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Abstract

Several approaches to use a number of grammars to jointly generate a word were already studied in the literature
(e.g., Cooperating distributed grammar systems, Parallel communicating grammar systems). When considering
words in languages generated by such systems of grammars, it is possible to identify subwords generated by a
particular grammar. Based on the known operation of shuffle, a new operation on languages - the controlled shuffle -
is introduced and studied in this paper. The motivation came from the study of usefulness of additional information
in problem solving in the formalism of grammars. Unlike the ordinary shuffle operation, it allows to shuffle the
words in a predefined way. It is shown that families of languages closed under controlled shuffle are also closed
under basic language operations. Moreover, properties of the closure of the basic language families in the Chomsky
hierarchy under controlled shuffle are presented.
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1. Introduction

This work is motivated by the study of usefulness of information in problem solving. The information
is useful if it helps to solve a problem easier. So far, it was studied in the formalism of automata. A
problem, a language L, is solved by an automaton A ,,,, accepting this language. A supplementary
information (advice) allows to assume the input word satisfies some property (belongs to an advice
language L ,,, accepted by an automaton A,,,) so, for determining whether the input word belongs to
L, it suffices to check for fewer properties by a simpler automaton 4,,,, accepting L,,,,. Thus the
task can be viewed as a decomposition of an automaton A, into two simpler automata A,,,, and A,
such that L., = Ly, N Lyg, (see, e.g., [9] for motivation and results). In [1], the study of usefulness
of information using grammars is introduced. The solution to a problem L, is given by a grammar
G prop- A supplementary information provided enables a simpler grammar G ,,,, to generate just parts
of the word in L, the remaining parts to be filled in by the advice grammar G ,,,,. Thus, to obtain a
word in L,,, some words in L,,,, and L,,, are shuffled in an appropriate way. Here, the general shuffle
operation known from the literature may result in words not in the original L ,,,,. This leads to introducing
a new operation - the controlled shuffie - studied in this paper. It allows to specify how two grammars can
cooperate on producing a word consisting of parts generated by each of the grammars.

The idea of using several grammars to jointly generate a word already appeared in the literature.
Cooperating distributed grammar systems [6] and Parallel communicating grammar systems [8] (among
others) are grammar systems where several grammars are used to jointly generate a word. In the words
generated by such grammar systems, subwords generated by individual grammars can be identified. The
new binary operation - controlled shuffle - also keeps this property. In contrast to the ordinary shuffle,
parameters of the controlled shuffle, called the control symbols, determine how the subwords are shuffled
to create a single resulting word. By generating these control symbols, the grammar G,,,, indicates
positions in the word generated at which it expects parts of the word generated by G, to be inserted to
obtain a word in L,,,,. Similarly, the control symbols generated by G, indicate how the word generated
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is to be split in parts to fit in the places indicated in the word generated by G,,,,,. Clearly, only some pairs
of words are suitable to fulfil the expectations of both grammars. The notion of compatibility of pairs of
words shall be explained later. The role of the control symbols, a placeholder, a separator, and an empty,
can be assigned to any triple of pairwise distinct symbols not occurring in the alphabet of L.

It is to be noted that several approaches (using different motivation) to limit the result of the general
shuffle operation appeared in the literature. In [7], a generalization of the rewrite step in grammars is
considered limiting the result of the shuffle of two words to be in a given regular language. In [5], the
result of the shuffle is determined by explicitly specifying the number of letters to be taken from the first
word, then the number of letters taken from the second word, and again the number of letters from the
first word, etc., using the notion of a trajectory (in the two dimensional grid). The shuffle on trajectories
was shown to be able to simulate various types on restrictions on shuffle. It might be of interest to explore
the relation between the shuffle on trajectories and the controlled shuffle studied in this paper.

Following the definition of the controlled shuffle in Section 2, the properties of the controlled shuffle
are studied in Section 3. It is shown that the controlled shuffle is a powerful operation. It is shown that a
family of languages closed under controlled shuffle is (under mild assumptions) also closed under the
usual basic language operations. Finally, closures of basic language families in the Chomsky hierarchy
under controlled shuffle are investigated in Section 4.

Standard notations of the formal languages theory are used throughout the paper, for instance the
notations introduced in [4, 3]. To abbreviate the presentation and to enhance the readability of the text,
some conventions are kept unless stated otherwise.

The control symbols are always assumed to be pairwise distinct. The following dedicated symbols are
used as the control symbols, the placeholder denoted by o, the separator denoted by ™, and the empty
denoted by 5. The dedicated control symbols are omitted from the notation of related notions. The use of
other symbols in the role of control symbols is explicitly mentioned.

All (words and) languages are assumed to be over the alphabet X. It is convenient to assume that the
control symbols are in Z.

The alphabet X, denotes the set of symbols in X which are not control symbols, more precisely
2y =2 - {u, T,5}. (In the simulations of operations, it is assumed that the control symbols do not occur
in the argument languages. This can be achieved by using new symbols that do not occur in the argument
languages.) The alphabet % is assumed to have k, elements g; for 1 <i < k.

In the process of defining the controlled shuffle, a set of special symbols _, v, 5, 7, and ™ is used. These
special symbols are assumed to be pairwise distinct and not in X,. The alphabet X, denotes X, together
with the special symbols, more precisely 2,, =X, U {_,., 1,7, }.

It shall often be useful to mark the symbols in X,. For each a in X, a new symbol a’ is used. The

' notation shall be used in a natural way. Thus, for X, = {a 1502, 035 ..., Ay } the alphabet of primed

symbols is X,/ = {al’, a) a3, ... a/ } Similarly, for a word w in X,*, the word w’ is obtained by

using the primed version of the symbols in w. Naturally, for a language L, the language L’ consists of the
primed versions of the words in L.

2. Controlled shuffle

The way the controlled shuffle operates can be explained by describing the roles of the control symbols.
The placeholder wi in one word is replaced by a substring over % from the other word. The separator ™ is
used to separate neighboring substrings. The empty 5 stands in for the empty string. The control symbols
vanish in the shuffling process. A simple example of the controlled shuffle follows. It is further used in a
step by step explanation of the controlled shuffle. The word in the first row and the word in the second

row are shuffled into the word in the third row.
ab U (e

Luceac T au
abcac a



The controlled shuffle can be explained in two steps. A pair of words can be shuffled only in case they
are compatible. Thus the first step in the explanation describes the compatibility relation. The second
step in the explanation describes the controlled shuffle itself.

Images of words by an a-transducer as defined, e.g., in [3] shall be used to explain the compatibility. It
is a nondeterministic finite state transducer with accepting states. Observe that an a-transducer can be
applied to any language however only input words leading to an accepting state have a nonempty output.

The image of a word by the a-transducer M (depicted below) is a language of words without the control
symbols also containing the new pairwise distinct symbols _, ., 1, 7, " not in Z,. The words of the language
consist of possibly empty subwords not containing the control symbols enclosed between " and ™ and of
possibly empty subwords of variable length containing only symbols _ enclosed between . and ..

The images of words from the previous example by M are as follows.

M (abus) = {"ab o oL 20" i iy € NY

M (ucacTaw)={. " . cac a2 )i,i, €N}

The a-transducer M has states p, p., p", p 7 where the state p is the initial state and the states p and p L
are final states. If the a-transducer is in the state p (and in the state p ;) then the output consists of subwords
enclosed either between . and 1 or between " and ™. If the a-transducer is in the state p. then the possibly
empty subword containing only symbols _ delimited by . from the left is produced. If the a-transducer is
in the state p" then the possibly empty subword not containing the control symbols delimited by " from
the left is produced. At the end of an input word ending with a non control symbol, the a-transducer can
enter the final state p .

The a-transducer M, formally defined in Notation 2.1, can be given by a diagram having the transition
arrows labeled with pairs of input symbol and output word. The diagram is simplified, the symbol a
stands for all a distinct from the control symbols and two transitions sharing the beginning state and the
ending state are depicted simply by one arrow with two label pairs.

Notation 2.1. Denote by M the a-transducer (Q,Z,A,H g0, F ) such that the set of states
0 = { D, P, P, p f}, the input alphabet is X, the output alphabet A = X,, (see X,, defined in
Section 1), the transitions H = {(p, ", &,p), (P, u,,p),(p,2,7,p7)} U {(p, a, ra,pr)|a € ZO} U
{(pe €, p), (prg,,p)} U {7 TN, (070 L pl), (00,6, 90 U {07, a,a,pD)|a €y} U
{(pr, g, 7,pf) } the initial state g, = p, and the set of final states F = {p,pf}.

Note that the image of a word by the nondeterministic a-transducer M is a (nonempty) language such
that the only difference between its words is the number of symbols _ to which a particular occurrence of



w is mapped (due to the nondeterministic behavior of the state go). A pair of words u and v is compatible
if and only if the lengths of the subwords consisting of symbols _ enclosed between . and . in the outputs
u, and v, by M for the inputs v and u can be chosen in a way that any subword enclosed between . and 4
in one of the outputs is of the same length as the corresponding subword enclosed between ™ and ™ in the
other of the outputs. Note that if it is possible to choose such lengths then the u,, and v, are unique since
the length of a subword enclosed between . and . in one of the words is determined by the length of the
the corresponding subword enclosed between " and ™ in the other word.

While the translation of a word u by the a-transducer M is almost deterministic in the sense that the
words in the image M (u) of u by M differ only in the lengths of the sequences of symbols _ (as explained
above), distinct words u; and u, can have the same image M (ul) =M (uz) by the a-transducer M (due
to the handling of the symbols ™ and » by M).

The words given in the example are compatible.

Tab 'v___aL_a"7eM (ab u wa)

L__a"cac’"a'voeM(ucac T auw)

To give an exact definition of the compatibility, it is useful to introduce the following alphabet of paired
symbols, with the pairs written in columns, and projections to each of the levels.

a€x, }

Notation 2.2. Denote by II the alphabet { [ ] , [::] , [ ] , [f‘] } U { [a] ae 20} U { [g

Denote by 7; the homomorphism from IT* to X,,* such that z, ( [Z] ) = g for each Z eIl
Denote by 7, the homomorphism from IT* to X,,* such that 7, ( [Z] > = b for each Z eIl

Definition 2.3. Let u an v be words.

The compatibility word w,,,, of u and v is the word over II such that z, (wuv) is a word in M (1) and
T (WW) isaword in M (v).

The words u and v are compatible, denoted by u L v, if there exists the compatibility word w,,, of u
and v.

As mentioned above, if the words u and v are compatible then there exist unique output u,, for the
input u by M and unique output v, for the input v by M stacking up to the compatibility word w,,,,. In
other words, if the words u and v are compatible then there exist unique output u,, for the input u and
unique output v, of v such that there exists the compatibility word w,,, over IT with z; (w,,) = u, and
Ty (WW) =v,. Thus w,,, is uniquely determined by u and v if u and v are compatible and there exists no
such word if u and v are not compatible.

Although the compatibility word w,,,, is uniquely determined for any pair of compatible words u and
v, distinct pairs of compatible words, say the pair u; and v, and the pair u, and v,, may yield the same
compatibility word w, , = w,_,, , since distinct words can have the same image by M as discussed above.

The compatibility word of the words given in the example used above follows.

YL ETELl L FEL

To explain the controlled shuffle itself, a homomorphism § on the compatibility word is used.

Notation 2.4. Denote by §j the homomorphism from IT* to (£ — {w, ™, 3})" such that § ( = g,
L
h([::]) =5,I)<[ ]) =5,I)<[:]> =e,f)<[a]> =aforeacha € Eo,andf)<[a]> = a for each
J —
a €.

Note that the homomorphism §j shall be used on compatible words only.
The image under f) of the compatibility word of the given example is as follows.

o(TF IR TR TR



Using the homomorphism ) on the compatibility word, the controlled shuffle can thus be defined as the
image of the compatibility word under §.
The words from the example shuffle to the following word.

R ITT R 0 ) -e

Definition 2.5. Let u and v be compatible words. The controlled shuffle uldv of words u and v is the
word utldv = § (w,, ) over % for each u L v. It is not defined otherwise.

Let L, and L, be languages. The controlled shuffle L L, of languages L, and L, is the language
LWL, = {utv|u € L;,v € Ly,u L v} over %

A purely algebraic definition of the controlled shuffle (without an a-transducer) can be found in [1].

3. Properties of controlled shuffle

It is shown that the controlled shuffle is a powerful operation. In particular, a family of languages closed
under controlled shuffle is (under mild assumptions) also closed under the usual basic language operations.
This follows from the fact that the controlled shuffle can be used to simulate several operations on languages,
namely concatenation, union, intersection, homomorphism, and substitution. In the simulations, the
original languages are first replaced by auxiliary languages derived from the original languages. These
languages are derived by simple means such as mappings by elementary homomorphisms (renaming
symbols) or simple operations (concatenation and union with a singleton language) up to an exception
discussed later. In particular, the derived languages are in the Chomsky family of the original languages.
The presented simulations vary in difficulty. The simulation of concatenation and of union require one
controlled shuffle while the simulation of intersection (being the hardest), homomorphism, and substitution
use a sequence of controlled shuffles depending on the size of the underlying alphabets.

Since the controlled shuffle requires a non empty string to be matched with 1, alanguage L, , constructed
from the respective language L is often used instead of L itself.

Notation 3.1. Let L be a language over ¥ and let A, , be the homomorphism from (ZO U {5} ) " to %
such that i, , (5) = € and h,, (a) = a for each a € X,.

Denote by w, . any word such that w, . is not € and A, (wgag) =w.

Denote by L, any language such that £ isnotin L,, and &, , (L,,) = L.

If w = € then the role of w,, can be played by any word from the preimage of w under A, , except
w itself and by no other word, hence it can be any word from {2}*. If w # & then the role of w,, can
be played by any word from the preimage of w under A, , including w itself and by no other word. For
instance, ab, . can be chosen to be not only ab, but also abs or any other word from {2}* a {2}* b {2}".

The most straightforward is the simulation of concatenation.

Notation 3.2. Let L; and L, be languages over X,. Denote by L,, the language L,, =
1413’5 {I_I} 3% {I_l} L23,£'

Theorem 3.3. Let L, and L, be languages over X. Then L L, = L, ,.

Proof. Take the assumptions from Theorem 3.3 and Notation 3.2.

Let w be in L;,. Hence there exist u,, in L,, and v, in L,,, such that w = u, How,,.
Furthermore, there exist # in L, and v in L, such that &, (u,,) = u and h,, (v,.) = v. Since u
isin Ly andvisin Ly, uvisin Ly L,. Thus w = u, .oow,, = h, (us,g) h,, (03’8) =wyvisin L;L,.

Let wbein L, L,. Hence there exist u in L; and v in L, such that w = uv. Furthermore, there exist
u,.in Ly, suchthath, (ug’e) =uandv,,in Ly, such that h_ (03’8) = v. The words u, ;. and L, ,
are compatible therefore u, Lo, , isin Ly ,. Thus w = uv = h,, (u,, ) h,, (v,,) = u, oo, is
inLj,. O

The simulation of union is slightly more involved, but similar to the concatenation case.



Notation 3.4. Let L; and L, be languages over X,. Denote by L, the language L, =
(Lls,s {u}u {ug}) & (L23’5 {ulu {1.13}).

Theorem 3.5. Let L, and L, be languages over X,. Then L; U L, = L.

Proof. Take the assumptions from Theorem 3.5 and Notation 3.4.

Observe that u, .1 is only compatible with v for each u, . in Ly, and v, . is only compatible with
v foreach v, . in L,, . and that L5 and L5 are not compatible.

Let w be in L, ,. There exists either u, . in Ly, such that w = u, ,nldus or v, in L,, . such that
w = watdy, L. In the first case, there exists u in L such that A, , (us’g) =u. Sinceuisin L, uisin
Lyu L, Thus w=u, ko =h,, (us’e) =uisin L, U L,. The second case is proven analogously.

Let wbein L; U L,. There exists either u in L; such that w = u or v in L, such that w = v. In
the first case, there exists u, , in L, such that h, , (u,,) = u. The words u, .. and L1 are compatible
therefore u, ;o is in Ly ,. Thus w = u = h,, (ug,g) = u, ooz isin Ly ,. The second case is
proven analogously. O

The simulations of intersection, homomorphism, and substitution proceed using several controlled
shuffles, about one controlled shuffle is needed for each symbol from the underlying alphabet. During the
simulation, the already processed symbols and the yet to be processed symbols have to be distinguished.
One way to deal with the task is to mark all symbols at the beginning of the simulation and to erase the
marks on the symbols as they are processed.

While marking the symbols is just a technical solution to prevent mismatch in processed and unprocessed
symbols, the following considerations explain the core of the presented simulations of intersection,
homomorphism, and substitution.

Two transformations of a given language L are considered with focus on subwords consisting of
symbols ui. Such subword shall be called . maximal if it is delimited by symbols other than i or the
beginning, resp. the end of the word. Note that a word may contain several s maximal subwords possibly
having different lengths. First, for a language L, the symbol o, a positive integer n, and a word o, the
language derived from L in the following way is considered. Any word in L containing a « maximal
subword of length not divisible by # is discarded. Any word in L containing . maximal subwords of
possibly various lengths divisible by # is transformed. In the transformation, each .y maximal subword,
which is necessarily L*" for some k € N, is replaced by v while the rest of the word is kept without
change. Second, given a language L, the symbol i, a positive integer n, and a language A, the language
derived from L in the same way as before is considered except that " is replaced by AX.

The concept is formalized using a symbol a. In the simulations, special cases are used where « is
identified either with v or with L". The case (n = 2 and) @ = v is used in the simulation of intersection
where i? is replaced by a. The case a = " implying n = 1 is used in the simulation of homomorphism
where « is replaced by v and in the simulation of substitution where « is replaced by A. While the
intended use in the simulation of intersection might not be obvious, in the case of the homomorphism and
substitution simulations, the replacement of a by the respective v or A has clearly a lot in common with a
homomorphism or substitution mapping each but one symbol to itself or to the language which contains
the mapped symbol as the only word, respectively. The general case is presented to prevent discussing
three similar results using nearly identical definitions and proofs.

To formalize the concept, the symbol @ mentioned and the homomorphisms 4, , and h, , are used.
The symbol « is mapped to " by h_. , and to v by h, , while each of the remaining symbols is mapped
to itself by both homomorphisms. In terms of the homomorphisms, the language L is transformed to
the image under 4, , of the preimage under A, ., of L. Replacing the word v by the language A, the
homomorphism 4, , has to be replaced by the substitution 7, , such that a is mapped to A and each of the
remaining symbols is mapped to the language which contains this symbol as the only word. The language
L is then transformed to the image under 7, , of the preimage under h_, , of L.

Notation 3.6. Let L be a language over X, U {u}, let  be a symbol not in %, let n € N — {0}, and let
h_» o be the homomorphism from (ZO U {a})* to (20 U {u})* such that h_, , (@) =" and h ., (a) = a
for each a € %,



Let v be a word over A and let h,, be the homomorphism from (X, U {a})* to (ZyU A)* such
that h,,(a) = v and h,,(a) = a for each a € X,. Denote by 7, . (L) the language 7, . (L) =

{Roa W)|w € (ZgU{a})" hiyg (w) € L.

Let A be a language over A and let 7, , be the substitution from (2 U {a})* to P ((Zy U A)”) such
that 7, , (@) = A and 7, , (a) = {a} for each a € %,. Denote by 7, . (L) the language T, . (L) =

U ({tna@)w € (S a)) b, @) € L}).

Note that the language 7, . (L) can be obtained by the controlled shuffle from the given language L and
a (regular) language depending only on the integer n, the symbol v, and the word v thus 7, . (L) can be
used in simulations by the controlled shuffle. The main idea of obtaining 7, . (L) by the controlled shuffle
is to treat the symbol s as the placeholder. For the controlled shuffle to work as intended, two assumptions
have to be met. First, the symbol L cannot appear in v which is added to the assumptions below. Second,
the word v cannot be the empty word € therefore v, . is used instead of v. The controlled shuffle has to
provide the desired outcome for each word in L. However, an arbitrary word in an arbitrary language L is
hard to control therefore all the control comes from the other shuffled language {"'vg’g"' (Tomy 1, u}* (in
the string "o, " (T57)""!, single inner symbols ™ and one outer symbol T would suffice, the additional
symbols T just simplify the reasoning). In any word from the language {TUMT (Mo, u}*, the
strings free from the control symbols placeholder s and separator ™ come in n-tuples (uninterrupted by i)
consisting of v, . and n — 1 copies of 5 therefore a compatible word in L must in turn contain placeholders
w in n-tuples. Thus a word in L containing a maximal sequence of symbols i of length not kn for some
k € N is not compatible with any word in {"'1)9’8"' (Tom)y! ,u}* and is discarded. Moreover, each
n-tuple of placeholders s in a compatible word in L is replaced by the n-tuple of strings consisting of v,
and n — 1 copies of 5 vanishing in the shuffling process resulting in a string o, in other words, any maximal
string L*" is replaced by a string v* for each k € N. Considering the language A instead of the word v, the
controlled shuffle produces 7, » (L) in L and the language (({"’} A, T} {"'9"'}”'1) U {I_l})* (which
need not be regular and belongs to the same Chomsky family as A). In each word from the language
(({"’} A M) {"'3"'}"'1) U {I_l})*, the strings not containing the control symbols placeholder .. and
separator T come in n-tuples then consisting of any word in A, and n — 1 copies of 5 vanishing in the
shuffling process. Each maximal string _*” is then replaced by a string of k not necessarily identical
words in A.

Notation 3.7. Let L be a language over 2, U {1}, let A be an alphabet such that L, T, and 5 are not in A,
and letn € N — {0}.
Let v be a word over A. Denote by Lz, . the language Ly, » = L {Tva’gT GERD u}*.
Let A be a language over A. Denote by Lz, . the language Lyp »

L ({TY AL T o U fu))

Lemma 3.8. Let L be a language over X, U {1}, let A be an alphabet such that i is not in A, and let
neN-{0}.

Let v be a word over A. Then 7, . (L) = Ly, .

Let A be a language over A. Then 7y (L) = Lyp .

Proof. Take the assumptions from Lemma 3.8, Notation 3.7, and Notation 3.6.

First Lyp, » = Ty (L) is proven then Ly, . =T, » (L) follows as a corollary.

The statement Ly, » = T, » (L) is proven as follows.

Let w be in Lz, » Then there exist compatible words u# in L and v
in (({T}A, (T Hu {u})* such that w = ukD. Since v is in
(MY A, {73 {7} 1) U (), there exist uniquely determined k € N and 6; € N for each
0 < i < k and words v; in A (thus v; not containing 1, ™, and 2) for each 1 < i < k such that
v=00To T (oY T LA T, T (T L Ty, T (T ™) ! L L% (thus v;,, # € not containing
wand 7). Since u and v are compatible and u is in L over X, U {w}, there exist words u; over X, for
each 0 < i < k such that u = ug"u;u"u," ... u, where u; = € if §; = 0 and u; # € if 6; # 0 for each



0 <i < k. Since u; is over X foreach 0 < i < k and 7 is not in X, if 6; # O then 6; = 1 for each
0 <i < k. Letu, = ugauyauya ... u;. It holds that u, is over £y U {a} and h_, , (M,,) =uyisin L
therefore w = utdv = uyv U LUV3 ... uy IS IN Ty (ua) thusin 7 . (L).

For the converse, let wbe in 7, » (L). Therefore there exists u, over £,U{a} such that h_, , (u,) isin L
and wisinty , (ua). Since u, is over Xy U{a}, there exist uniquely determined k € N and words u; over X,
foreach 0 <i < k such that u, = uyauauya ... uy. Since wisin, , (ua), there exist words v; in A (thus
v; not containing v, T, and ) for each 1 < i < k such that w = uyv uyvuyv5 ... uy. Letu = h (ua) =
ug"u"uy )" uy. Let v o= |_|‘50"'1)13,£"'("'9"')”_1 I_I‘Sl'rvzg’é"'("'a"')"_l |_|‘52"'v33,£"'("'3"')”_1 oo

(thus v, . # € not containing w and ™) where 6; = 0ifu; = eand 6; = 1 ify; # e foreach 0 < i < k.

The word v is in (({T} A AT {TaT}"_l) U {u})* and u and v are compatible. Since u is in L and v is
in (({"'} A, T} {"'9"'}”_1) U {u})*, W = Ugl Uy Uyly U3 ... U = utdv isin Lyy .

The statement Ly, . =7, . (L) can be proven as a corollary of the statement Ly » = Ty (L) for
A = {v}.

Let v be a word over A. It holds that Ly, » = L4 {"'1)3,6"' GE A ._.}* =
L ({7 o, (MY ) U (w))” = Ly () = Tipon (L) =
U ({T{U},a w)|w e (Zyufa})*, ho, w) e L}) = {h,, (w)|w € (Zyula})* h,w)e L) =
Ty (D).

For a more detailed argument, it suffices to replace the language A by the word v and the substitution
T o by the homomorphism 4, , in Notation 3.6 in all detail in the proof. O

The condition on w not to appear in v and A causes that, in some cases, Tv’un (L) and TA’un (L) cannot
be constructed in this way. These cases include, for instance, the case v = @ = /", namely constructing L
from L. More importantly, the cases v = a = i which would simplify the intersection simulation and
b = a € X, which might simplify the homomorphism and substitution simulation are also affected.

The intersection simulation case is used with (n = 2 and) v = a implying h,, = id. Therefore

Toon (L) = {w)w € (Zyu A)* ,h_>,(w) € L}. Furthermore a = v is over %, while s is not in X,
hence a and L must be distinct. The parameter » = 2 is important later on as it indicates that sequences

of symbols L1 of even length are halved, more precisely the string L is replaced by the string a.
The homomorphism simulation case is used with " = « implying A _. , = id and n = 1. Therefore

Tpo (L) = {hu’a (w)|w € (ZO U {u})* , W E L}. Furthermore @ = wsis not in X,.

Similarly, the substitution simulation case is also used with " = « implying 2 _, , = idand n = 1.
Therefore 7, , (L) = U ({‘L‘A’a (w)iw € (ZO U {u})* ,WE L}) Furthermore ¢ = L1 is not in %.

It follows from the above lemma that the controlled shuffle can be used on L over £, U {1} to replace
n-tuples of the placeholder i by a desired word or language. In the simulations, the lemma is iteratively
used so that several (say k) symbols are in a sequence assigned the role of the placeholder o; for each
1 <i £ k. To reflect this, another transformation of L is defined determined by three k-tuples, namely &
of pairwise distinct symbols, 7 of positive integers, and ¥ of words or A of languages, respectively.

Notation 3.9. Let L be a language over Z, U W, let k € N, let A; be alphabets foreach 1 < i < k
and A = |J ({A;|1 <i<k}), let ¥ be an alphabet such that |¥| = k and ¥ = {;|1 <i <k}, and
Son¥Y =g, letd = <|_|1,|_|2,|_|3, ,uk), let I be an alphabet such that |I'| = k, " = {ai|1 <i< k},
and X, N I" = @ and q; is not from (‘P— {l_n,.}) U (A—Ai), leta = (al,az,a3,...,ak), letn =

(nl,nz,n3,...,nk) such that n, € N — {0} foreach 1 < i < k, let " = (ul”l,...,ui”f ...,uk”k)
and ", @ = (._.1”1,011, v, ey ak), and let h—"—o; be the homomorphism from (ZO U F)* to

(ZO V) ‘I’)* such that —— (ai) = ;" for each ; € I" and h——(a)=a for each a € X,.

Let 3 = (1)1,02,1)3,...,vk) such that v; is a word over A; for each 1 < i < k, let
0,0 = (01,0, 00 ..., 04 ), let h— be the homomorphism from (Z,UT)" to (ZyuA)”

such that hg5 (a,-) = uv; for each &; € I and hy;(@) = a for each a € X, and



let v,‘a—’{ = (vl,ulnl,...,vi,ui”i,...,vk,uk”k). Denote by %?(L) the language T07 (L) =
{hm@l|we (Zur) @y e L},

Let A = (AI,AZ,A3,...,Ak) such that A; is a language over A; for each 1 < i < k, let
Aa = (Aag, o Ayt Ay, ), let 7+ be the substitution from (Zoul) to P ((ZpuA)’)

such that L (ai) = A; for each @, € I and Lrw (@ = {a} for each a € Z%X,, and

let A,L" = (Al,ul”l,...,Ai,ui”i,...,Ak,uk”k). Denote by TA——,; (L) the language TK—,; (L) =
U({rz@lwe (Sun) i w e L}).

The transformation T— (L) of L for k = |v .| can be obtained in a series of k controlled shuffles

each of them used to transform an interim language L;_; to another interim language L; = TU o (L, 1)
starting with Ly = L and ending with L, = T — (L). Recall that each of the controlled shuffles needs the
respective symbol Ly; to be absent from v; (1 < i < k) to work as intended, in other words, the controlled
shuffles in general need ¥Y N A = @ which is added to the assumptions in what follows. Similarly,

the transformation T— (L) of L for k = |A can be obtained by k consecutive controlled shuffles

transforming L, ; to L, = Th,um (Ll_l) with Ly = L and L, = Tﬁ (L). Again, the assumption
XN A = @ isrequired in general. ’

Notation 3.10. Let L be a language over X, U, let k € N, let A be an alphabet, let ¥ be an alphabet
such that |¥| = kand ¥ = {I_li|1 <i< k}, and2yN¥Y =@, letd = (ul,uz,u3, ,uk), let A be an
alphabet such that W N A = @, and let 7 = (nl,nz,n3, ,nk) such that n; € N — {0} foreach 1 <i < k.

Letd = (01,02,03, ,vk) such that v; is a word over A foreach 1 < i < kand let Ly = L and
L=T,, n (L,._l) for each 1 < 1 < k. Denote by er the language er =1L,.

Let A = (Al,A2,A3, .. Ak) such that A, is a language over A foreach 1 <i < k and let Ly = L and
L, = TAf,ui"' ( i 1) for each 1 < 1 < k. Denote by L — the language LTA =1L,.

n

Lemma 3.11. Let L be a language over 2, U Y, let k € N, let A be an alphabet, let ¥ be an alphabet
such that |¥| = k and ¥ = {I_l’-|1 <i< k}, andZyN¥Y =g, letd = (I_ll,l_|2,|_|3, ,uk), let A be an
alphabet such that ¥ N A = @, and let 7 = (nl,nz,n3, ,nk) such that n; € N — {0} foreach 1 <i < k.

Letd = (01,02,03, ,vk) such that v; is a word over A for each 1 <i < k. Then Tv—n (L)=L_—;.
Let A = (A}, Ay, As, ..., A) such that A, is a language over A for each 1 < i < k. Then T— (L) =

er.

Proof. Take the assumptions from Lemma 3.11, Notation 3.10, and Notation 3.9.
Again, first L_—; i Tﬁ (L) is proven then L i = Tv—n (L) follows as a corollary.
The statement L o= Tﬁ (L) is proven as follows.

In correspondenoe with the interim languages, interim alphabets, i-tuples, and interim mappings
are defined. The defined alphabets and i-tuples are ¥; = {ul,uz,u3, ,u,-} foreach0 < i < k,

O = <|_|1,|_|2,|_|3, ,|_|l-) foreach0 <i <k, I'; = {al,az,a3, ,a,} foreach0 < i < k, @; =
(@), @y, a3, ..., ;) foreach 0 < i < k,7; = (nj,ny,n3,...,n;) foreach0 < i <k, Ay; = A UA,UA3U
-+ UA,; foreach0 <i <k, and X,- = (AI,AZ,A3, ,Ai) for each 0 < i < k. The defined mappings
are the homomorphisms hun—’a‘_ from (ZO U 1“,-)>k to (ZO U ‘Pi)* such that hun—’a‘_ (a) = h:n—ﬂ» (a) for each
a €I’ and hT,ai (a) = a for each a € % for each 0 < i < k and the substitutions 7w from (Zy U F,-)*
to P ((ZoUAy,)") such that 75 (@) = 7 (o) for each @ € T; and 7 (a) = {a} for cach a € X,
for each 0 < i < k. Another mappings are the homomorphisms h_ » 4 from ((Zo U AU,-_I) U {ai})*
0 ((ZgUAy_1) U{wy}) suchthath, s, (@) =w" and h, ., (a) = aforeacha € Ty U A,_, for
each 1 <i < k and the substitutions 7, , from ((ZO U AU,-_I) u {ai})* to P ((ZO U AUi)*) such that
Tp o (@) =A;and 7, , (a) = {a} foreach a € Ty U A;_; foreach 1 <i < k.



The main statement that L i T——» (L) follows from an auxiliary statement that L; = T—» (L)
foreach0 <i < k.

The auxiliary statement that L, = 7- g (L) for each 0 < i < k is proven by induction on i.

The induction basis Ly = L = Tmo (L) holds.

By the induction hypothesis, it holds that L, | = Tmi_l (L).

The induction step is proven in two parts.

Let w be from L;. There exists a word w,_ over (ZO U AU,-_I) U {ai} such that A, , (wai> is from

L,_; and wis from 7, (wai ) Since w,, is over (Z9 U Ay;_;) U {q; } there exist uniquely determined

k" € N and words w,; over ZgUA,;_; foreach 0 < i’ < k' such that w, = wya;w,a;w,q; ... wy. Since

wisfromr, , (w, ), w=wyw,w, ... w,,, where w,,_, isfromr, . (a;) = A; = =~ (a;) for each
A, 012 2k 2i'—1 Ajo; \Mi A\ M

a; ! Asa;

i! / : — n; n; n; 1 — :
1 <i" <K' Since hn 4 (wal_> = Wy, Wy MWy L Wy s from Ly = Tmi (L) there exists

aword wz over X, UI';_ such that h— (wa_ ) isfrom L and h_ » , (w ) is from =— (wa_ )
iy i—1 L ] A(XI 1 i—1

. — n; n; n;
Since h_ n 4 <w ) is from R (wa;[__1 ,itholds that wg = uguy;"iuy;"iugy™ .. up such that w,;

is from il (u,-,) =T (ui,) foreach 0 < i’ < k. Let Wz, = Uy @upa; ... . It holds that w is

from —— (wa). It holds that w is over 2, UI'; and h— <w~_) is from L therefore =—— (wf) isa
/\,a,- a; @; J u”,a’i a; /\,ai q;

subset of TU—” (L). Since w is from T (wa’) and T (wal) is a subset of Tv—n (L), it follows that
w is from Tv—; (L). '

For the converse, let w be from Tv—n (L). There exists a word wg over X, U I'; such that hTo;. (w5i)

is from L and w is from 7-— <wai>. Since wy is over X, UT; there exist uniquely determined k' eN

and words u, over X, UT,_; for each 0 < i’ < k/ such that w; = ugou;ouyq; ... up. Since w
1

is from 7 <w5i>, W = WoWwW; ... Wy such that wyy is from rr— (up) = el (uy) for each

0 <" < K and wyy_, is from =— (a;) = A; = 7 , (o) foreach 1 < i < k. Letw; =

ugy iy "iuy ™ L w1t holds that wg  is over Xy UT;_; and h—— <w~ ) = hm_ <w&i) is
Lt

g L]

from L therefore vl <w5ﬂ--1> is a subset of Tm[_] (L) = Li_y. Let w, = woq;wpo;W,a; ... Wy

It holds that w,_is over (ZO U Aui_l) U {ai} and h_n; o (wai> = Wy, Wy Wy L W,y 1s from
vl (w&}_l) thus from L;_, therefore 7, , (wai) is a subset of L;. Since w is from 7, , (wa’_> and

TA,a wa[> is a subset of L, it follows that w is from L;.
Thus L; = Tﬁ. (L)foreach0 <i <k.
It follows from the auxiliary statement that L, = Tﬁ (L).
S g

Since 7, =7 and A, = A, the main statement follows, namely L oo =L = T— (L) = T— (L).

The statement L i = TU — (L) can be proven as a corollary of the statement L TW = T— (L)

Leto = (vl, 0y, U3, .. vk) such that o, is a word over A for each 1 < i < k. It holds that LTW =

LT{D} —— (L) = Tﬁ (L).
For a more detalled argument it suffices to replace the languages A; by the words v; foreach 1 <i <k

and the substitution L by the homomorphism A in Notation 3.9 in all detail in the proof. O

In the simulations, an extremal case is used, namely the case where X, = @ thus Lis a language over ¥
which corresponds to transformations T — (L) and T —— (L) of L such that the string v,/ is transformed
to the word v; or the language A,;, respectlvely, for each symbol ; from the underlying alphabet W¥. It
follows from above that each from the languages Tv —; (L) and Tm (L) can be obtained from L over ¥



in a series of k controlled shuffles for k = |'¥'|. The discussed special cases can be used in the simulations
of intersection, homomorphism, and substitution.

In this extremal case, the language L is entirely over W therefore the underlying alphabet ¥ of L can
be renamed to X,. To obtain the transformations 7;7 (L) or Tm (L) of L by the controlled shuffie,
the alphabets (now) X, and A cannot have common elements. Since it is desired to keep the resulting
languages TD—J; (L) or T; 7 (L) over X, the underlying alphabet of L can again be renamed from X to

¥, (leaving the name X, for the former alphabet A) hence the marked versions of the original languages
are used in the simulations.
Let7 = (2,2,2,...,2) and ¥ = @. Then hy = id and h—— (&;) = u;* for each 1 < i < k,. The
’ ue,a

language T—» (L) = {w‘w ey, h— (w) € L}. The language T— (L) is the preimage of L under
h—» (Words in L consisting of doubled symbols are carried over to T—» (L) with the double symbols

replaced by correspondmg smgle symbols while other words in L are d1scarded)
Let " = @. Then h— =id,n=(1,1,1,...,1),and hy (a ( I-) =y, foreach 1 <i < k. The language

Tﬁ (L) = { h— (w)|w ez, we L}. If v; is the image of «; under the same homomorphism # for
eachl1 <i < k, the language 7 (L) is the image of L under A.

Let once again " = @. Then h——=id,n=(1,1,1,....1), and 71— (a;) = A, foreach 1 <i < k.

The language T— ) =U <{T—> (w)iw S ZO’*, weL }) If A, is the image of @; under the same
substitution = for each 1 <i < k, the language T (L) is the image of L under 7.

The simulation of the intersection by the controlled shuffle is the most involved one. As already
discussed in detail above, marked languages are used instead of the original languages. The simulation of
the intersection is realized in two phases. In the first phase, an interlace of the languages is constructed
consisting essentially from words of even length with the odd symbols being the symbols of a word from
the first of the languages and the even symbols being the symbols of a word of the same length from the
second of the languages. Observe, that a word is from the intersection if and only if there is a word in the
interlace with each symbol of the original word doubled. Therefore, in the second phase, any word from
the interlace of the languages which originates from two copies of the same word is transformed to the
very word and any word from the interlace of the languages which originates from a pair of distinct words
is discarded resulting in the intersection of the original languages. The second phase is done in a series of
steps as explained in the lemma above.

As mentioned above, any word from the interlace L;.["L, of L; and L, is composed from words u
in L and v in L, of the same length alternating the symbols in u# and v starting with a symbol in u and
finishing with a symbol in v.

Notation 3.12. Let u and v be words over X (resp. X, U {u}) of the same length k. Denote by
u v the word ul'v = a,b,a,b,a3b5 ... a b, such that g; and b; are symbols for each 1 < i < k and
u=ajaay...a and v = bbby ... b,.

Let L, and L, be languages over X (resp. X, U {w}). Denote by L,."L, the language L, "L, =
{ud"ulu eL,ve L, ul = |U|}.

The following method shows how to construct L,."L, for L; and L, over %, using the controlled
shuffle. The languages L, and L, are first interlaced with { i} from the right and from the left, respectively,
resulting in L, {u}" and {w}* LML,. These special cases of interlacing are realized by two simple
homomorphisms. The general case resulting in the interlace of (arbitrary) languages is then realized by
the controlled shuffle. In particular, the languages L;.I" {}* and {w}* LML, are shuffled into L;."L,.

Notation 3.13. Let L, and L, be languages over X, and let A,y , and A_ ;4 be homomorphisms from X,*
to (ZO U {u})* such that sy, (a) = au for each a € 2 and h_ ;4 (a) = wa for each a € X;. Denote by

le—\Z the language L1|J—|2 = h’idu (Ll) Euhuid (Lz)
Lemma 3.14. Let L, and L, be languages over X,. Then L ["L, = L p,.



Proof. Take the assumptions from Lemma 3.14, Notation 3.13, and Notation 3.12.

Letwbein L; . There exist u in L; and v in L, such that w = hyy _, (u) Wh_;q (v). Thus the words
hyy (W) and h_ ;4 (v) are compatible therefore |u| = |v|. Since |u| = |v|, ulvisin L; . ["L,. Let
lul = k = |v| and u = aja,a5...a, and v = b byb; ... b,. It follows that w = hyy_ (W) HA_;4 (V) =
ajuayuazu ... aputdubyubyuibs o ub, = ajbiaybyashs ..o ap by =wlMvisin Ly L,.

Let wbe in L, "L,. There exist u in L, and v in L, such that w = w.l"v. Thus |u| = |v| therefore
hiq,, (u) and h_ 4 (v) are compatible. Since Ay  (#) and A ;4 (v) are compatible, Ay (u) A ;4 (V)

isin Ly . Let |ul = k = |v| and u = ajaya5...a, and v = b byb; ... b,. It follows that w =
qu‘U = alb1a2b203b3 e akbk = a1|_|a2|_|a3l_l akl_ll:l:h_lbll_lbzl_lb:; I_lbk = hldl_l (U) l:l:'h,uld (U) iS in
L 'L,. ]

To obtain L, N L, from the interlace L;.I"L, of L, and L,, any word u."v in L;.I"L, for u # v has to
be excluded and any word u"'v in L;.I"L, for u = w = v has to be transformed into the original word w.
In other words, a word consisting of doubled symbols only has to be transformed info a word where each
doubled symbol is halved and any other word has to be discarded. Both goals can be achieved by using
the transformation of a language L into the language Tv —; (L) as discussed before, namely the special

case with 7 = (2,2,2,...,2) and ¥ = @ transforming L into 7—; (L) = {w we Xy, h—(w) €L }
o, e,
To have the possibility to obtain 7— (L) by the controlled shuffle, instead the language L,."L,
o,

its marked version (LIJ'LZ)/ is used. The marking can be done at any moment prior the use of the
transformation. However, since the languages used in the simulation of the intersection L; N L, are
desired to stay in the Chomsky family of L; and L,, the languages L, and L, are marked by the (non
erasing) homomorphism A, at the very beginning of the whole process thus the marked languages L,’
and L, are used from the very beginning resulting then in the language (leLz)' =L,/rL,).

Notation 3.15. Let L; and L, be languages over X, and let & = (al’,az’,a3’, ,ak0’>, n o=
(2,2,2,...,2),and v = (al, a,,as, ... ,ak0>. Denote by L, the language L, = T—; (L, Ly").
Theorem 3.16. Let L and L, be languages. Then L N Ly = Ly,.

Proof. Take the assumptions from Theorem 3.16 and Notation 3.15.

Let wbein L, ~,. Therefore wis over £, and w’' "w' = h
1n2 0 ’”2 2 7?2
a;’",ap,..., a;" ;... ako ’ako

) (w)isin L,/ "L,
If follows that w is in Ly and in L, hence wisin L; N L,.
Let w be in L; n L,. Therefore w is in L; and in L,. It follows that w is over X, and

— 1/ AP / / ol
h; , oo . (w)y=w'TWw isin L, "L, thus wisin L;n,. ]
a)'%ag, 00" a4, ey " ay

The homomorphisms used in the simulation of the intersection by the controlled shuffle themselves can
be simulated by the controlled shuffle as shown bellow. The simulation of the intersection enhanced by
the simulation of the homomorphisms can be considered more complicated, since the number of the used
controlled shuffles rises from k, + 1 to 3k, + 1 with k; being the size of the underlying alphabet. On the
other hand, the enhanced simulation can be considered simpler, since the input languages for the simulation
are only the original languages L; and L, and regular languages without using homomorphisms at all.

The simulation of a homomorphism by the controlled shuffle also uses a marked language L, instead of
the original language L. Therefore the homomorphism used to mark the language must be dealt with as
well. However, a homomorphism suitable for marking can be simulated by the controlled shuffle directly
(without the use of another marked language) as the domain and codomain of a marking homomorphism
already do not share a symbol. Therefore the simulation of a homomorphism marking the language is
skipped (as it is the same as the general case without the use of a marked language) and the general case
is presented instead.

Notation 3.17. Let & be a homomorphism from Z,* to X", let L be a language over X, and let & =
(alf, azl, a3,, ,ak0,>, ﬁ = (1, 1, 1, ceey 1), and?j = (h (al) N h <a2) ,h (a3) 5 e ,h (ak0)>. Denote by
L), the language L, = 7—; (L').



Theorem 3.18. Let 4 be a homomorphism from X" to X,* and let L be a language over X,. Then
h(L)=1L,

Proof. Take the assumptions from Theorem 3.18 and Notation 3.17.
- ! -
The language L, = T<h(al)’al o h(a)ar (%) ako’) (L') =

{h<h(al)sal souh(a).a . (a )ako ) (w)

The simulation of a substitution by the controlled shuffle is extremely similar to the simulation of
a homomorphism except for one point which is significantly different (even from all other presented
simulations by the controlled shuffle). A marked language L’ of the original language L is subsequently
shuffled with languages which are not simple regular languages anymore. It can be shown that, in general,
the languages belong to the same Chomsky family as the images of the symbols from the underlying
alphabet under the simulated substitution.

wEEO’*,wEL’}={h(w)|w€20*,wEL}=h(L), ]

Notation 3.19. Let 7 be a substitution from X;* to P (ZO*), let L be a language over X, and let & =

(al’,az’,a3’, ,ak0’>,ﬁ =, 1,1,....,1),and A = (r (a1).7(ay) .7 (a3),....T <ak0>>. Denote by
L, the language L, = 7——; (L’).

Theorem 3.20. Let 7 be a substitution from X, to P (EO*) and let L be a language over X,. Then
(L) =

Proof. Take the assumptions from Theorem 3.20 and Notation 3.19.

The language L, = T(r(a)a'...f(a.)a./_,,f<a )a /) (L) =
U <{T(f(al),al’,---,r(a,»),a,»’,---,f(ako),ako’) w)|w ez we L }> =U{rw|wez*,wel}) =
T (L). O

4. Closure of Chomsky families under controlled shuffle

Motivated by the above observations, the question arises how strong the tool of controlled shuffle really is.
One way to approach the question is to investigate the closure properties of the Chomsky families under
controlled shuffle. In what follows, the results for the Chomsky families are presented.

Theorem 4.1. The family R of regular languages is closed under controlled shuffle.

Proof. Let L, and L, be regular languages. The family R is closed under a-transducer mapping
therefore L;,, = M (L,) and Ly, = M (L,) are regular languages thus there exist finite automata
Ay = (Ql,Zl,él,qm,Fl) accepting Ly, and Ay, = (Q2,22,52,q02,F2 accepting L,,,. Let

P11 E5(1’01 [])
Poy a

= (Q,H,é,qo, F) be the finite automaton such that Q = Q; X Q,, [
P12
] ,and F = F| X F,. It can be shown that A, accepts

ifp, €6 (pol,al) and p;, €6 (p027a2)’ Qo = [;12;

the language L, = {w|w ell*,n;(w) € Ly, 7y (w) € L, M} of compatibility words therefore the
language L, of compatibility words is regular. The family R is closed under homomorphism therefore
L=} (Ll) is regular. Since LWL, = L, LWL, is a regular language. U

Example 4.2. Let L| = {a"ua"u|ln € N—{0}} and let L, = {ub"wb"|n € N — {0} }. Clearly, L, and
L, are context free while L L, = {a™b"a™b"|m,n € N — {0} } is not.

Theorem 4.3. The family £ of context free languages is not closed under controlled shuffle.

Proof. It suffices to take the languages from the above example. O



Theorem 4.4. The family &g of extended context sensitive languages is not closed under controlled
shuffle.

Proof. Rather then giving an example of a pair of extended context sensitive languages L and L, such
that L &L, is not extended context sensitive, the statement of the theorem follows from more general
observations. As mentioned above, the controlled shuffie can be used to simulate homomorphism, in
particular, in can be used to simulate symbol erasing homomorphism. The image of a language L under
the 5 erasing homomorphism can be obtained as Ll {e,}. Since {&, i} is an extended context sensitive
language for any symbol o, the image LW {€, 1} of any extended context sensitive language L by the 5
erasing homomorphism for any symbol » can be obtained by the controlled shuffle of extended context
sensitive languages. Since & is not closed under symbol erasing homomorphism, the statement of
the theorem follows (it is also a direct corollary of the Theorem 4.7 dealing with the closure of £
under controlled shuffle). ]

Theorem 4.5. The family & of recursively enumerable languages is closed under controlled shuffle.

Proof. The proof for & is analogous to the proof for R except the construction of a multitape Turing
machine A, accepting the language L, of compatibility words from the standard Turing machines A,
and A, ,, accepting the respective translations L, and L,,, of L, and L, by the a-transducer M. Besides
the input tape containing the compatibility word candidate w, A has the working tapes 1 and 2. The
computation of A, consist of two phases. In the first phase, A reads the word w from the input tape and
copies the upper part 7, (w) of w on the working tape 1 and the lower part 7, (w) of w on the working tape
2. In the second phase, A simulates the computation of A,,, on the working tape 1 and the computation
of A,,, on the working tape 2 and accepts if both A,, and A,,, accepted. O

Since the family & of context free languages and the family &y of extended context sensitive
languages are not closed under the controlled shuffle, the question arises, what are the closures of these
families under controlled shuffle.

Theorem 4.6. It holds that Zep = Lrp.

—H
Proof. The proof consist of two parts, first, £ is proven to be a subfamily of &y, then,
overlineZ " is proven to contain L.

To prove that TCFHA is a subfamily of &L, it suffices to observe that &£ is a subfamily of £ and
Zrp are closed under controlled shuffle.

To prove that ?CFEH contains £, Lemma 4.7.1 in [3] essentially stating that a superfamily of &
containing h (Ll N Lz) for each L; and L, in £ and each homomorphism # is also a superfamily of
ZLrE 1s used.

_ —
Since £ 1is the closure of L, L 1is a superfamily of Z .

To prove that £ 1is a superfamily of £, it remains to show that £ FEH contains A (Ll N L2)
for each L; and L, in £ and each homomorphism 4. It is shown by arguing that A (L N L2) can be
obtained from context free languages (repeatedly) using only controlled shuffle.

Let L, and L, over X, be in Z and let & be a homomorphism from X* to Z,*.

The languages used in the construction of A (Ll N Lz) by controlled shuffle are the languages
LM {u}* and {u} L, in £ since they are obtained from L; and L,, respectively, by
homomorphism, the languages {"'al-’ T"'a'r,ai}* even in R for each 1 < i < k, and the languages

{Th (ai) T,ai’} alsoin R foreach 1 <i < k.
2,6

The language h (Ll N Lz) is constructed in two steps, first, L, n L," = (Ll N LZ)’ is constructed

from L, and L, and, then, A (Ll N L2) is constructed form (Ll N Lz)’.
The first construction proceeds as follows. The languages L; and L, can be used as the marked
languages for the languages L,” and L,’, respectively, to obtain L, N L, = T— (L") for S =

(al,az,a3, ,ak()), n=2,2,2,...,2),and 0 = <a1’,a2’,a3’, ,ako’). The language 7-—; (L;ILy)



can be obtained by using only controlled shuffle on the languages L,;J" {w}* and {w}* "L, and
{Tai,TTST,ai}* foreach 1 <i < k.

The second construction proceeds as follows. The language (L1 N Lz)’ can be used as the marked

0 2
A= (L1 and D= (h(a) h(ay) h(as), . h(ay, ) ). The language 7— ((Lyn Ly)')

can be obtained by using only controlled shuffle on the languages (Ll N Lz)' and {Th (a,-)a . s a;/ }
foreach 1 <i < k. O

language for L; N L, to obtain i (L, N L,) = T—; ((Ll N Lz),) for o = <a1’,a2’,a3’, csay

—Hu
The previous theorem also implies that g = L. However, it can be shown that one application
of controlled shuffle suffices to obtain any language in Zy from a suitable language in L.

Theorem 4.7. It holds that W (L) = Lre-

Proof. The statement is proven by proving that for every L over X in £, there exists a language L,
over XU {a} in Lgcg suchthat L,, w +, {e,u} = L (simulating the 5 erasing homomorphism). Note
that, since L, is even in Z, a controlled shuffle with the singleton language {1} is sufficient to obtain
L.

A standard construction can be used to construct L, in &, for instance the preimage under the 2
erasing homomorphism A, . of L with removed e. O

Declaration on Generative Al

The author(s) have not employed any Generative Al tools.
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