to Λ and each of the
remaining symbols is mapped to the language which contains this symbol as the only word. The language
𝐿 is then transformed to the image under 𝜏Λ,𝛼 of the preimage under ℎ⌞⌟𝑛,𝛼 of 𝐿.
Notation 3.6. Let 𝐿 be a language over Σ0 ∪ {⌞⌟}, let 𝛼 be a symbol not in Σ0, let 𝑛 ∈ ℕ − {0}, and let
ℎ⌞⌟𝑛,𝛼 be the homomorphism from (

Σ0 ∪ {𝛼}
)∗ to (

Σ0 ∪ {⌞⌟}
)∗ such that ℎ⌞⌟𝑛,𝛼 (𝛼) = ⌞⌟𝑛 and ℎ⌞⌟𝑛,𝛼 (𝑎) = 𝑎

for each 𝑎 ∈ Σ0.



Let 𝜐 be a word over Δ and let ℎ𝜐,𝛼 be the homomorphism from (

Σ0 ∪ {𝛼}
)∗ to (

Σ0 ∪ Δ
)∗ such

that ℎ𝜐,𝛼 (𝛼) = 𝜐 and ℎ𝜐,𝛼 (𝑎) = 𝑎 for each 𝑎 ∈ Σ0. Denote by 𝜐,⌞⌟𝑛 (𝐿) the language 𝜐,⌞⌟𝑛 (𝐿) =
{

ℎ𝜐,𝛼 (𝑤)||
|

𝑤 ∈
(

Σ0 ∪ {𝛼}
)∗ , ℎ⌞⌟𝑛,𝛼 (𝑤) ∈ 𝐿

}.
Let Λ be a language over Δ and let 𝜏Λ,𝛼 be the substitution from (Σ ∪ {𝛼})∗ to 

((

Σ0 ∪ Δ
)∗) such

that 𝜏Λ,𝛼 (𝛼) = Λ and 𝜏Λ,𝛼 (𝑎) = {𝑎} for each 𝑎 ∈ Σ0. Denote by Λ,⌞⌟𝑛 (𝐿) the language Λ,⌞⌟𝑛 (𝐿) =
⋃

(

{

𝜏Λ,𝛼 (𝑤)||
|

𝑤 ∈
(

Σ0 ∪ {𝛼}
)∗ , ℎ⌞⌟𝑛,𝛼 (𝑤) ∈ 𝐿

}

)

.
Note that the language 𝜐,⌞⌟𝑛 (𝐿) can be obtained by the controlled shuffle from the given language 𝐿 and

a (regular) language depending only on the integer 𝑛, the symbol ⌞⌟, and the word 𝜐 thus 𝜐,⌞⌟𝑛 (𝐿) can be
used in simulations by the controlled shuffle. The main idea of obtaining 𝜐,⌞⌟𝑛 (𝐿) by the controlled shuffle
is to treat the symbol ⌞⌟ as the placeholder. For the controlled shuffle to work as intended, two assumptions
have to be met. First, the symbol ⌞⌟ cannot appear in 𝜐 which is added to the assumptions below. Second,
the word 𝜐 cannot be the empty word 𝜀 therefore 𝜐϶,𝜀 is used instead of 𝜐. The controlled shuffle has to
provide the desired outcome for each word in 𝐿. However, an arbitrary word in an arbitrary language 𝐿 is
hard to control therefore all the control comes from the other shuffled language {⌝⌜𝜐϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1 , ⌞⌟

}∗ (in
the string ⌝⌜𝜐϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1, single inner symbols ⌝⌜ and one outer symbol ⌝⌜ would suffice, the additional
symbols ⌝⌜ just simplify the reasoning). In any word from the language {

⌝⌜𝜐϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1 , ⌞⌟
}∗, the

strings free from the control symbols placeholder ⌞⌟ and separator ⌝⌜ come in 𝑛-tuples (uninterrupted by ⌞⌟)
consisting of 𝜐϶,𝜀 and 𝑛−1 copies of ϶ therefore a compatible word in 𝐿 must in turn contain placeholders
⌞⌟ in 𝑛-tuples. Thus a word in 𝐿 containing a maximal sequence of symbols ⌞⌟ of length not 𝑘𝑛 for some
𝑘 ∈ ℕ is not compatible with any word in {

⌝⌜𝜐϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1 , ⌞⌟
}∗ and is discarded. Moreover, each

𝑛-tuple of placeholders ⌞⌟ in a compatible word in 𝐿 is replaced by the 𝑛-tuple of strings consisting of 𝜐϶,𝜀
and 𝑛−1 copies of ϶ vanishing in the shuffling process resulting in a string 𝜐, in other words, any maximal
string ⌞⌟𝑘𝑛 is replaced by a string 𝜐𝑘 for each 𝑘 ∈ ℕ. Considering the language Λ instead of the word 𝜐, the
controlled shuffle produces Λ,⌞⌟𝑛 (𝐿) in 𝐿 and the language ((

{⌝⌜}Λ϶,𝜀 {⌝⌜} {⌝⌜϶⌝⌜}𝑛−1
)

∪ {⌞⌟}
)∗ (which

need not be regular and belongs to the same Chomsky family as Λ). In each word from the language
((

{⌝⌜}Λ϶,𝜀 {⌝⌜} {⌝⌜϶⌝⌜}𝑛−1
)

∪ {⌞⌟}
)∗, the strings not containing the control symbols placeholder ⌞⌟ and

separator ⌝⌜ come in 𝑛-tuples then consisting of any word in Λ϶,𝜀 and 𝑛 − 1 copies of ϶ vanishing in the
shuffling process. Each maximal string ⌞⌟𝑘𝑛 is then replaced by a string of 𝑘 not necessarily identical
words in Λ.
Notation 3.7. Let 𝐿 be a language over Σ0 ∪ {⌞⌟}, let Δ be an alphabet such that ⌞⌟, ⌝⌜, and ϶ are not in Δ,
and let 𝑛 ∈ ℕ − {0}.

Let 𝜐 be a word over Δ. Denote by 𝐿 𝜐,⌞⌟𝑛 the language 𝐿 𝜐,⌞⌟𝑛 = 𝐿⧢⧢
{

⌝⌜𝜐϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1 , ⌞⌟
}∗.

Let Λ be a language over Δ. Denote by 𝐿 Λ,⌞⌟𝑛 the language 𝐿 Λ,⌞⌟𝑛 =
𝐿⧢⧢

((

{⌝⌜}Λ϶,𝜀 {⌝⌜} {⌝⌜϶⌝⌜}𝑛−1
)

∪ {⌞⌟}
)∗.

Lemma 3.8. Let 𝐿 be a language over Σ0 ∪ {⌞⌟}, let Δ be an alphabet such that ⌞⌟ is not in Δ, and let
𝑛 ∈ ℕ − {0}.

Let 𝜐 be a word over Δ. Then 𝜐,⌞⌟𝑛 (𝐿) = 𝐿 𝜐,⌞⌟𝑛 .
Let Λ be a language over Δ. Then Λ,⌞⌟𝑛 (𝐿) = 𝐿 Λ,⌞⌟𝑛 .

Proof. Take the assumptions from Lemma 3.8, Notation 3.7, and Notation 3.6.
First 𝐿 Λ,⌞⌟𝑛 = Λ,⌞⌟𝑛 (𝐿) is proven then 𝐿 𝜐,⌞⌟𝑛 = 𝜐,⌞⌟𝑛 (𝐿) follows as a corollary.
The statement 𝐿 Λ,⌞⌟𝑛 = Λ,⌞⌟𝑛 (𝐿) is proven as follows.
Let 𝑤 be in 𝐿 𝜐,⌞⌟𝑛 . Then there exist compatible words 𝑢 in 𝐿 and 𝑣

in ((

{⌝⌜}Λ϶,𝜀 {⌝⌜} {⌝⌜϶⌝⌜}𝑛−1
)

∪ {⌞⌟}
)∗ such that 𝑤 = 𝑢⧢⧢𝑣. Since 𝑣 is in

((

{⌝⌜}Λ϶,𝜀 {⌝⌜} {⌝⌜϶⌝⌜}𝑛−1
)

∪ {⌞⌟}
)∗, there exist uniquely determined 𝑘 ∈ ℕ and 𝛿𝑖 ∈ ℕ for each

0 ≤ 𝑖 ≤ 𝑘 and words 𝑣𝑖 in Λ (thus 𝑣𝑖 not containing ⌞⌟, ⌝⌜, and ϶) for each 1 ≤ 𝑖 ≤ 𝑘 such that
𝑣 = ⌞⌟𝛿0⌝⌜𝑣1϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1 ⌞⌟𝛿1⌝⌜𝑣2϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1 ⌞⌟𝛿2⌝⌜𝑣3϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1… ⌞⌟𝛿𝑘 (thus 𝑣𝑖϶,𝜀 ≠ 𝜀 not containing
⌞⌟ and ⌝⌜). Since 𝑢 and 𝑣 are compatible and 𝑢 is in 𝐿 over Σ0 ∪ {⌞⌟}, there exist words 𝑢𝑖 over Σ0 for
each 0 ≤ 𝑖 ≤ 𝑘 such that 𝑢 = 𝑢0⌞⌟𝑛𝑢1⌞⌟𝑛𝑢2⌞⌟𝑛… 𝑢𝑘 where 𝑢𝑖 = 𝜀 if 𝛿𝑖 = 0 and 𝑢𝑖 ≠ 𝜀 if 𝛿𝑖 ≠ 0 for each



0 ≤ 𝑖 ≤ 𝑘. Since 𝑢𝑖 is over Σ0 for each 0 ≤ 𝑖 ≤ 𝑘 and ⌝⌜ is not in Σ0, if 𝛿𝑖 ≠ 0 then 𝛿𝑖 = 1 for each
0 ≤ 𝑖 ≤ 𝑘. Let 𝑢𝛼 = 𝑢0𝛼𝑢1𝛼𝑢2𝛼… 𝑢𝑘. It holds that 𝑢𝛼 is over Σ0 ∪ {𝛼} and ℎ⌞⌟𝑛,𝛼

(

𝑢𝛼
)

= 𝑢 is in 𝐿
therefore 𝑤 = 𝑢⧢⧢𝑣 = 𝑢0𝑣1𝑢1𝑣2𝑢2𝑣3… 𝑢𝑘 is in 𝜏Λ,𝛼

(

𝑢𝛼
) thus in Λ,⌞⌟𝑛 (𝐿).

For the converse, let𝑤 be in Λ,⌞⌟𝑛 (𝐿). Therefore there exists 𝑢𝛼 overΣ0∪{𝛼} such that ℎ⌞⌟𝑛,𝛼
(

𝑢𝛼
) is in𝐿

and𝑤 is in 𝜏Λ,𝛼
(

𝑢𝛼
). Since 𝑢𝛼 is overΣ0∪{𝛼}, there exist uniquely determined 𝑘 ∈ ℕ and words 𝑢𝑖 overΣ0

for each 0 ≤ 𝑖 ≤ 𝑘 such that 𝑢𝛼 = 𝑢0𝛼𝑢1𝛼𝑢2𝛼… 𝑢𝑘. Since 𝑤 is in 𝜏Λ,𝛼
(

𝑢𝛼
), there exist words 𝑣𝑖 in Λ (thus

𝑣𝑖 not containing ⌞⌟, ⌝⌜, and ϶) for each 1 ≤ 𝑖 ≤ 𝑘 such that 𝑤 = 𝑢0𝑣1𝑢1𝑣2𝑢2𝑣3… 𝑢𝑘. Let 𝑢 = ℎ⌞⌟𝑛,𝛼
(

𝑢𝛼
)

=
𝑢0⌞⌟𝑛𝑢1⌞⌟𝑛𝑢2⌞⌟𝑛… 𝑢𝑘. Let 𝑣 = ⌞⌟𝛿0⌝⌜𝑣1϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1 ⌞⌟𝛿1⌝⌜𝑣2϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1 ⌞⌟𝛿2⌝⌜𝑣3϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1… ⌞⌟𝛿𝑘

(thus 𝑣𝑖϶,𝜀 ≠ 𝜀 not containing ⌞⌟ and ⌝⌜) where 𝛿𝑖 = 0 if 𝑢𝑖 = 𝜀 and 𝛿𝑖 = 1 if 𝑢𝑖 ≠ 𝜀 for each 0 ≤ 𝑖 ≤ 𝑘.
The word 𝑣 is in ((

{⌝⌜}Λ϶,𝜀 {⌝⌜} {⌝⌜϶⌝⌜}𝑛−1
)

∪ {⌞⌟}
)∗ and 𝑢 and 𝑣 are compatible. Since 𝑢 is in 𝐿 and 𝑣 is

in ((

{⌝⌜}Λ϶,𝜀 {⌝⌜} {⌝⌜϶⌝⌜}𝑛−1
)

∪ {⌞⌟}
)∗, 𝑤 = 𝑢0𝑣1𝑢1𝑣2𝑢2𝑣3… 𝑣𝑘 = 𝑢⧢⧢𝑣 is in 𝐿 Λ,⌞⌟𝑛 .

The statement 𝐿 𝜐,⌞⌟𝑛 = 𝜐,⌞⌟𝑛 (𝐿) can be proven as a corollary of the statement 𝐿 Λ,⌞⌟𝑛 = Λ,⌞⌟𝑛 (𝐿) for
Λ = {𝜐}.

Let 𝜐 be a word over Δ. It holds that 𝐿 𝜐,⌞⌟𝑛 = 𝐿⧢⧢
{

⌝⌜𝜐϶,𝜀⌝⌜ (⌝⌜϶⌝⌜)𝑛−1 , ⌞⌟
}∗ =

𝐿⧢⧢
((

{⌝⌜}
{

𝜐϶,𝜀
}

{⌝⌜} {⌝⌜϶⌝⌜}𝑛−1
)

∪ {⌞⌟}
)∗ = 𝐿 {𝜐},⌞⌟𝑛 = {𝜐},⌞⌟𝑛 (𝐿) =

⋃

(

{

𝜏{𝜐},𝛼 (𝑤)||
|

𝑤 ∈
(

Σ0 ∪ {𝛼}
)∗ , ℎ⌞⌟𝑛,𝛼 (𝑤) ∈ 𝐿

}

)

=
{

ℎ𝜐,𝛼 (𝑤)||
|

𝑤 ∈
(

Σ0 ∪ {𝛼}
)∗ , ℎ⌞⌟𝑛,𝛼 (𝑤) ∈ 𝐿

}

=
𝜐,⌞⌟𝑛 (𝐿).

For a more detailed argument, it suffices to replace the language Λ by the word 𝜐 and the substitution
𝜏Λ,𝛼 by the homomorphism ℎ𝜐,𝛼 in Notation 3.6 in all detail in the proof.

The condition on ⌞⌟ not to appear in 𝜐 and Λ causes that, in some cases, 𝜐,⌞⌟𝑛 (𝐿) and Λ,⌞⌟𝑛 (𝐿) cannot
be constructed in this way. These cases include, for instance, the case 𝜐 = 𝛼 = ⌞⌟𝑛, namely constructing 𝐿
from 𝐿. More importantly, the cases 𝜐 = 𝛼 = ⌞⌟ which would simplify the intersection simulation and
⌞⌟ = 𝛼 ∈ Σ0 which might simplify the homomorphism and substitution simulation are also affected.

The intersection simulation case is used with (𝑛 = 2 and) 𝜐 = 𝛼 implying ℎ𝜐,𝛼 = id. Therefore
𝛼,⌞⌟2 (𝐿) =

{

𝑤|

|

|

𝑤 ∈
(

Σ0 ∪ Δ
)∗ , ℎ⌞⌟2,𝛼 (𝑤) ∈ 𝐿

}. Furthermore 𝛼 = 𝜐 is over Σ0 while ⌞⌟ is not in Σ0
hence 𝛼 and ⌞⌟ must be distinct. The parameter 𝑛 = 2 is important later on as it indicates that sequences
of symbols ⌞⌟ of even length are halved, more precisely the string ⌞⌟2𝑘 is replaced by the string 𝛼𝑘.

The homomorphism simulation case is used with ⌞⌟𝑛 = 𝛼 implying ℎ⌞⌟𝑛,𝛼 = id and 𝑛 = 1. Therefore
𝜐,𝛼 (𝐿) =

{

ℎ𝜐,𝛼 (𝑤)||
|

𝑤 ∈
(

Σ0 ∪ {⌞⌟}
)∗ , 𝑤 ∈ 𝐿

}. Furthermore 𝛼 = ⌞⌟ is not in Σ0.
Similarly, the substitution simulation case is also used with ⌞⌟𝑛 = 𝛼 implying ℎ⌞⌟𝑛,𝛼 = id and 𝑛 = 1.

Therefore Λ,𝛼 (𝐿) =
⋃

(

{

𝜏Λ,𝛼 (𝑤)||
|

𝑤 ∈
(

Σ0 ∪ {⌞⌟}
)∗ , 𝑤 ∈ 𝐿

}

)

. Furthermore 𝛼 = ⌞⌟ is not in Σ0.
It follows from the above lemma that the controlled shuffle can be used on 𝐿 over Σ0 ∪ {⌞⌟} to replace

𝑛-tuples of the placeholder ⌞⌟ by a desired word or language. In the simulations, the lemma is iteratively
used so that several (say 𝑘) symbols are in a sequence assigned the role of the placeholder ⌞⌟𝑖 for each
1 ≤ 𝑖 ≤ 𝑘. To reflect this, another transformation of 𝐿 is defined determined by three 𝑘-tuples, namely ⃖⃗⌞⌟
of pairwise distinct symbols, ⃖⃗𝑛 of positive integers, and ⃖⃗𝜐 of words or ⃖⃖⃗Λ of languages, respectively.
Notation 3.9. Let 𝐿 be a language over Σ0 ∪ Ψ, let 𝑘 ∈ ℕ, let Δ𝑖 be alphabets for each 1 ≤ 𝑖 ≤ 𝑘
and Δ =

⋃
({

Δ𝑖
|

|

1 ≤ 𝑖 ≤ 𝑘
}), let Ψ be an alphabet such that |Ψ| = 𝑘 and Ψ =

{

⌞⌟𝑖
|

|

1 ≤ 𝑖 ≤ 𝑘
}, and

Σ0 ∩ Ψ = ∅, let ⃖⃗⌞⌟ = (

⌞⌟1, ⌞⌟2, ⌞⌟3,… , ⌞⌟𝑘
), let Γ be an alphabet such that |Γ| = 𝑘, Γ =

{

𝛼𝑖||1 ≤ 𝑖 ≤ 𝑘
},

and Σ0 ∩ Γ = ∅ and 𝛼𝑖 is not from (

Ψ −
{

⌞⌟𝑖
})

∪
(

Δ − Δ𝑖
), let ⃖⃗𝛼 =

(

𝛼1, 𝛼2, 𝛼3,… , 𝛼𝑘
), let ⃖⃗𝑛 =

(

𝑛1, 𝑛2, 𝑛3,… , 𝑛𝑘
) such that 𝑛𝑖 ∈ ℕ − {0} for each 1 ≤ 𝑖 ≤ 𝑘, let ⃖⃖⃖⃗⌞⌟𝑛 =

(

⌞⌟1
𝑛1 ,… , ⌞⌟𝑖𝑛𝑖 ,… , ⌞⌟𝑘𝑛𝑘

)

and ⃖⃖⃖⃖⃖⃖⃖⃖⃗⌞⌟𝑛, 𝛼 =
(

⌞⌟1
𝑛1 , 𝛼1,… , ⌞⌟𝑖𝑛𝑖 , 𝛼𝑖,… , ⌞⌟𝑘𝑛𝑘 , 𝛼𝑘

), and let ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼
be the homomorphism from (

Σ0 ∪ Γ
)∗ to

(

Σ0 ∪ Ψ
)∗ such that ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼

(

𝛼𝑖
)

= ⌞⌟𝑖
𝑛𝑖 for each 𝛼𝑖 ∈ Γ and ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼

(𝑎) = 𝑎 for each 𝑎 ∈ Σ0.
Let ⃖⃗𝜐 =

(

𝜐1, 𝜐2, 𝜐3,… , 𝜐𝑘
) such that 𝜐𝑖 is a word over Δ𝑖 for each 1 ≤ 𝑖 ≤ 𝑘, let

⃖⃖⃖⃖⃖⃗𝜐, 𝛼 =
(

𝜐1, 𝛼1,… , 𝜐𝑖, 𝛼𝑖,… , 𝜐𝑘, 𝛼𝑘
), let ℎ⃖⃖⃖⃗𝜐,𝛼 be the homomorphism from (

Σ0 ∪ Γ
)∗ to (

Σ0 ∪ Δ
)∗

such that ℎ⃖⃖⃖⃗𝜐,𝛼
(

𝛼𝑖
)

= 𝜐𝑖 for each 𝛼𝑖 ∈ Γ and ℎ⃖⃖⃖⃗𝜐,𝛼 (𝑎) = 𝑎 for each 𝑎 ∈ Σ0, and



let ⃖⃖⃖⃖⃖⃖⃖⃗𝜐, ⌞⌟𝑛 =
(

𝜐1, ⌞⌟1𝑛1 ,… , 𝜐𝑖, ⌞⌟𝑖𝑛𝑖 ,… , 𝜐𝑘, ⌞⌟𝑘𝑛𝑘
). Denote by  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(𝐿) the language  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛
(𝐿) =

{

ℎ⃖⃖⃖⃗𝜐,𝛼 (𝑤)||
|

𝑤 ∈
(

Σ0 ∪ Γ
)∗ , ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼

(𝑤) ∈ 𝐿
}

.
Let ⃖⃖⃗Λ =

(

Λ1,Λ2,Λ3,… ,Λ𝑘
) such that Λ𝑖 is a language over Δ𝑖 for each 1 ≤ 𝑖 ≤ 𝑘, let

⃖⃖⃖⃖⃖⃖⃗Λ, 𝛼 =
(

Λ1, 𝛼1,… ,Λ𝑖, 𝛼𝑖,… ,Λ𝑘, 𝛼𝑘
), let 𝜏⃖⃖⃖⃖⃗Λ,𝛼 be the substitution from (

Σ0 ∪ Γ
)∗ to 

((

Σ0 ∪ Δ
)∗)

such that 𝜏⃖⃖⃖⃖⃗Λ,𝛼

(

𝛼𝑖
)

= Λ𝑖 for each 𝛼𝑖 ∈ Γ and 𝜏⃖⃖⃖⃖⃗Λ,𝛼 (𝑎) = {𝑎} for each 𝑎 ∈ Σ0, and
let ⃖⃖⃖⃖⃖⃖⃖⃖⃗Λ, ⌞⌟𝑛 =

(

Λ1, ⌞⌟1𝑛1 ,… ,Λ𝑖, ⌞⌟𝑖𝑛𝑖 ,… ,Λ𝑘, ⌞⌟𝑘𝑛𝑘
). Denote by  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) the language  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) =

⋃

({

𝜏⃖⃖⃖⃖⃗Λ,𝛼 (𝑤)||
|

𝑤 ∈
(

Σ0 ∪ Γ
)∗ , ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼

(𝑤) ∈ 𝐿
})

.

The transformation  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛
(𝐿) of 𝐿 for 𝑘 = |

|

|

⃖⃖⃖⃖⃖⃖⃗𝜐, ⌞⌟𝑛||
|

can be obtained in a series of 𝑘 controlled shuffles
each of them used to transform an interim language 𝐿𝑖−1 to another interim language 𝐿𝑖 = 𝜐𝑖,⌞⌟𝑖𝑛1

(

𝐿𝑖−1
)

starting with 𝐿0 = 𝐿 and ending with 𝐿𝑘 =  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛
(𝐿). Recall that each of the controlled shuffles needs the

respective symbol ⌞⌟𝑖 to be absent from 𝜐𝑖 (1 ≤ 𝑖 ≤ 𝑘) to work as intended, in other words, the controlled
shuffles in general need Ψ ∩ Δ = ∅ which is added to the assumptions in what follows. Similarly,
the transformation  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) of 𝐿 for 𝑘 = |

|

|

⃖⃖⃖⃖⃖⃖⃖⃗Λ, ⌞⌟𝑛||
|

can be obtained by 𝑘 consecutive controlled shuffles
transforming 𝐿𝑖−1 to 𝐿𝑖 = Λ𝑖,⌞⌟𝑖𝑛1

(

𝐿𝑖−1
) with 𝐿0 = 𝐿 and 𝐿𝑘 =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿). Again, the assumption

Σ ∩ Δ = ∅ is required in general.
Notation 3.10. Let 𝐿 be a language over Σ0 ∪ Ψ, let 𝑘 ∈ ℕ, let Δ be an alphabet, let Ψ be an alphabet
such that |Ψ| = 𝑘 and Ψ =

{

⌞⌟𝑖
|

|

1 ≤ 𝑖 ≤ 𝑘
}, and Σ0 ∩ Ψ = ∅, let ⃖⃗⌞⌟ = (

⌞⌟1, ⌞⌟2, ⌞⌟3,… , ⌞⌟𝑘
), let Δ be an

alphabet such that Ψ ∩ Δ = ∅, and let ⃖⃗𝑛 =
(

𝑛1, 𝑛2, 𝑛3,… , 𝑛𝑘
) such that 𝑛𝑖 ∈ ℕ − {0} for each 1 ≤ 𝑖 ≤ 𝑘.

Let ⃖⃗𝜐 =
(

𝜐1, 𝜐2, 𝜐3,… , 𝜐𝑘
) such that 𝜐𝑖 is a word over Δ for each 1 ≤ 𝑖 ≤ 𝑘 and let 𝐿0 = 𝐿 and

𝐿𝑖 = 𝜐𝑖,⌞⌟𝑖𝑛𝑖
(

𝐿𝑖−1
) for each 1 ≤ 1 ≤ 𝑘. Denote by 𝐿 ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

the language 𝐿 ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛
= 𝐿𝑘.

Let ⃖⃖⃗Λ =
(

Λ1,Λ2,Λ3,… ,Λ𝑘
) such that Λ𝑖 is a language over Δ for each 1 ≤ 𝑖 ≤ 𝑘 and let 𝐿0 = 𝐿 and

𝐿𝑖 = Λ𝑖,⌞⌟𝑖𝑛𝑖
(

𝐿𝑖−1
) for each 1 ≤ 1 ≤ 𝑘. Denote by 𝐿 ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛

the language 𝐿 ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛
= 𝐿𝑘.

Lemma 3.11. Let 𝐿 be a language over Σ0 ∪ Ψ, let 𝑘 ∈ ℕ, let Δ be an alphabet, let Ψ be an alphabet
such that |Ψ| = 𝑘 and Ψ =

{

⌞⌟𝑖
|

|

1 ≤ 𝑖 ≤ 𝑘
}, and Σ0 ∩ Ψ = ∅, let ⃖⃗⌞⌟ = (

⌞⌟1, ⌞⌟2, ⌞⌟3,… , ⌞⌟𝑘
), let Δ be an

alphabet such that Ψ ∩ Δ = ∅, and let ⃖⃗𝑛 =
(

𝑛1, 𝑛2, 𝑛3,… , 𝑛𝑘
) such that 𝑛𝑖 ∈ ℕ − {0} for each 1 ≤ 𝑖 ≤ 𝑘.

Let ⃖⃗𝜐 = (

𝜐1, 𝜐2, 𝜐3,… , 𝜐𝑘
) such that 𝜐𝑖 is a word over Δ for each 1 ≤ 𝑖 ≤ 𝑘. Then  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(𝐿) = 𝐿 ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛
.

Let ⃖⃖⃗Λ =
(

Λ1,Λ2,Λ3,… ,Λ𝑘
) such that Λ𝑖 is a language over Δ for each 1 ≤ 𝑖 ≤ 𝑘. Then  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) =

𝐿 ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛
.

Proof. Take the assumptions from Lemma 3.11, Notation 3.10, and Notation 3.9.
Again, first 𝐿 ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛

=  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) is proven then 𝐿 ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛
=  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(𝐿) follows as a corollary.
The statement 𝐿 ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛

=  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) is proven as follows.
In correspondence with the interim languages, interim alphabets, 𝑖-tuples, and interim mappings

are defined. The defined alphabets and 𝑖-tuples are Ψ𝑖 =
{

⌞⌟1, ⌞⌟2, ⌞⌟3,… , ⌞⌟𝑖
} for each 0 ≤ 𝑖 ≤ 𝑘,

⃖⃗⌞⌟𝑖 =
(

⌞⌟1, ⌞⌟2, ⌞⌟3,… , ⌞⌟𝑖
) for each 0 ≤ 𝑖 ≤ 𝑘, Γ𝑖 =

{

𝛼1, 𝛼2, 𝛼3,… , 𝛼𝑖
} for each 0 ≤ 𝑖 ≤ 𝑘, ⃖⃗𝛼𝑖 =

(

𝛼1, 𝛼2, 𝛼3,… , 𝛼𝑖
) for each 0 ≤ 𝑖 ≤ 𝑘, ⃖⃗𝑛𝑖 =

(

𝑛1, 𝑛2, 𝑛3,… , 𝑛𝑖
) for each 0 ≤ 𝑖 ≤ 𝑘, Δ∪𝑖 = Δ1 ∪Δ2 ∪Δ3 ∪

⋯ ∪ Δ𝑖 for each 0 ≤ 𝑖 ≤ 𝑘, and ⃖⃖⃗Λ𝑖 =
(

Λ1,Λ2,Λ3,… ,Λ𝑖
) for each 0 ≤ 𝑖 ≤ 𝑘. The defined mappings

are the homomorphisms ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼𝑖
from (

Σ0 ∪ Γ𝑖
)∗ to (

Σ0 ∪ Ψ𝑖
)∗ such that ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼𝑖

(𝛼) = ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼
(𝛼) for each

𝛼 ∈ Γ𝑖 and ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼𝑖
(𝑎) = 𝑎 for each 𝑎 ∈ Σ0 for each 0 ≤ 𝑖 ≤ 𝑘 and the substitutions 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

from (

Σ0 ∪ Γ𝑖
)∗

to 
((

Σ0 ∪ Δ∪𝑖
)∗) such that 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(𝛼) = 𝜏⃖⃖⃖⃖⃗Λ,𝛼 (𝛼) for each 𝛼 ∈ Γ𝑖 and 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖
(𝑎) = {𝑎} for each 𝑎 ∈ Σ0

for each 0 ≤ 𝑖 ≤ 𝑘. Another mappings are the homomorphisms ℎ⌞⌟𝑖
𝑛𝑖 ,𝛼𝑖 from ((

Σ0 ∪ Δ∪𝑖−1
)

∪
{

𝛼𝑖
})∗

to ((

Σ0 ∪ Δ∪𝑖−1
)

∪
{

⌞⌟𝑖
})∗ such that ℎ⌞⌟𝑖

𝑛𝑖 ,𝛼𝑖

(

𝛼𝑖
)

= ⌞⌟𝑖
𝑛𝑖 and ℎ⌞⌟𝑖

𝑛𝑖 ,𝛼𝑖 (𝑎) = 𝑎 for each 𝑎 ∈ Σ0 ∪ Δ∪𝑖−1 for
each 1 ≤ 𝑖 ≤ 𝑘 and the substitutions 𝜏Λ𝑖,𝛼𝑖 from ((

Σ0 ∪ Δ∪𝑖−1
)

∪
{

𝛼𝑖
})∗ to 

((

Σ0 ∪ Δ∪𝑖
)∗) such that

𝜏Λ𝑖,𝛼𝑖

(

𝛼𝑖
)

= Λ𝑖 and 𝜏Λ𝑖,𝛼𝑖 (𝑎) = {𝑎} for each 𝑎 ∈ Σ0 ∪ Δ∪𝑖−1 for each 1 ≤ 𝑖 ≤ 𝑘.



The main statement that 𝐿 ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛
=  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) follows from an auxiliary statement that 𝐿𝑖 =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛𝑖

(𝐿)
for each 0 ≤ 𝑖 ≤ 𝑘.

The auxiliary statement that 𝐿𝑖 =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛𝑖
(𝐿) for each 0 ≤ 𝑖 ≤ 𝑘 is proven by induction on 𝑖.

The induction basis 𝐿0 = 𝐿 =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛0
(𝐿) holds.

By the induction hypothesis, it holds that 𝐿𝑖−1 =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛𝑖−1
(𝐿).

The induction step is proven in two parts.
Let 𝑤 be from 𝐿𝑖. There exists a word 𝑤𝛼𝑖 over (Σ0 ∪ Δ∪𝑖−1

)

∪
{

𝛼𝑖
} such that ℎ⌞⌟𝑖

𝑛𝑖 ,𝛼𝑖

(

𝑤𝛼𝑖

)

is from
𝐿𝑖−1 and 𝑤 is from 𝜏Λ𝑖,𝛼𝑖

(

𝑤𝛼𝑖

)

. Since 𝑤𝛼𝑖 is over (Σ0 ∪ Δ∪𝑖−1
)

∪
{

𝛼𝑖
} there exist uniquely determined

𝑘′ ∈ ℕ and words 𝑤2𝑖′ over Σ0∪Δ∪𝑖−1 for each 0 ≤ 𝑖′ ≤ 𝑘′ such that 𝑤𝛼𝑖 = 𝑤0𝛼𝑖𝑤2𝛼𝑖𝑤4𝛼𝑖…𝑤2𝑘′ . Since
𝑤 is from 𝜏Λ𝑖,𝛼𝑖

(

𝑤𝛼𝑖

)

, 𝑤 = 𝑤0𝑤1𝑤2…𝑤2𝑘′ where 𝑤2𝑖′−1 is from 𝜏Λ𝑖,𝛼𝑖

(

𝛼𝑖
)

= Λ𝑖 = 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(

𝛼𝑖
) for each

1 ≤ 𝑖′ ≤ 𝑘′. Since ℎ⌞⌟𝑖
𝑛𝑖 ,𝛼𝑖

(

𝑤𝛼𝑖

)

= 𝑤0⌞⌟𝑖
𝑛𝑖𝑤2⌞⌟𝑖

𝑛𝑖𝑤4⌞⌟𝑖
𝑛𝑖 …𝑤2𝑘′ is from 𝐿𝑖−1 =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛𝑖−1

(𝐿) there exists
a word 𝑤𝛼⃗𝑖−1 over Σ0 ∪Γ𝑖−1 such that ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼𝑖−1

(

𝑤𝛼⃗𝑖−1

)

is from 𝐿 and ℎ⌞⌟𝑖
𝑛𝑖 ,𝛼𝑖

(

𝑤𝛼𝑖

)

is from 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖−1

(

𝑤𝛼⃗𝑖−1

)

.
Since ℎ⌞⌟𝑖

𝑛𝑖 ,𝛼𝑖

(

𝑤𝛼𝑖

)

is from 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖−1

(

𝑤𝛼⃗𝑖−1

)

, it holds that 𝑤𝛼⃗𝑖−1 = 𝑢0⌞⌟𝑖𝑛𝑖𝑢1⌞⌟𝑖𝑛𝑖𝑢2⌞⌟𝑖𝑛𝑖 … 𝑢𝑘′ such that 𝑤2𝑖′

is from 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖−1

(

𝑢𝑖′
)

= 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(

𝑢𝑖′
) for each 0 ≤ 𝑖′ ≤ 𝑘′. Let 𝑤𝛼⃗𝑖 = 𝑢0𝛼𝑖𝑢1𝛼𝑖𝑢2𝛼𝑖… 𝑢𝑘′ . It holds that 𝑤 is

from 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(

𝑤𝛼⃗𝑖

)

. It holds that 𝑤𝛼⃗𝑖 is over Σ0 ∪ Γ𝑖 and ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼𝑖

(

𝑤𝛼⃗𝑖

)

is from 𝐿 therefore 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(

𝑤𝛼⃗𝑖

)

is a
subset of  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛𝑖

(𝐿). Since 𝑤 is from 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(

𝑤𝛼⃗𝑖

)

and 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(

𝑤𝛼⃗𝑖

)

is a subset of  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛𝑖
(𝐿), it follows that

𝑤 is from  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛𝑖
(𝐿).

For the converse, let 𝑤 be from  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛𝑖
(𝐿). There exists a word 𝑤𝛼⃗𝑖 over Σ0 ∪ Γ𝑖 such that ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼𝑖

(

𝑤𝛼⃗𝑖

)

is from 𝐿 and 𝑤 is from 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(

𝑤𝛼⃗𝑖

)

. Since 𝑤𝛼⃗𝑖 is over Σ0 ∪ Γ𝑖 there exist uniquely determined 𝑘′ ∈ ℕ
and words 𝑢𝑖′ over Σ0 ∪ Γ𝑖−1 for each 0 ≤ 𝑖′ ≤ 𝑘′ such that 𝑤𝛼⃗𝑖 = 𝑢0𝛼𝑖𝑢1𝛼𝑖𝑢2𝛼𝑖… 𝑢𝑘′ . Since 𝑤

is from 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(

𝑤𝛼⃗𝑖

)

, 𝑤 = 𝑤0𝑤1𝑤2…𝑤2𝑘′ such that 𝑤2𝑖′ is from 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(

𝑢𝑖′
)

= 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖−1

(

𝑢𝑖′
) for each

0 ≤ 𝑖′ ≤ 𝑘′ and 𝑤2𝑖′−1 is from 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖

(

𝛼𝑖
)

= Λ𝑖 = 𝜏Λ𝑖,𝛼𝑖

(

𝛼𝑖
) for each 1 ≤ 𝑖′ ≤ 𝑘′. Let 𝑤𝛼⃗𝑖−1 =

𝑢0⌞⌟𝑖𝑛𝑖𝑢1⌞⌟𝑖𝑛𝑖𝑢2⌞⌟𝑖𝑛𝑖 … 𝑢𝑘′ . It holds that 𝑤𝛼⃗𝑖−1 is over Σ0 ∪ Γ𝑖−1 and ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼𝑖−1

(

𝑤𝛼⃗𝑖−1

)

= ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼𝑖

(

𝑤𝛼⃗𝑖

)

is
from 𝐿 therefore 𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖−1

(

𝑤𝛼⃗𝑖−1

)

is a subset of  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛𝑖−1
(𝐿) = 𝐿𝑖−1. Let 𝑤𝛼𝑖 = 𝑤0𝛼𝑖𝑤2𝛼𝑖𝑤4𝛼𝑖…𝑤2𝑘′ .

It holds that 𝑤𝛼𝑖 is over (Σ0 ∪ Δ∪𝑖−1
)

∪
{

𝛼𝑖
} and ℎ⌞⌟𝑖

𝑛𝑖 ,𝛼𝑖

(

𝑤𝛼𝑖

)

= 𝑤0⌞⌟𝑖
𝑛𝑖𝑤2⌞⌟𝑖

𝑛𝑖𝑤4⌞⌟𝑖
𝑛𝑖 …𝑤2𝑘′ is from

𝜏⃖⃖⃖⃖⃗Λ,𝛼𝑖−1

(

𝑤𝛼⃗𝑖−1

)

thus from 𝐿𝑖−1 therefore 𝜏Λ𝑖,𝛼𝑖

(

𝑤𝛼𝑖

)

is a subset of 𝐿𝑖. Since 𝑤 is from 𝜏Λ𝑖,𝛼𝑖

(

𝑤𝛼𝑖

)

and
𝜏Λ𝑖,𝛼𝑖

(

𝑤𝛼𝑖

)

is a subset of 𝐿𝑖, it follows that 𝑤 is from 𝐿𝑖.
Thus 𝐿𝑖 =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛𝑖

(𝐿) for each 0 ≤ 𝑖 ≤ 𝑘.
It follows from the auxiliary statement that 𝐿𝑘 =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛𝑘

(𝐿).
Since ⃖⃗𝑛𝑘 = ⃖⃗𝑛 and ⃖⃖⃗Λ𝑘 = ⃖⃖⃗Λ, the main statement follows, namely 𝐿 ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛

= 𝐿𝑘 =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛𝑘
(𝐿) =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿).

The statement 𝐿 ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛
=  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(𝐿) can be proven as a corollary of the statement 𝐿 ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛
=  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿).

Let ⃖⃗𝜐 =
(

𝜐1, 𝜐2, 𝜐3,… , 𝜐𝑘
) such that 𝜐𝑖 is a word over Δ for each 1 ≤ 𝑖 ≤ 𝑘. It holds that 𝐿 ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

=
𝐿 ⃖⃖⃖⃖⃖⃖⃖⃖⃗{𝜐},⌞⌟𝑛

= ⃖⃖⃖⃖⃖⃖⃖⃖⃗{𝜐},⌞⌟𝑛
(𝐿) =  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(𝐿).
For a more detailed argument, it suffices to replace the languages Λ𝑖 by the words 𝜐𝑖 for each 1 ≤ 𝑖 ≤ 𝑘

and the substitution 𝜏⃖⃖⃖⃖⃗Λ,𝛼 by the homomorphism ℎ⃖⃖⃖⃗𝜐,𝛼 in Notation 3.9 in all detail in the proof.
In the simulations, an extremal case is used, namely the case where Σ0 = ∅ thus 𝐿 is a language over Ψ

which corresponds to transformations  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛
(𝐿) and  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) of 𝐿 such that the string ⌞⌟𝑖

𝑛𝑖 is transformed
to the word 𝜐𝑖 or the language Λ𝑖, respectively, for each symbol ⌞⌟𝑖 from the underlying alphabet Ψ. It
follows from above that each from the languages  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(𝐿) and  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) can be obtained from 𝐿 over Ψ



in a series of 𝑘 controlled shuffles for 𝑘 = |Ψ|. The discussed special cases can be used in the simulations
of intersection, homomorphism, and substitution.

In this extremal case, the language 𝐿 is entirely over Ψ therefore the underlying alphabet Ψ of 𝐿 can
be renamed to Σ0. To obtain the transformations  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(𝐿) or  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) of 𝐿 by the controlled shuffle,
the alphabets (now) Σ0 and Δ cannot have common elements. Since it is desired to keep the resulting
languages  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(𝐿) or  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛 (𝐿) over Σ0, the underlying alphabet of 𝐿 can again be renamed from Σ0 to
Σ0

′ (leaving the name Σ0 for the former alphabet Δ) hence the marked versions of the original languages
are used in the simulations.

Let ⃖⃗𝑛 = (2, 2, 2,… , 2) and ⃖⃗𝜐 = ⃖⃗𝛼. Then ℎ⃖⃖⃖⃗𝜐,𝛼 = id and ℎ⃖⃖⃖⃖⃖⃗⌞⌟2,𝛼

(

𝛼𝑖
)

= ⌞⌟𝑖
2 for each 1 ≤ 𝑖 ≤ 𝑘0. The

language ⃖⃖⃖⃖⃖⃗𝛼,⌞⌟2
(𝐿) =

{

𝑤
|

|

|

|

𝑤 ∈ Σ0
∗, ℎ⃖⃖⃖⃖⃖⃗⌞⌟2,𝛼

(𝑤) ∈ 𝐿
}

. The language ⃖⃖⃖⃖⃖⃗𝛼,⌞⌟2
(𝐿) is the preimage of 𝐿 under

ℎ⃖⃖⃖⃖⃖⃗⌞⌟2,𝛼
(words in 𝐿 consisting of doubled symbols are carried over to ⃖⃖⃖⃖⃖⃗𝛼,⌞⌟2

(𝐿) with the double symbols
replaced by corresponding single symbols while other words in 𝐿 are discarded).

Let ⃖⃖⃖⃗⌞⌟𝑛 = ⃖⃗𝛼. Then ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼
= id, ⃖⃗𝑛 = (1, 1, 1,… , 1), and ℎ⃖⃖⃖⃗𝜐,𝛼

(

𝛼𝑖
)

= 𝜐𝑖 for each 1 ≤ 𝑖 ≤ 𝑘. The language
⃖⃖⃖⃗𝜐,𝛼 (𝐿) =

{

ℎ⃖⃖⃖⃗𝜐,𝛼 (𝑤)||
|

𝑤 ∈ Σ0
′∗, 𝑤 ∈ 𝐿

}. If 𝜐𝑖 is the image of 𝛼𝑖 under the same homomorphism ℎ for
each 1 ≤ 𝑖 ≤ 𝑘, the language ⃖⃖⃖⃗𝜐,𝛼 (𝐿) is the image of 𝐿 under ℎ.

Let once again ⃖⃖⃖⃗⌞⌟𝑛 = ⃖⃗𝛼. Then ℎ⃖⃖⃖⃖⃖⃗⌞⌟𝑛,𝛼
= id, ⃖⃗𝑛 = (1, 1, 1,… , 1), and 𝜏⃖⃖⃖⃖⃗Λ,𝛼

(

𝛼𝑖
)

= Λ𝑖 for each 1 ≤ 𝑖 ≤ 𝑘.
The language ⃖⃖⃖⃖⃗Λ,𝛼 (𝐿) =

⋃

({

𝜏⃖⃖⃖⃖⃗Λ,𝛼 (𝑤)||
|

𝑤 ∈ Σ0
′∗, 𝑤 ∈ 𝐿

})

. If Λ𝑖 is the image of 𝛼𝑖 under the same
substitution 𝜏 for each 1 ≤ 𝑖 ≤ 𝑘, the language ⃖⃖⃖⃖⃗Λ,𝛼 (𝐿) is the image of 𝐿 under 𝜏.

The simulation of the intersection by the controlled shuffle is the most involved one. As already
discussed in detail above, marked languages are used instead of the original languages. The simulation of
the intersection is realized in two phases. In the first phase, an interlace of the languages is constructed
consisting essentially from words of even length with the odd symbols being the symbols of a word from
the first of the languages and the even symbols being the symbols of a word of the same length from the
second of the languages. Observe, that a word is from the intersection if and only if there is a word in the
interlace with each symbol of the original word doubled. Therefore, in the second phase, any word from
the interlace of the languages which originates from two copies of the same word is transformed to the
very word and any word from the interlace of the languages which originates from a pair of distinct words
is discarded resulting in the intersection of the original languages. The second phase is done in a series of
steps as explained in the lemma above.

As mentioned above, any word from the interlace 𝐿1⌞⌟⌜⌝𝐿2 of 𝐿1 and 𝐿2 is composed from words 𝑢
in 𝐿1 and 𝑣 in 𝐿2 of the same length alternating the symbols in 𝑢 and 𝑣 starting with a symbol in 𝑢 and
finishing with a symbol in 𝑣.
Notation 3.12. Let 𝑢 and 𝑣 be words over Σ0 (resp. Σ0 ∪ {⌞⌟}) of the same length 𝑘. Denote by
𝑢⌞⌟⌜⌝𝑣 the word 𝑢⌞⌟⌜⌝𝑣 = 𝑎1𝑏1𝑎2𝑏2𝑎3𝑏3… 𝑎𝑘𝑏𝑘 such that 𝑎𝑖 and 𝑏𝑖 are symbols for each 1 ≤ 𝑖 ≤ 𝑘 and
𝑢 = 𝑎1𝑎2𝑎3… 𝑎𝑘 and 𝑣 = 𝑏1𝑏2𝑏3… 𝑏𝑘.

Let 𝐿1 and 𝐿2 be languages over Σ0 (resp. Σ0 ∪ {⌞⌟}). Denote by 𝐿1⌞⌟⌜⌝𝐿2 the language 𝐿1⌞⌟⌜⌝𝐿2 =
{

𝑢⌞⌟⌜⌝𝑣|𝑢 ∈ 𝐿1, 𝑣 ∈ 𝐿2, |𝑢| = |𝑣|
}.

The following method shows how to construct 𝐿1⌞⌟⌜⌝𝐿2 for 𝐿1 and 𝐿2 over Σ0 using the controlled
shuffle. The languages𝐿1 and𝐿2 are first interlaced with {⌞⌟}∗ from the right and from the left, respectively,
resulting in 𝐿1⌞⌟⌜⌝ {⌞⌟}

∗ and {⌞⌟}∗ ⌞⌟⌜⌝𝐿2. These special cases of interlacing are realized by two simple
homomorphisms. The general case resulting in the interlace of (arbitrary) languages is then realized by
the controlled shuffle. In particular, the languages 𝐿1⌞⌟⌜⌝ {⌞⌟}

∗ and {⌞⌟}∗ ⌞⌟⌜⌝𝐿2 are shuffled into 𝐿1⌞⌟⌜⌝𝐿2.
Notation 3.13. Let 𝐿1 and 𝐿2 be languages over Σ0 and let ℎid ⌞⌟ and ℎ⌞⌟ id be homomorphisms from Σ0

∗

to (

Σ0 ∪ {⌞⌟}
)∗ such that ℎid ⌞⌟ (𝑎) = 𝑎⌞⌟ for each 𝑎 ∈ Σ0 and ℎ⌞⌟ id (𝑎) = ⌞⌟𝑎 for each 𝑎 ∈ Σ0. Denote by

𝐿1⌞⌟⌜⌝2 the language 𝐿1⌞⌟⌜⌝2 = ℎid ⌞⌟
(

𝐿1
)

⧢⧢ℎ⌞⌟ id
(

𝐿2
).

Lemma 3.14. Let 𝐿1 and 𝐿2 be languages over Σ0. Then 𝐿1⌞⌟⌜⌝𝐿2 = 𝐿1⌞⌟⌜⌝2.



Proof. Take the assumptions from Lemma 3.14, Notation 3.13, and Notation 3.12.
Let 𝑤 be in 𝐿1⌞⌟⌜⌝2. There exist 𝑢 in 𝐿1 and 𝑣 in 𝐿2 such that 𝑤 = ℎid ⌞⌟ (𝑢)⧢⧢ℎ⌞⌟ id (𝑣). Thus the words

ℎid ⌞⌟ (𝑢) and ℎ⌞⌟ id (𝑣) are compatible therefore |𝑢| = |𝑣|. Since |𝑢| = |𝑣|, 𝑢⌞⌟⌜⌝𝑣 is in 𝐿1⌞⌟⌜⌝𝐿2. Let
|𝑢| = 𝑘 = |𝑣| and 𝑢 = 𝑎1𝑎2𝑎3… 𝑎𝑘 and 𝑣 = 𝑏1𝑏2𝑏3… 𝑏𝑘. It follows that 𝑤 = ℎid ⌞⌟ (𝑢)⧢⧢ℎ⌞⌟ id (𝑣) =
𝑎1⌞⌟𝑎2⌞⌟𝑎3⌞⌟… 𝑎𝑘⌞⌟⧢⧢⌞⌟𝑏1⌞⌟𝑏2⌞⌟𝑏3… ⌞⌟𝑏𝑘 = 𝑎1𝑏1𝑎2𝑏2𝑎3𝑏3… 𝑎𝑘𝑏𝑘 = 𝑢⌞⌟⌜⌝𝑣 is in 𝐿1⌞⌟⌜⌝𝐿2.

Let 𝑤 be in 𝐿1⌞⌟⌜⌝𝐿2. There exist 𝑢 in 𝐿1 and 𝑣 in 𝐿2 such that 𝑤 = 𝑢⌞⌟⌜⌝𝑣. Thus |𝑢| = |𝑣| therefore
ℎid ⌞⌟ (𝑢) and ℎ⌞⌟ id (𝑣) are compatible. Since ℎid ⌞⌟ (𝑢) and ℎ⌞⌟ id (𝑣) are compatible, ℎid ⌞⌟ (𝑢)⧢⧢ℎ⌞⌟ id (𝑣)
is in 𝐿1⌞⌟⌜⌝2. Let |𝑢| = 𝑘 = |𝑣| and 𝑢 = 𝑎1𝑎2𝑎3… 𝑎𝑘 and 𝑣 = 𝑏1𝑏2𝑏3… 𝑏𝑘. It follows that 𝑤 =
𝑢⌞⌟⌜⌝𝑣 = 𝑎1𝑏1𝑎2𝑏2𝑎3𝑏3… 𝑎𝑘𝑏𝑘 = 𝑎1⌞⌟𝑎2⌞⌟𝑎3⌞⌟… 𝑎𝑘⌞⌟⧢⧢⌞⌟𝑏1⌞⌟𝑏2⌞⌟𝑏3… ⌞⌟𝑏𝑘 = ℎid ⌞⌟ (𝑢)⧢⧢ℎ⌞⌟ id (𝑣) is in
𝐿1⌞⌟⌜⌝𝐿2.

To obtain 𝐿1∩𝐿2 from the interlace 𝐿1⌞⌟⌜⌝𝐿2 of 𝐿1 and 𝐿2, any word 𝑢⌞⌟⌜⌝𝑣 in 𝐿1⌞⌟⌜⌝𝐿2 for 𝑢 ≠ 𝑣 has to
be excluded and any word 𝑢⌞⌟⌜⌝𝑣 in 𝐿1⌞⌟⌜⌝𝐿2 for 𝑢 = 𝑤 = 𝑣 has to be transformed into the original word 𝑤.
In other words, a word consisting of doubled symbols only has to be transformed info a word where each
doubled symbol is halved and any other word has to be discarded. Both goals can be achieved by using
the transformation of a language 𝐿 into the language  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(𝐿) as discussed before, namely the special
case with ⃖⃗𝑛 = (2, 2, 2,… , 2) and ⃖⃗𝜐 = ⃖⃗𝛼 transforming 𝐿 into ⃖⃖⃖⃖⃖⃗𝛼,⌞⌟2

(𝐿) =
{

𝑤
|

|

|

|

𝑤 ∈ Σ0
∗, ℎ⃖⃖⃖⃖⃖⃗⌞⌟2,𝛼

(𝑤) ∈ 𝐿
}

.
To have the possibility to obtain ⃖⃖⃖⃖⃖⃗𝛼,⌞⌟2

(𝐿) by the controlled shuffle, instead the language 𝐿1⌞⌟⌜⌝𝐿2

its marked version (

𝐿1⌞⌟⌜⌝𝐿2
)′ is used. The marking can be done at any moment prior the use of the

transformation. However, since the languages used in the simulation of the intersection 𝐿1 ∩ 𝐿2 are
desired to stay in the Chomsky family of 𝐿1 and 𝐿2, the languages 𝐿1 and 𝐿2 are marked by the (non
erasing) homomorphism ℎ𝜄 at the very beginning of the whole process thus the marked languages 𝐿1

′

and 𝐿2
′ are used from the very beginning resulting then in the language (

𝐿1⌞⌟⌜⌝𝐿2
)′ = 𝐿1

′⌞⌟⌜⌝𝐿2
′.

Notation 3.15. Let 𝐿1 and 𝐿2 be languages over Σ0 and let ⃖⃗⌞⌟ =
(

𝑎1′, 𝑎2′, 𝑎3′,… , 𝑎𝑘0
′
)

, ⃖⃗𝑛 =

(2, 2, 2,… , 2), and ⃖⃗𝜐 =
(

𝑎1, 𝑎2, 𝑎3,… , 𝑎𝑘0
)

. Denote by 𝐿1∩2 the language 𝐿1∩2 =  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛
(

𝐿1
′⌞⌟⌜⌝𝐿2

′).
Theorem 3.16. Let 𝐿1 and 𝐿2 be languages. Then 𝐿1 ∩ 𝐿2 = 𝐿1∩2.
Proof. Take the assumptions from Theorem 3.16 and Notation 3.15.

Let 𝑤 be in 𝐿1∩2. Therefore 𝑤 is over Σ0 and 𝑤′⌞⌟⌜⌝𝑤′ = ℎ(
𝑎1′

2,𝑎1,…,𝑎𝑖′
2,𝑎𝑖,…,𝑎𝑘0

′2,𝑎𝑘0
) (𝑤) is in 𝐿1

′⌞⌟⌜⌝𝐿2
′.

If follows that 𝑤 is in 𝐿1 and in 𝐿2 hence 𝑤 is in 𝐿1 ∩ 𝐿2.
Let 𝑤 be in 𝐿1 ∩ 𝐿2. Therefore 𝑤 is in 𝐿1 and in 𝐿2. It follows that 𝑤 is over Σ0 and

ℎ(
𝑎1′

2,𝑎1,…,𝑎𝑖′
2,𝑎𝑖,…,𝑎𝑘0

′2,𝑎𝑘0
) (𝑤) = 𝑤′⌞⌟⌜⌝𝑤′ is in 𝐿1

′⌞⌟⌜⌝𝐿2
′ thus 𝑤 is in 𝐿1∩2.

The homomorphisms used in the simulation of the intersection by the controlled shuffle themselves can
be simulated by the controlled shuffle as shown bellow. The simulation of the intersection enhanced by
the simulation of the homomorphisms can be considered more complicated, since the number of the used
controlled shuffles rises from 𝑘0 + 1 to 3𝑘0 + 1 with 𝑘0 being the size of the underlying alphabet. On the
other hand, the enhanced simulation can be considered simpler, since the input languages for the simulation
are only the original languages 𝐿1 and 𝐿2 and regular languages without using homomorphisms at all.

The simulation of a homomorphism by the controlled shuffle also uses a marked language 𝐿𝜄 instead of
the original language 𝐿. Therefore the homomorphism used to mark the language must be dealt with as
well. However, a homomorphism suitable for marking can be simulated by the controlled shuffle directly
(without the use of another marked language) as the domain and codomain of a marking homomorphism
already do not share a symbol. Therefore the simulation of a homomorphism marking the language is
skipped (as it is the same as the general case without the use of a marked language) and the general case
is presented instead.
Notation 3.17. Let ℎ be a homomorphism from Σ0

∗ to Σ0
∗, let 𝐿 be a language over Σ0, and let ⃖⃗⌞⌟ =

(

𝑎1′, 𝑎2′, 𝑎3′,… , 𝑎𝑘0
′
)

, ⃖⃗𝑛 = (1, 1, 1,… , 1), and ⃖⃗𝜐 =
(

ℎ
(

𝑎1
)

, ℎ
(

𝑎2
)

, ℎ
(

𝑎3
)

,… , ℎ
(

𝑎𝑘0
))

. Denote by
𝐿ℎ the language 𝐿ℎ =  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(

𝐿′).



Theorem 3.18. Let ℎ be a homomorphism from Σ0
∗ to Σ0

∗ and let 𝐿 be a language over Σ0. Then
ℎ (𝐿) = 𝐿ℎ.
Proof. Take the assumptions from Theorem 3.18 and Notation 3.17.

The language 𝐿ℎ = (
ℎ(𝑎1),𝑎1′,…,ℎ(𝑎𝑖),𝑎𝑖′,…,ℎ

(

𝑎𝑘0
)

,𝑎𝑘0
′
)

(

𝐿′) =
{

ℎ(
ℎ(𝑎1),𝑎1′,…,ℎ(𝑎𝑖),𝑎𝑖′,…,ℎ

(

𝑎𝑘0
)

,𝑎𝑘0
′
) (𝑤)

|

|

|

|

|

𝑤 ∈ Σ0
′∗, 𝑤 ∈ 𝐿′

}

=
{

ℎ (𝑤)|
|

𝑤 ∈ Σ0
∗, 𝑤 ∈ 𝐿

}

= ℎ (𝐿).

The simulation of a substitution by the controlled shuffle is extremely similar to the simulation of
a homomorphism except for one point which is significantly different (even from all other presented
simulations by the controlled shuffle). A marked language 𝐿′ of the original language 𝐿 is subsequently
shuffled with languages which are not simple regular languages anymore. It can be shown that, in general,
the languages belong to the same Chomsky family as the images of the symbols from the underlying
alphabet under the simulated substitution.
Notation 3.19. Let 𝜏 be a substitution from Σ0

∗ to 
(

Σ0
∗), let 𝐿 be a language over Σ0, and let ⃖⃗⌞⌟ =

(

𝑎1′, 𝑎2′, 𝑎3′,… , 𝑎𝑘0
′
)

, ⃖⃗𝑛 = (1, 1, 1,… , 1), and ⃖⃖⃗Λ =
(

𝜏
(

𝑎1
)

, 𝜏
(

𝑎2
)

, 𝜏
(

𝑎3
)

,… , 𝜏
(

𝑎𝑘0
))

. Denote by
𝐿𝜏 the language 𝐿𝜏 =  ⃖⃖⃖⃖⃖⃗Λ,⌞⌟𝑛

(

𝐿′).
Theorem 3.20. Let 𝜏 be a substitution from Σ0

∗ to 
(

Σ0
∗) and let 𝐿 be a language over Σ0. Then

𝜏 (𝐿) = 𝐿𝜏 .
Proof. Take the assumptions from Theorem 3.20 and Notation 3.19.

The language 𝐿𝜏 = (
𝜏(𝑎1),𝑎1′,…,𝜏(𝑎𝑖),𝑎𝑖′,…,𝜏

(

𝑎𝑘0
)

,𝑎𝑘0
′
)

(

𝐿′) =

⋃

(

{

𝜏(
𝜏(𝑎1),𝑎1′,…,𝜏(𝑎𝑖),𝑎𝑖′,…,𝜏

(

𝑎𝑘0
)

,𝑎𝑘0
′
) (𝑤)

|

|

|

|

|

𝑤 ∈ Σ0
′∗, 𝑤 ∈ 𝐿′

}

)

=
⋃

({

𝜏 (𝑤)|
|

𝑤 ∈ Σ0
∗, 𝑤 ∈ 𝐿

})

=

𝜏 (𝐿).

4. Closure of Chomsky families under controlled shuffle

Motivated by the above observations, the question arises how strong the tool of controlled shuffle really is.
One way to approach the question is to investigate the closure properties of the Chomsky families under
controlled shuffle. In what follows, the results for the Chomsky families are presented.
Theorem 4.1. The family  of regular languages is closed under controlled shuffle.
Proof. Let 𝐿1 and 𝐿2 be regular languages. The family  is closed under a-transducer mapping
therefore 𝐿1𝑀 = 𝑀

(

𝐿1
) and 𝐿2𝑀 = 𝑀

(

𝐿2
) are regular languages thus there exist finite automata

𝐴1𝑀 =
(

𝑄1,Σ1, 𝛿1, 𝑞01, 𝐹1
) accepting 𝐿1𝑀 and 𝐴2𝑀 =

(

𝑄2,Σ2, 𝛿2, 𝑞02, 𝐹2
) accepting 𝐿2𝑀 . Let

𝐴⟂ =
(

𝑄,Π, 𝛿, 𝑞0, 𝐹
) be the finite automaton such that 𝑄 = 𝑄1 × 𝑄2,

[

𝑝11
𝑝12

]

∈ 𝛿
([

𝑝01
𝑝02

]

,
[

𝑎1
𝑎2

])

if 𝑝11 ∈ 𝛿
(

𝑝01, 𝑎1
) and 𝑝12 ∈ 𝛿

(

𝑝02, 𝑎2
), 𝑞0 =

[

𝑞01
𝑞02

]

, and 𝐹 = 𝐹1 ×𝐹2. It can be shown that 𝐴⟂ accepts
the language 𝐿⟂ =

{

𝑤|

|

𝑤 ∈ Π∗, 𝜋1 (𝑤) ∈ 𝐿1𝑀 , 𝜋2 (𝑤) ∈ 𝐿2𝑀
} of compatibility words therefore the

language 𝐿⟂ of compatibility words is regular. The family  is closed under homomorphism therefore
𝐿 = 𝔥

(

𝐿⟂
) is regular. Since 𝐿1⧢⧢𝐿2 = 𝐿, 𝐿1⧢⧢𝐿2 is a regular language.

Example 4.2. Let 𝐿1 = {𝑎𝑛⌞⌟𝑎𝑛⌞⌟|𝑛 ∈ ℕ − {0}} and let 𝐿2 = {⌞⌟𝑏𝑛⌞⌟𝑏𝑛|𝑛 ∈ ℕ − {0}}. Clearly, 𝐿1 and
𝐿2 are context free while 𝐿1⧢⧢𝐿2 = {𝑎𝑚𝑏𝑛𝑎𝑚𝑏𝑛|𝑚, 𝑛 ∈ ℕ − {0}} is not.
Theorem 4.3. The family ℒ𝐶𝐹 of context free languages is not closed under controlled shuffle.
Proof. It suffices to take the languages from the above example.



Theorem 4.4. The family ℒ𝐸𝐶𝑆 of extended context sensitive languages is not closed under controlled
shuffle.
Proof. Rather then giving an example of a pair of extended context sensitive languages 𝐿1 and 𝐿2 such
that 𝐿1⧢⧢𝐿2 is not extended context sensitive, the statement of the theorem follows from more general
observations. As mentioned above, the controlled shuffle can be used to simulate homomorphism, in
particular, in can be used to simulate symbol erasing homomorphism. The image of a language 𝐿 under
the ϶ erasing homomorphism can be obtained as 𝐿⧢⧢ {𝜀, ⌞⌟}. Since {𝜀, ⌞⌟} is an extended context sensitive
language for any symbol ⌞⌟, the image 𝐿⧢⧢ {𝜀, ⌞⌟} of any extended context sensitive language 𝐿 by the ϶
erasing homomorphism for any symbol ϶ can be obtained by the controlled shuffle of extended context
sensitive languages. Since ℒ𝐸𝐶𝑆 is not closed under symbol erasing homomorphism, the statement of
the theorem follows (it is also a direct corollary of the Theorem 4.7 dealing with the closure of ℒ𝐸𝐶𝑆
under controlled shuffle).
Theorem 4.5. The family ℒ𝑅𝐸 of recursively enumerable languages is closed under controlled shuffle.
Proof. The proof for ℒ𝑅𝐸 is analogous to the proof for  except the construction of a multitape Turing
machine 𝐴⟂ accepting the language 𝐿⟂ of compatibility words from the standard Turing machines 𝐴1𝑀
and 𝐴2𝑀 accepting the respective translations 𝐿1𝑀 and 𝐿2𝑀 of 𝐿1 and 𝐿2 by the a-transducer 𝑀 . Besides
the input tape containing the compatibility word candidate 𝑤, 𝐴⟂ has the working tapes 1 and 2. The
computation of 𝐴⟂ consist of two phases. In the first phase, 𝐴⟂ reads the word 𝑤 from the input tape and
copies the upper part 𝜋1 (𝑤) of 𝑤 on the working tape 1 and the lower part 𝜋2 (𝑤) of 𝑤 on the working tape
2. In the second phase, 𝐴⟂ simulates the computation of 𝐴1𝑀 on the working tape 1 and the computation
of 𝐴2𝑀 on the working tape 2 and accepts if both 𝐴1𝑀 and 𝐴2𝑀 accepted.

Since the family ℒ𝐶𝐹 of context free languages and the family ℒ𝐸𝐶𝑆 of extended context sensitive
languages are not closed under the controlled shuffle, the question arises, what are the closures of these
families under controlled shuffle.
Theorem 4.6. It holds that ℒ𝐶𝐹

⧢⧢
= ℒ𝑅𝐸 .

Proof. The proof consist of two parts, first, ℒ𝐶𝐹
⧢⧢ is proven to be a subfamily of ℒ𝑅𝐸 , then,

𝑜𝑣𝑒𝑟𝑙𝑖𝑛𝑒ℒ𝐶𝐹
⧢⧢ is proven to contain ℒ𝑅𝐸 .

To prove that ℒ𝐶𝐹
⧢⧢ is a subfamily of ℒ𝑅𝐸 , it suffices to observe that ℒ𝐶𝐹 is a subfamily of ℒ𝑅𝐸 and

ℒ𝑅𝐸 are closed under controlled shuffle.
To prove that ℒ𝐶𝐹

⧢⧢ contains ℒ𝑅𝐸 , Lemma 4.7.1 in [3] essentially stating that a superfamily of ℒ𝐶𝐹
containing ℎ

(

𝐿1 ∩ 𝐿2
) for each 𝐿1 and 𝐿2 in ℒ𝐶𝐹 and each homomorphism ℎ is also a superfamily of

ℒ𝑅𝐸 is used.
Since ℒ𝐶𝐹

⧢⧢ is the closure of ℒ𝐶𝐹 , ℒ𝐶𝐹
⧢⧢ is a superfamily of ℒ𝐶𝐹 .

To prove that ℒ𝐶𝐹
⧢⧢ is a superfamily of ℒ𝑅𝐸 , it remains to show that ℒ𝐶𝐹

⧢⧢ contains ℎ (𝐿1 ∩ 𝐿2
)

for each 𝐿1 and 𝐿2 in ℒ𝐶𝐹 and each homomorphism ℎ. It is shown by arguing that ℎ (𝐿1 ∩ 𝐿2
) can be

obtained from context free languages (repeatedly) using only controlled shuffle.
Let 𝐿1 and 𝐿2 over Σ0 be in ℒ𝐶𝐹 and let ℎ be a homomorphism from Σ0

∗ to Σ0
∗.

The languages used in the construction of ℎ
(

𝐿1 ∩ 𝐿2
) by controlled shuffle are the languages

𝐿1⌞⌟⌜⌝ {⌞⌟}
∗ and {⌞⌟}∗ ⌞⌟⌜⌝𝐿2 in ℒ𝐶𝐹 since they are obtained from 𝐿1 and 𝐿2, respectively, by

homomorphism, the languages {

⌝⌜𝑎𝑖′⌝⌜⌝⌜϶⌝⌜, 𝑎𝑖
}∗ even in  for each 1 ≤ 𝑖 ≤ 𝑘, and the languages

{

⌝⌜ℎ
(

𝑎𝑖
)

϶,𝜀
⌝⌜, 𝑎𝑖′

}∗ also in  for each 1 ≤ 𝑖 ≤ 𝑘.
The language ℎ

(

𝐿1 ∩ 𝐿2
) is constructed in two steps, first, 𝐿1

′ ∩ 𝐿2
′ =

(

𝐿1 ∩ 𝐿2
)′ is constructed

from 𝐿1 and 𝐿2 and, then, ℎ (𝐿1 ∩ 𝐿2
) is constructed form (

𝐿1 ∩ 𝐿2
)′.

The first construction proceeds as follows. The languages 𝐿1 and 𝐿2 can be used as the marked
languages for the languages 𝐿1

′ and 𝐿2
′, respectively, to obtain 𝐿1

′ ∩ 𝐿2
′ =  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(

𝐿1⌞⌟⌜⌝𝐿2
) for ⃖⃗⌞⌟ =

(

𝑎1, 𝑎2, 𝑎3,… , 𝑎𝑘0
)

, ⃖⃗𝑛 = (2, 2, 2,… , 2), and ⃖⃗𝜐 =
(

𝑎1′, 𝑎2′, 𝑎3′,… , 𝑎𝑘0
′
)

. The language  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛
(

𝐿1⌞⌟⌜⌝𝐿2
)



can be obtained by using only controlled shuffle on the languages 𝐿1⌞⌟⌜⌝ {⌞⌟}
∗ and {⌞⌟}∗ ⌞⌟⌜⌝𝐿2 and

{

⌝⌜𝑎𝑖′⌝⌜⌝⌜϶⌝⌜, 𝑎𝑖
}∗ for each 1 ≤ 𝑖 ≤ 𝑘.

The second construction proceeds as follows. The language (

𝐿1 ∩ 𝐿2
)′ can be used as the marked

language for 𝐿1 ∩ 𝐿2 to obtain ℎ
(

𝐿1 ∩ 𝐿2
)

=  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(

(

𝐿1 ∩ 𝐿2
)′
)

for ⃖⃗⌞⌟ =
(

𝑎1′, 𝑎2′, 𝑎3′,… , 𝑎𝑘0
′
)

,
⃖⃗𝑛 = (1, 1, 1,… , 1), and ⃖⃗𝜐 =

(

ℎ
(

𝑎1
)

, ℎ
(

𝑎2
)

, ℎ
(

𝑎3
)

,… , ℎ
(

𝑎𝑘0
))

. The language  ⃖⃖⃖⃖⃗𝜐,⌞⌟𝑛

(

(

𝐿1 ∩ 𝐿2
)′
)

can be obtained by using only controlled shuffle on the languages (𝐿1 ∩ 𝐿2
)′ and

{

⌝⌜ℎ
(

𝑎𝑖
)

϶,𝜀
⌝⌜, 𝑎𝑖′

}∗

for each 1 ≤ 𝑖 ≤ 𝑘.
The previous theorem also implies that ℒ𝐸𝐶𝑆

⧢⧢
= ℒ𝑅𝐸 . However, it can be shown that one application

of controlled shuffle suffices to obtain any language in ℒ𝑅𝐸 from a suitable language in ℒ𝐸𝐶𝑆 .
Theorem 4.7. It holds that ⧢⧢ (

ℒ𝐸𝐶𝑆
)

= ℒ𝑅𝐸 .
Proof. The statement is proven by proving that for every 𝐿 over Σ0 in ℒ𝑅𝐸 , there exists a language 𝐿϶,𝜀
over Σ ∪ {϶} in ℒ𝐸𝐶𝑆 such that 𝐿϶,𝜀 ⧢⌞⌟⌝⌜϶ {𝜀, ⌞⌟} = 𝐿 (simulating the ϶ erasing homomorphism). Note
that, since 𝐿϶,𝜀 is even in ℒ𝐶𝑆 , a controlled shuffle with the singleton language {⌞⌟} is sufficient to obtain
𝐿.

A standard construction can be used to construct 𝐿϶,𝜀 in ℒ𝐸𝐶𝑆 , for instance the preimage under the ϶
erasing homomorphism ℎ϶,𝜀 of 𝐿 with removed 𝜀.

Declaration on Generative AI

The author(s) have not employed any Generative AI tools.
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