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Abstract

Complex-Valued Kolmogorov-Arnold Networks (CVKANS) extend the original Kolmogorov-Arnold Network
(KAN) model to the complex domain. Along with the new paradigm of building neural networks, these models
offer natural interpretability, parameter efficiency and competitive performance on a multitude of tasks, making
them a powerful building block for other models.

In this work, we transfer the concepts and benefits of KANs and, more specifically, CVKANSs into the realm of
sequence processing neural networks. Along with experiments inspired by Recurrent Neural Networks (RNNs)
and Long Short-Term Memory (LSTM) variants, we also demonstrate a Linear Recurrent Neural Network (LRNN)
model exploiting both flexibility of (CV)KANs and associativity of the LRNN framework.
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1. Introduction

Kolmogorov-Arnold Networks (KANs) [1] have been shown to be a promising new approach, especially
for symbolic function fitting tasks [2] and scientific discovery, like solving physics-informed Partial
Differential Equations (PDEs) [3]. They can serve as an interesting alternative to Multilayer Perceptrons
(MLPs) in some applications and offer increased accuracy for scientific tasks or symbolic regression [4].
In other domains KANs are still outperformed by classical MLPs in terms of prediction accuracy [2]
as well as computational speed [4], but their intrinsic interpretability is still highly desired in critical
applications, such as medical and engineering applications. KANs have been successfully applied in
convolutional networks [5] and image processing [6], as well as in Graph Neural Networks (GNNs)
[7, 8] and transformer architectures [9].

In the field of machine learning, there is an abundance of sequence-processing tasks coming from
natural language processing [10], time-series modeling and other domains, which among others include
also computer vision [11]. However, we have identified a research gap in the related work, and see a
field of designing a recurrent mechanism involving KANs as underexplored. Our work aims to combine
the flexibility of KANs with capabilities and benefits of sequential models, namely Recurrent Neural
Networks (RNNs), Long Short-Term Memory (LSTM) and Linear Recurrent Neural Networks (LRNNs),
to run in linear time with respect to the input length and produce meaningful representations. Since
non-linear transforms in some regard are still a heart of these methods, we believe that by carefully
designing a KAN module it can be used to produce a comparable model combining both the benefits of
KAN and the original architecture.
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Contribution. Our contribution is threefold: first, we introduce a complex-valued variant of a gated
recurrent unit driven by Complex-Valued Kolmogorov-Arnold Networks. Second, we introduce a variant
of a Linear Recurrent Neural Network, combining the flexibility and parameter efficiency of KANs with
the speed of LRNNs. We show on two synthetic tasks, namely Selective Copying and A5 State Tracking,
that KAN-powered models can reach or even surpass the performance of the baseline models. And
finally, we provide fast JAX implementations of all of these models for further experiments.

2. Related Work

Kolmogorov-Arnold Networks While classical MLPs rely on the Universal Approximation Theorem
(UAT) [12], KANSs are backed by the Kolmogorov-Arnold Representation Theorem (KAT) [13], which
states that any multivariate continuous function can be represented by a finite composition of continuous
univariate functions. Since these univariate functions may be highly non-smooth and thus hard to learn
or represent, the KAT has been deemed to be of little to no use in practice for a long time [14]. Liu et al.
[1] have then relaxed the shape restrictions of KAT to arbitrary network widths and depths to increase
the smoothness of the inner functions and to make the networks better trainable in practice.

KANSs have replaced the weight matrices of MLPs with learnable activation functions. There are
many different ways to represent and learn the activation functions. The original KAN architecture
by Liu et al. makes use of splines [1], which are very flexible but more difficult to train and optimize,
especially for parallelization on Graphics Processing Units (GPUs). There have been attempts to make
the fitting of splines more efficient [15] or replace them with a weighted composition of Radial Basis
Functions (RBFs) on a fixed grid [16]. Other alternatives for the bases include Chebyshev polynomials
[17] or wavelets [18]. Noorizadegan et al. [19] give a detailed overview of different basis functions and
their respective advantages and disadvantages for KAN architectures.

In a KAN, each learnable activation function on every edge contains many parameters for representing
this function, and therefore the whole KAN can be more compact with fewer nodes and edges while
still containing the same number of parameters and thus offering a similar performance as a much
larger MLP in terms of network width and depth. Additionally, each learnable activation function in
the network is univariate and therefore easier to understand for a human than some weight matrix in
an MLP. Both of these properties together allow KANs to be inherently interpretable by plotting the
compact network and inspecting individual edges for functional correlations between input features
and output decisions or by tracing the flow of information inside the network to understand the internal
workings of the model.

Complex and Hyper-Complex KANs Wolffet al. have extended the RBF-based approach of [16] first
into the complex domain while maintaining the intrinsic interpretability of KANs with their Complex-
Valued Kolmogorov-Arnold Network (CVKAN) [20] and later also into arbitrarily high-dimensional
Clifford Algebras (CAs), like Quaternions or other hyper-complex domains, with a quasi-random Sobol
grid approach for mitigating the exponential scaling of grid points in higher dimensions [21].

Linear Recurrent Networks. Before the emergence of Transformers, Recurrent Neural Networks
and Long Short-Term Memory models were a go-to approach for sequence processing tasks such as
language modeling, audio processing, spatiotemporal analysis and others. Despite still being used in
domains such as time series modeling, the widespread use of these models has faded in favor of the
Transformer architecture, which demonstrated superior scalability.

However, in recent years the interest in recurrent models has sparked again, with the key direction
of research being RNNs with linear transitions. The recent works [22, 23] show that with a careful
parametrization these models remain stable and do not suffer from gradient vanishing or explosion,
while the property of square matrices being diagonalizable almost everywhere [24] and a leverage of
complex states [22, 23] allowed to approach Transformers in terms of performance at the significantly
lesser computational cost. This motivates our interest in CVKANs [20], since a neural network layer



designed specifically to represent transforms in the complex field could be more suitable for our purposes
and can be potentially applied on states directly.

Combining KANs and Recurrent Models. Alongside straightforward approaches like Kolmogorov-
Arnold Transformer [9], that replace elementwise feedforward layers, there were attempts to leverage
KANs directly in sequence processing layers. TKAN [25], for example, uses a KAN to modulate an
output gate of an LSTM. A more interesting way to integrate a KAN was demonstrated by HiPPO-KAN
[26], where an input sequence is encoded into coefficients of some orthogonal polynomial basis, a KAN
is applied to these coefficients and then is projected back into the feature space. This is not a traditional
causal prediction, which is a main concern of our present work, but it demonstrates an alternative way
to leverage CVKAN:Ss, since the operators projecting an input to a space of orthogonal polynomial basis
coeflicients often enjoy low-rank decompositions involving complex diagonal matrices [23].

3. Models

3.1. KAN and CVKAN Layers

In the present work we consider KAN models following [16, 20] and representing their scalar functions
as RBF superpositions. Assume an input vector x € ™, where 7 is either a field of real numbers %
or complex numbers €; a (CV)KAN layer can be represented as an n x m matrix ®(-) of scalar 7 — I
functions. An application of this matrix can be described as a transform ® : 7" — J™:

[2()]; = ZfLo[Pi(x)]; (1)

where ®;(-) is an elementwise application of m scalar functions in the it row of the matrix ®(-), and [k
is an operation of taking a k' element of a vector. The individual scalar functions ¢ : I — 7, where
¢ = @;j, are represented as:

$(2) = Zgeglwg RBF,(z — g)] (2)

where G is a predefined grid and wy € I is a corresponding weight; we take a 2D grid in the complex
plane for complex-valued layers and a 1D grid on the real line for real-valued ones.

Additionally, we wrap the layer into a block containing a parallel Feedforward Network (FFN) branch
combined with a Sigmoid Linear Unit (SiLU) or complex-valued SiLU [20] activation function:

KAN(x) = ®(x) + FEN(SiLU(x)) (3)
CVKAN(z) = ®(z) + FEN(ComplexSiLU(z)) 4)

and optionally pass the output through the corresponding variant of a normalization layer.

3.2. KAN-Powered RNNs

An RNN layer produces a new state through a linear transform and a subsequent nonlinearity as

RNN(x, hy—y) = o(W[x;; hyq]) (5)

where a standard choice for o(:) is tanh. We introduce a KAN-based recurrent layer by using a KAN
layer to map [x;; h;_{] to hy:

KAN-RNN(x;, ;1) = KAN([x;; hy_;]) (6)

where [;-] is concatenation. The complex-valued variant is defined analogously.
We base the complex-valued LSTM variant on the TKAN [25]. The TKAN layer itself is based on
LSTM; however, the output gate is modulated by a recurrent unit analogous to the KAN-RNN unit



described above. Our contribution is adapting the gating scheme of LSTM and TKAN for complex
values.

xp = [ h—1] (7)
fi = 5'f(foh + bf +2.0) (8)
w = 6,(Wyx, + b, — 1.0) 9)
& = T(Wyxy, + bg) (10)
ku = CVKAN(Wk[xt;kt_l] + bk) (1 1)
k=>0- O'(kg)) Ok_1+ O'(kg) Ok, (12)
0y = 5'0(Woku + bo) (13)
¢=(0G1+&0u (14)
hy = 7(c;) © o (15)

where o is a sigmoid function, kg is a learnable gating parameter and weights W and b are complex.
This sophisticated unit replicates LSTM, with two key distinctions: it retains the KAN-modulated
output gate o; present in TKAN, and adapts nonlinear functions for the complex-valued setting. ¢ is a
parameterized function defined as 6(z) = o(a - Re(z) + b - Im(z) + c), where a, b and c are learnable real
parameters. 7 is another generalization of a sigmoidal function defined as 7(z) = tanh(|z|)é.

While most models are using real-valued weights and states, complex values are interesting from the
sequence modeling point of view because they decouple amplitude and phase; for example, a scalar
linear time-invariant continuous state space model impulse response is Ce!4B, where A € c?d B e
€™ C e €. For the case where A is diagonal and stable (real part of the spectrum is negative) this
impulse response function is essentially a sum of damped oscillations, and limiting A to be real does
not allow to capture the oscillatory behavior since it is given by the phase.

3.3. KAN-Powered Fixed-Point RNNs

One of the questions of this work is how to combine the flexibility and parameter-efficiency of KANs
with the recent advances in LRNNs, and how to retain an ability to compute them in parallel along the
time dimension using associative scan. A naive drop-in replacement of a KAN transform instead of
a linear transition breaks associativity, so an alternative is needed. We have found the answer in the
framework of Fixed-Point Recurrent Neural Networks (FPRNNs) [27].

Assume an LRNN with a dense transition matrix A; written as a product of an invertible dense matrix
Q! and a diagonal A;:

h; = Ahy_; +Byx; = Q; 'Ahy_; + Bix, (16)

FPRNNSs originate from LRNNs; however, instead of explicitly computing the state by applying a
transform they define the hidden state implicitly as a solution of the equilibrium equation:

hi = Athyy + QByx; + (I— Qphy (17)

where h} is a fixed point of the transform F(h*, x) : Rlxd  glxd _, gplxd By Thm. 3.1 in [27],
whenever ||A|l, < 1 and |[I — QJ|, < 1, the transform F(-, x;) becomes a contraction, and by the Banach
contraction theorem the unique fixed point exists.

The main benefit of such formulation is that it decomposes the dense and diagonal component of the
recurrence, in a way that allows to compute the recurrence across time steps using the diagonal transform
A rather than the full transition Q; 'A;. The algorithm to compute the hidden state representation
consists of interleaving channel mixing steps (elementwise multiplication by Q; and I — Q,) and sequence
mixing steps (computing the recurrence in A;). Denoting a fixed-point iteration step as I, the update
equation becomes [27]:



hi = ALohl_, + (1 - AD o (QIBix, + (1 - Qh)hi™) (18)

The existence of a fixed point for the whole trajectory follows from its existence for the first element of the
sequence and causality. Empirically we observe that stopping an iteration when |h;_; — h;|/|h;_;| < 0.1
is enough for the model to train.

When implementing our experiments, we fix the Al = A, across the channel iteration and instead
of expecting all state values to converge we stop iteration after 90% does. For complex-state models
we also assume the complex conjugacy of state vectors and keep only half of feature channels, which
keeps the effective state size in real values across experiments the same.

Another interesting property of the model is that under certain conditions (the Jacobians %(h, x)

and %(h, x) must be equal) its optimization does not require backpropagation through channel mixing

iteration, and among all values of h only requires differentiating at the fixed point. However, we
observe that ignoring these conditions and imposing additional dependencies on parameters (such
as parameterizing Q with both x; and h; ;) benefits performance and still produces gradients in the
direction of the loss decrease.

The fixed-point formulation allows us to use nonlinear models such as KAN to predict a channel
mixer Qi. From Equation 18 it could be seen that a channel mixing step (computing the right bracket in
Equation 18) takes a constant amount of time per position ¢, while a sequence mixing step (iteration
over timesteps t) could be carried in linear time and parallelized using associative scans since it is a
linear state space model with a diagonal transition matrix.

KAN-Powered Channel Mixer. One of the crucial elements of the FPRNN is the channel mixer. It
was shown in [27] that parametrization of the channel mixer greatly affects the final performance, and
can alone be a deciding factor whether the model will generalize to other input lengths. We leverage
that and parameterize the channel mixer with a KAN layer, altering the key part of the architecture
without breaking its associativity in sequence mixing.

4. Experiments

4.1. Selective Copying

A selective copying task [28] is a task of, given an input sequence of length L, to produce a sequence
of M << L elements present in the sequence which are not padding. This synthetic task was used
in the Mamba work [28] to demonstrate its distinctive capabilities from the previous generation of
LRNNSs in terms of memory retaining ability; we use this task as a playground to demonstrate that
complex-valued recurrent units powered by KANs can work. We train single-layer models and along
with token accuracy we track sequence accuracy, i.e. a proportion of sequences where all predicted
tokens are correct.

Model Width  Grid  Accuracy
RNN 32 - 30.3
LSTM 32 - 100.0
CVKAN-RNN 32 16 60.0
CVKAN-LSTM 32 16 100.0

Table 1
Test sequence accuracy of the considered models on the selective copying problem. We fix input length 32, model
width 32, symbols to copy to 5 and alphabet size to 8.

Along with fixed-width comparison, we conduct experiments in Table 2 and Table 3 for two larger
input configurations, and instead of controlling model width we control the number of real parameters.
For this setup we have slightly changed the (CV)KAN-RNN units and instead of concatenating a state
and an input as in Equation 6 we sum them.



Model Width  Grid Parameters Token Accuracy Sequence Accuracy
RNN 64 - 10320 13.69 +£3.45 0
KAN-RNN 48 4 10912 7.14 £0.01 0
CVKAN-RNN 34 2 11100 21.59 £10.02 0
LSTM 32 - 9360 71.32 £10.84 19.64 £15.20
KAN-LSTM (TKAN) 27 4 10573 76.77 £19.47 39.23 £32.41
CVKAN-LSTM 14 4 10824 94.80 £3.15 78.14 £12.32

Table 2

Selective Copying task, but now we fix the number of parameters near 10K. 128 input tokens, 5 symbols to copy,
alphabet size 16. We run 7-10 experiments per parameter setup, and + denotes standard deviation.

Model Width  Grid Parameters Token Accuracy Sequence Accuracy
RNN 224 - 107760 7.27 £0.17 0
KAN-RNN 156 4 102820 7.15 +£0.02 0
CVKAN-RNN 112 2 106416 7.59 +£0.83 0
LSTM 112 - 104400 85.53 £6.44 2497 £13.48
KAN-LSTM (TKAN) 84 4 95104 45.77 £21.25 0.11 £0.15
CVKAN-LSTM 44 4 99984 99.10 +1.32 92.60 £10.26

Table 3
Selective Copying task with number of parameters fixed around 100K. 256 input tokens, 10 symbols to copy,
alphabet size 16. We run 7-10 experiments per parameter setup, and = denotes standard deviation.

4.2. A5 Monoid Problem

A monoid problem is a task of learning a sequence-to-sequence transform, where inputs are elements
of a given monoid and an expected output is a cumulative application of the monoid operation along
the input sequence. These problems are of significant interest, because they serve as a proxy to test
state-tracking capabilities of models in a setting similar to tracking chess board state, evaluating code
or tracking entity states in a narrative [29]. In the finite-precision setting, Transformers and ostensibly
stateful diagonal LRNN’s are unable to solve the task—that is, to train on the corresponding data and
generalize to inputs of arbitrary lengths. This shows a striking contrast between these models and
LSTMs or LRNNs with dense matrix transitions, which are capable of solving the problem.

In the present work, we leverage the sequences from the A5 symmetric group of even permutations
of five elements. We train three variants of FPRNNs - the baseline model following [27], the FPRNN-
KAN model with a channel mixer parameterized with a KAN and a complex variant CFPRNN-CVKAN
which alters the layer to operate on complex states and leverages a CVKAN layer to parameterize the
complex-valued channel mixer. We report the generalization capabilities of the three models in Table 4.

Model Width Grid L=16 L=32 L=64 L=128 L =256
FPRNN 512 100.0 98.67 69.8 0.09 0
FPRNN-KAN 512 4 100.0 100.0 91.5 30.4 0
FPRNN-CVKAN 512 4 100.0 99.47 87.1 334 14.0

Table 4
Test sequence accuracy of the considered models on the A5 problem. We fix model width at 512, train models on
input sequences of length 16 and track their sequence accuracy on inputs of lengths up to 256.

Similarly to the Selective Copying experiments, along with fixed-width comparison, we conduct
experiments in Table 5 where instead of the model width we control the number of parameters. In the
parameter-controlled setting we observe better stability of the FP-CVKAN model for shorter inputs
(high variance is due to models whi ch refused to converge) but worse generalization to longer inputs.



Model Width  Params L=16 L=32 L=64 L =128 L =256
FPRNN 512 6.98M  89.15 £30.68 88.44 +32.65 87.25 +33.43 77.43 £32.45 49.87 +27.23
87.50 +35.36  87.36 £35.30 82.11 £35.80 35.79 +44.84 1.24 £2.70

FP-KAN 416 6.98M 7813 +37.46 70.24 +41.24 59.70 +41.52 46.24 £39.29 28.47 +25.96
65.12 +48.26  57.77 £+4896  37.87 +48.75 8.34 +18.40 0

FP-CVKAN 336 7.29M 99.98 +0.04 93.03 £12.99 70.53 +20.31 41.13 £17.85 21.60 £10.90
99.70 £0.49 67.23 £40.80 13.05 +£29.72 0.62 +1.52 0

Table 5

Test accuracy of the considered models on the A5 problem. The first line for each model denotes token accuracy
and the second denotes sequene accuracy. We fix the number of parameters, train models on input sequences of
length 16 and track their sequence accuracy on inputs of lengths up to 256. Grid sizes are analogous to Table 4.

4.3. Explainability of LSTM CVKAN

In this experiment we provide a qualitative inspection of the learned representation of our CVKAN
LSTM model by analyzing the internal representations of the model. As a simple demonstration task we
ask a CVKAN LSTM to continue a real-valued sawtooth pattern with a complex-valued shifted triangle
wave over ¢ = 3 cycles and T = 96 time steps after conditioning the model only on the first cycle as
a prefix. Figure 1 shows at the top the real parts of target and prediction over time. The second row
shows signed real-valued readout terms of the w = 8 hidden units in the network. The third panel
visualizes the frequencies of the prediction, target and each individual hidden unit, while the bottom
panel showcases the change in forecast MSE when omitting single hidden units from final readout. It
can be seen that the CVKAN LSTM is able to continue the periodic pattern on a relatively long time
horizon with only little deviation and captures the fundamental target amplitude spectrum.

5. Conclusion and Future Work

To conclude, in the present work we have introduced two CVKAN-driven recurrent architectures. We
have shown that in certain experimental setups, namely selective copying and an As state tracking
task with no length generalization, they can be a close match of or outperform the models from which
they originate. We conducted a fair comparison of the different variants by fixing the parameter count
to similar ranges and showed that our proposed model permits qualitative inspection of its latent
representations and visualization of hidden unit contributions.

Even though we have not been able to conduct more massive experiments to study these questions,
we believe that our results open new research perspectives, especially on scalability and interpretability
of KAN-driven recurrent models. We leave larger-scale experiments for future work.
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Figure 1: Visualization of prediction and hidden unit output for a CVKAN LSTM with w = 8 hidden units,
trained on the first cycle of a complex-valued sawtooth pattern with a total of ¢ = 3 cycles over T = 96 time
steps. The target has a sawtooth real component and a phase-shifted triangle-wave imaginary component.
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