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Abstract

We present Strategy Logic as a formalism for reasoning about strategies in multi-agent systems, and survey its
main extensions, including imperfect information, epistemic reasoning, quantitative and probabilistic aspects,
counting strategies, and hyperproperties.

Keywords
Logics, Multi-Agent Systems, Strategic Reasoning

1. Introduction

The study of logics for strategic reasoning in multi-agent systems started around a quarter of a century
ago, with the introduction by Alur, Henzinger and Kupferman of Alternating-time Temporal Logic
(ATL) [1]. Since then an active community has proposed and studied a wide array of logics to account
for different aspects of multi-agent systems, such as imperfect information or probabilities, or express
important concepts that were not captured by ATL, such as game equilibria. Among the most successful
proposals is Strategy Logic, introduced in [2] and extended to the concurrent multi-agent setting in [3, 4].
Its syntax makes it very easy to express all sorts of complex game-theoretic solution concepts such as
Nash equilibria or secure equilibria, its model-checking problem is decidable though non-elementary,
and it contains many useful fragments with much better computational complexity [5, 6, 7, 8].

In this short paper we propose a brief overview of the different directions of extensions that have
been studied so far for Strategy Logic, and discuss directions of interest that are yet to be explored.

2. Strategy Logic

We first recall briefly the syntax and semantics of classic Strategy Logic. Let us fix a finite set of atomic
propositions AP, a finite set of agents or players Ag and a finite set of variables Var.

Definition 1. The syntax of SL is defined by the following grammar:

p=plopleVe|Xe|lpUp|3s.p|(a,s)p
where p € AP, s € Var, and a € Ag.

Boolean operators and temporal operators, X (“next”) and U (“until”), have their usual meaning.
The strategy quantifier 3s is a first-order-like quantification on strategies: 3s.¢ reads as “there exists
a strategy s such that ¢ holds”, where s is a strategy variable. The binding operator (a, s) assigns a
strategy to an agent: (a, s) reads as “when agent a plays strategy s, ¢ holds”.

We now provide the semantics of SL. We only sketch it and refer to [3] for details. Models of SL are
concurrent game structures: at each turn each agent chooses an action, and the next state is determined
by the current state and the joint action of all agents. A strategy maps histories (sequences of states) to
actions, defining what to do in every situation, depending on the past and the current state. Strategies
that have access to the whole history are called perfect recall. In contrast, when they can only see the
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current state, i.e. they are functions from states to actions, they are called memoryless. The semantics
for Boolean and temporal connectives is standard. Concerning strategy quantification, a formula Js.¢
holds if there exists a strategy o such that ¢ holds when s evaluates to o. Finally the binding (a, )¢
holds if ¢ holds when agent a plays strategy s. For instance, if each agent a; € Ag = {a1,...,a,} has
an LTL objective v;, the following SL formula expresses the existence of a Nash equilibrium:

3s1...3sn(a1,s1) ... (an, sn) /\vs; [((ai, $))10i) — ]

It means that there exist strategies for each agent such that if some agent has a strategy to achieve its
goal, then it is already achieved with its current strategy, so that they have no incentive to deviate.

The model-checking problem for SL is non-elementary decidable for perfect recall strategies. The
complexity is very high, but it is important to stress the fact that it is non-elementary only in the size
of the formula, which is typically small, and the number of exponentials depends on the number of
nested strategic operators, which is usually low (rarely more than one or two). On the other hand the
size of the model, which is typically big, contributes only polynomially to the complexity. When we
restrict to memoryless strategies the problem becomes PSprAcE [9].

In the next sections we discuss the main existing extensions of Strategy Logic.

3. Imperfect information

The first extension of importance that we mention concerns imperfect information. A system has
imperfect information if the agents only have a partial view of the system’s state, for instance they may
observe only some of its variables but ignore the values of some “hidden” variables. In game theory
such situations are modeled by games with imperfect information, where agents’ strategies must only
depend on the available information. This constraint makes these games harder to solve than games
with perfect information, and in particular the existence of a distributed winning strategy for a team of
players in a game with imperfect information is undecidable already for reachability objectives [10].
However decidability can be recovered with two main types of restrictions, one being when there is
a hierarchy among the different agents’ knowledge, where each one knows more than the next (see
e.g. [11]), the other being when all new information is public (as in [12]). These results have been
extended to Strategy Logic: in [13] SL is extended to the imperfect-information setting, and the notion
of hierarchical information gives rise to the notion of hierarchical instances, where the knowledge
must increase as one goes down the syntactic tree of the formula. It is proven that for such instances
model checking Strategy Logic with imperfect information is decidable. Concerning the second type
of restriction that makes imperfect information manageable, it is proven in [14] that model checking
Strategy Logic with imperfect information is decidable when all actions are public.

4. Epistemic reasoning

When agents do not know everything about the system, i.e. in the context of imperfect information,
it becomes meaningful and useful to model and reason about what agents do or do not know. This
is the purpose of epistemic logics, which are characterized by knowledge operators of the form K¢,
meaning “agent a knows that ¢ holds” [15]. Since this is an important aspect in multi-agent systems,
epistemic extensions of logics for strategic reasoning such as ATL have been studied, and Strategy Logic
has been extended with epistemic operators.

As we said in the previous section, distributed strategy synthesis and thus logics for strategic reasoning
are in general undecidable when agents have partial knowledge/imperfect information, and it remains
so when we add knowledge operators. It was shown that the same kind of assumptions that make
SL with imperfect information decidable can also yield decidability results when we add knowledge
operators, but how one defines the semantics of these operators is crucial here.



As pointed out in [16], there exist in the literature two distinct semantics for knowledge operators
in strategic contexts: one where agents know all agents’ strategies, and one where they do not know
anything about anyone’s strategy. These semantics are respectively called informed and uninformed.
The latter turns out to be computationally easier, and it is shown in [16] that model checking SL
with knowledge operators and uninformed semantics is decidable for a class of hierarchical instances,
while [14] proved that it is also decidable with public actions. With the informed semantics on the
other hand the logic is undecidable even when information is hierarchical [16]. For public actions it
was proved in [17] that decidability can be recovered, but only for a fragment of SL called “Boolean
Goals” [18, 8].

5. Quantitative reasoning

Strategy Logic has also been extended to capture quantitative aspects of multi-agent systems.

5.1. Fuzzy Strategy Logic

A quantitative version of Strategy Logic that allows reasoning about the quality of systems is defined
and studied in [19]. This is done by assigning to formulas not Boolean truth values, but rational values
that represent quantitative aspects about the system, such as the distance between an agent and its target
or an agent’s reward. To do so atomic propositions are given rational values, and Boolean operations are
given fuzzy logic semantics such as the Zadeh semantics. The temporal operators’ semantics is taken
from Fuzzy LTL [20, 21], and strategy quantification maximizes or minimizes over all possible strategies:
the semantics of 3s.¢ is the supremum of the semantics of ¢ over all strategies s. In addition arbitrary
computable functions can be used to combine the values of subformulas, as in LTL[F] [22]. Examples
of problems that can be formalized and solved in this very expressive setting include synthesis with
quantitative objectives, or computing e-equilibria in weighted games. It can even be used to reason
about social welfare, for instance, by computing the Price of Anarchy or Price of Stability of a system.
The model-checking problem is shown to be non-elementary decidable for perfect-recall strategies. In
[23] the setting has been further investigated using a discounting operator to study economic scenarios
in which distance in the future is an important parameter.

5.2. Quantifying bounds in Strategy Logic

Another work that introduces quantitative aspects in SL is [24]. It does so by introducing two bounded
operators: FY 1, which means “i) is satisfied in at most N steps”, and A” 1, which means “there
are at most /N outcomes of the current strategies that satisfy ¢/”. It also allows one to quantify over
this bound, and thus one can write 3s1 (a1, $1)Vs2(az, s2)IN A G F=V p, which expresses that there
exists a strategy for agent a; such that for all strategies of agent a there is a bound NV that can depend
on the strategy for a9, such that in all outcomes p holds at least once every N steps. The bounded
outcome quantifier can be used to write, for example, that there exists a strategy for an agent such
that p holds infinitely often in all outcomes but finitely many: 3s(a, s)3N ASY G F p. Here again the
model-checking problem is shown to be non-elementary decidable for perfect-recall strategies.

6. Probabilistic reasoning

Yet another fundamental aspect of multi-agent systems is that the agents’ actions or the outcomes of
those actions may not be deterministic (think of flipping a coin). To model this several probabilistic
extensions of logics for strategic reasoning have been defined, most of them based on ATL. A common
shortcoming of all these proposals was that they lacked the expressiveness to reason about important
game-theoretic solution concepts such as Nash equilibria, subgame perfect equilibria or secure equilibria.
The only proposals that could express some of these concepts did so through dedicated operators, which
requires introducing one operator for each concept.



In [25] a probabilistic extension of Strategy Logic is introduced. Unlike previous proposals for
probabilistic strategic reasoning, it can naturally express with a fixed set of fundamental operators a
wide array of concepts such as expected outcome, Nash equilibria or social-welfare maximization. It
does so by allowing one to write arithmetic terms and to compare their values in formulas of the form
7 < 7/, where the terms are formed using addition, product and their inverse operations on constants
and atomic terms of the form P5(v), which designates the probability that ¢ holds when the agents
follow the strategies assigned by 3 : .Ag — Str. The model-checking problem for this logic is proved to
be undecidable for perfect-recall strategies, decidable in 3ExpSpACE for memoryless strategies, and in
ExpSpack for a fixed-size formula.

7. Counting strategies

Strategy Logic has also been extended to allow for counting strategies and strategy tuples that satisfy a
given property [26, 27, 28, 29]. The main purpose in this endeavor is to express the uniqueness of Nash
equilibria or other solution concepts expressible in SL. This is done by defining a counting strategic
operator: 32 (sq, ..., s,)@ means that there exist at least k distinct tuples of strategies (071, ..., 0,)
that satisfy . So, for instance, if the formula ®ng(s1, . .., S, ) expresses that (sq,. .., s,) forms a Nash
equilibrium for some given objectives, then the graded SL formula

321(31, ce Sn)(I)NE A —E|22(81, ce Sn)(I)NE

expresses that there exists a unique Nash equilibrium.

It was proved in [29] that model checking graded Strategy Logic is decidable, and that it can be used
to decide the existence of unique Nash equilibria in games with LTL objectives in 2ExpTIME, which is
no more than the complexity of deciding the existence of a solution.

8. Hyperproperties

While usual temporal logics such as LTL express properties of individual executions of systems, hy-
perproperties are properties of sets of executions. There is a trend of research into extending classical
temporal logics to express such properties and evaluate them [30]. Recently Strategy Logic was extended
to allow reasoning about properties of the outcomes of multiple strategy profiles [31]. The resulting
logic, called Hyper Strategy Logic, can express properties that cannot be expressed in standard SL, such
as non-interference or quantitative Nash equilibria. Model checking Hyper Strategy Logic is undecidable
for perfect recall, but a useful fragment is identified for which the problem is non-elementary decidable.

There is a strong connection between Hyper Strategy Logic and Strategy Logic with imperfect
information, and it was proven in [32] that forbidding strategic sub-formulas in path formulas of both
logics leads to equiexpressive fragments. This resonates with the known connection between epistemic
temporal logics and hyper temporal logics [33].

Conclusion and Future work

Strategy Logic has been extensively studied and extended in many directions during the past fifteen
years. We have described most of them, but there are others, such as the works [34, 35], which consider
nondeterministic, revocable, or refinable strategies, and the works [36, 37], which study natural or
human-friendly strategies for agents with bounded memory. We would also like to mention the recent
works [38, 39, 40, 41, 42].

Much remains to explore though: for instance other quantitative aspects have been studied in the
settings of multiplayer games and ATL, such as resource-boundedness, but have not yet been studied
in conjunction with SL. It would also be good to find a useful fragment of Probabilistic Strategy
Logic for which the model checking problem is decidable with perfect recall strategies. Regarding



implementations, some prototypes exist, such as MCMAS-SLK [9, 43, 44] or Vitamin [45], but much
work remains to be done to obtain mature tools that can be used for practical real-world purposes.
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