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Abstract
Independence is a concept fundamental to non-monotonic reasoning and belief revision. The conditions of trivial
independence, symmetry, decomposition, and mixing are a well-established axiomatisation of independence.
These are known to be sound and complete for the usual independence relation among random variables on
probability distributions. We lift the semantic definitions needed to establish this result to the level of arbitrary
structures of preference. As an example of this, we confirm that the same holds for ordinal conditional functions
(OCFs): not only are independence statements over OCFs sound with respect to these axioms, but they are also
complete. We also show that a faithful operator exists for OCFs, allowing us to deduce that, as is the case for
probability spaces, OCFs characterise these axioms.
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1. Introduction

Independence among variables has long been a fundamental concern in both non-monotonic reasoning
(NMR) and belief revision. Discerning independent subsets among a set of variables aid, for example, in
reducing the search space associated to a given query in an inductive system of inference. For many
such systems, these problems are known to have high computational complexity. On the other hand,
independence is a fundamental characteristic through which one may understand a given knowledge
base or belief base, relative to a given system of inference or mode of belief revision. Many such systems
are based on structures of preference on sets of possible worlds (be it probability distributions, ordinal
conditional functions (OCFs), total preorders, etc.). In this paper we abstract established probabilistic
semantics for a syntactic axiomatisation of independence to the level of such structures of preference.

There have been a number of approaches to axiomatising conditions of independence among subsets of
a set of variables𝑋 . One such approach is the axioms of trivial independence, symmetry, decomposition,
and mixing. Geiger, Paz, and Pearl show in [1] that these axioms are both sound and complete for the
usual notion of probabilistic independence (where each set of values 𝑉 for 𝑋 is assigned a probability
distribution). Moreover, via the existence of a faithful operator on probability distributions, it is shown
that probabilistic independence precisely characterises those independence relations satisfying the
above axioms. [1] also introduces a polynomial-time algorithm that decides whether an independence
statement 𝛼 follows from a set of independence statements 𝐴 under these axioms. This is in turn used
to establish an algorithm to determine whether a set of independence statements 𝐴 and dependence
statements 𝐵 is consistent with respect to probabilistic independence, i.e. that there exists a probability
distribution that satisfies all of 𝐴 and 𝐵.

We observe that many of the definitions and results of [1] can be lifted to the level of an arbitrary
structure preference on the set of values 𝑉 . We introduce language in which to do this. As a special
case we study OCFs, which we take to be functions 𝜅 with values in N ∪ {∞} for which 𝜅−1(0) ̸= ∅.
There exist standard notions of independence for OCFs, for example in [2] and [3]. We establish that
independence for OCFs is also both sound and complete for the independence axioms. Moreover, we
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show that a faithful operator exists for OCFs, allowing us to deduce that independence for OCFs also
characterises the independence axioms, as well as the correctness of the consistency algorithm for
OCFs. In doing so, we open the application to OCFs both the practical and the conceptual benefits of
the standard axiomatisation for independence. We confirm that a polynomial time algorithm exists
to decide whether two sets are independent relative to some unknown OCF, given a set of known
independence statements for that OCF. On the other hand we also show that, like for probability spaces,
independence among OCFs is precisely a notion of independence among a class of preference structures
for which these independence axioms hold.

In Section 2 we recall the definitions of an independence statement 𝛼 on a set of variables 𝑋 ,
an independence relation ⊥⊥ on 𝑋 , and the axioms governing independence relations set out in [1].
We also introduce the framework of an abstract class of preference structures P and the notion of a
semantic independence assignment for P. This allows us to lift the definitions of satisfaction, soundness,
completeness, and consistency to this level of abstraction. We also lift two results of [1] to this level.
In Section 3 we study the semantic independence assignment for probability spaces, and recall the
known results of soundness, completeness, and the existence of faithful operators here. In Section
4 we recall some needed definitions associated to OCFs and provide some context as to why the
existing notions of independence for OCFs are of interest. In Section 5 we precise the usual semantic
independence assignment for OCFs while in Section 6 we establish soundness and completeness for
this assignment. Finally, in Section 7, we detail the construction of a faithful operator for OCFs and
deduce the corresponding characterisation and consistency results.

2. Axioms for independence

We will be considering independence statements among sets of variables. We fix a finite set of all
possible variables 𝑋 = {𝑥1, . . . , 𝑥𝑛}. Throughout this paper, we allow our variables to take on values
from arbitrary finite sets 𝑉1, . . . , 𝑉𝑛. Call the class of all possible value sets 𝒱 . For a given tuple
(𝑣1, . . . , 𝑣𝑛) ∈ 𝑉1 × . . .× 𝑉𝑛, we will refer to the assignment 𝑥1 = 𝑣1, . . . , 𝑥𝑛 = 𝑣𝑛 as a state of 𝑋 . We
will identify a state with the tuple of values (𝑣1, . . . , 𝑣𝑛) (implicitly assuming an order on the variables
of 𝑋). In the special case where each 𝑥𝑖 is binary, we have that a state corresponds to the notion of a
world. In this case, we use the literals 𝑥𝑖 and 𝑥𝑖 to denote an assignment of 𝑥𝑖 to 1 and 0, respectively,
and we denote a world by a complete conjunction of such literals (with the symbol for ∧ suppressed).
So, for example, the state (0, 1, 1, 0) corresponds to the world 𝜔 = 𝑥1𝑥2𝑥3𝑥4. We denote the set of all
worlds of 𝑋 by Ω(𝑋).

We will study independence in terms of binary relations ⊥⊥ ⊆ 𝒫(𝑋)×𝒫(𝑋) on the power set of the
set of variables𝑋 . A pair (𝑅,𝑆) ∈ 𝒫(𝑋)×𝒫(𝑋) we will refer to as an independence statement if𝑅 and
𝑆 are disjoint and we will use the variable 𝛼 to refer to an arbitrary such statement. If ⊥⊥ consists solely
of independence statements, we will refer to it as an independence relation. To denote that (𝑅,𝑆) ∈ ⊥⊥
we will write 𝑅⊥⊥𝑆. In the event that 𝑅 = {𝑥} is a singleton we will denote 𝑅⊥⊥𝑆 by 𝑥⊥⊥𝑆. We will
denote the union 𝑅 ∪ 𝑆 as 𝑅𝑆. So the language for reasoning about independence that we will use
consists of all propositional statements we can form from atoms given by independence statements in
⊥⊥ over 𝑋 . A given independence relation ⊥⊥ may satisfy the following axioms of independence, where
for any disjoint 𝑅,𝑆, 𝑇 ⊆ 𝑋 , the following hold

(I1) (Trivial independence) 𝑆⊥⊥∅
(I2) (Symmetry) 𝑅⊥⊥𝑆 =⇒ 𝑆⊥⊥𝑅
(I3) (Decomposition) 𝑅⊥⊥𝑆𝑇 =⇒ 𝑅⊥⊥𝑆
(I4) (Mixing) 𝑅𝑆⊥⊥ 𝑇 ∧𝑅⊥⊥𝑆 =⇒ 𝑅⊥⊥𝑆𝑇

(In the above, the implication is part of a meta-language, while the conjunction is not.) Given a set
of independence statements 𝐴 = {𝛼1, . . . , 𝛼𝑚}, we will denote by cl(𝐴) the independence relation
obtained by taking all atoms in the deductive closure of 𝐴 under (I1)-(I4). We will denote by 𝐴 ⊢ 𝛼 the
fact that the independence statement 𝛼 follows from 𝐴, that is, that 𝛼 ∈ cl(𝐴).

The following example illustrates these definitions.



Example 1. Consider the set of variables 𝑋 = {ℎ, 𝑓, 𝑏} expressing properties of a given species
of plant. Let the variable ℎ denote the height of a plant, and say it can take on the values {𝑠,𝑚, 𝑡}
denoting short, medium, and tall. Let the variables 𝑓 and 𝑏 be binary variables that denote whether
or not a plant is flowering and whether or not a plant has bark, respectively. The full set of possible
states for 𝑋 is 𝑉 = {𝑠,𝑚, 𝑡} × {0, 1} × {0, 1} while a particular state of 𝑋 could be (𝑠, 1, 0) denoting
that a plant is short, is flowering, and does not have bark. A possible independence statement could
be 𝛼 = ({ℎ, 𝑏}, {𝑓}), expressing the fact that both the height of a plant and whether or not a plant
has bark are independent from whether or not the plant is flowering. The independence relation
⊥⊥ = cl({𝛼}) generated by 𝛼 would then include {𝛼, ({ℎ}, {𝑓}), ({𝑏}, {𝑓})} along with trivial and
symmetric statements. Note that it is not the case that ℎ⊥⊥ 𝑏, as we might expect to naturally be the case.

To provide semantics for independence statements, we will make use of structures of preference on
the set of possible states 𝑉 = 𝑉1 × . . .× 𝑉𝑛. These indicate which states are more preferable or likely
to occur. Two examples of such structures are probability distributions on 𝑉 and OCFs on 𝑉 . Each of
these classes of structures has an associated notion of independence, which allows us to recover, from a
given preference structure, an independence relation on 𝑋 . Let P be a class of preference structures
and P(𝑉 ) be the class of all such preference structures on 𝑉 . We use the phrase semantic independence
assignment for 𝑉 in P to denote any assignment 𝐼𝑉 of each 𝑃 ∈ P(𝑉 ) to an independence relation
⊥⊥ 𝑃 on 𝑋 . For an independence statement 𝛼 on 𝑋 we will denote by 𝑃 |=𝐼𝑉 𝛼 the fact that 𝛼 ∈ ⊥⊥ 𝑃

while for a set of independence statements 𝐴, we denote by 𝑃 |=𝐼𝑉 𝐴 the fact that 𝑃 |=𝐼𝑉 𝛼𝑖 for each
𝛼𝑖 ∈ 𝐴. We will denote by 𝐴 |=𝐼𝑉 𝛼 the fact that for every 𝑃 ∈ P(𝑉 ), if 𝑃 |=𝐼𝑉 𝐴 then 𝑃 |=𝐼𝑉 𝛼 also.
We use the phrase semantic independence assignment for P to denote a family 𝐼 = (𝐼𝑉 ) of semantic
independence assignments indexed over all possible sets of states 𝑉 for all possible variable sets. For 𝐴
and 𝛼 on a fixed set of variables 𝑋 , we will use 𝐴 |=𝐼 𝛼 to denote that 𝐴 |=𝐼𝑉 𝛼 for every possible set
of states 𝑉 for X. We will say that 𝐼 is sound with respect to (I1)-(I4) if for any set of variables 𝑋 , set of
independence statements 𝐴 over 𝑋 , and independence statement 𝛼 over 𝑋 we have that

𝐴 ⊢ 𝛼 =⇒ 𝐴 |=𝐼 𝛼

Conversely, we will say that 𝐼 is complete with resepect to (I1)-(I4) if for any 𝑋,𝐴, 𝛼 we have that

𝐴 |=𝐼 𝛼 =⇒ 𝐴 ⊢ 𝛼

We will make extensive use of the contrapositive statement of completeness, which states that for
any 𝑋,𝐴, 𝛼, if 𝛼 /∈ cl(𝐴), then there must exist some set of states 𝑉𝛼 and some preference structure
𝑃𝛼 ∈ P(𝑉𝛼) such that 𝑃𝛼 satisfies all the statements in 𝐴, but not 𝛼.

[1] details a polynomial-time algorithm that tests whether an independence statement 𝛼 follows from
a set of independence statements𝐴 over𝑋 via (I1)-(I4). That is, the definition for a procedure Find(𝐴,𝛼)
is given and shown to halt, and return true if and only if 𝐴 ⊢ 𝛼. The complexity for this algorithm
is shown to be 𝑂(|𝐴| · 𝑛2) where 𝑛 is the number of distinct variables of 𝑋 appearing in 𝐴 ∪ {𝛼}.
This algorithm, along with the following construction, proves useful to establish a result regarding
consistency as well as classification for (I1)-(I4). While [1] states these for probability distributions, they
in fact apply to any preference structure P and any semantic independence assignment 𝐼 for P that is
sound w.r.t. (I1)-(I4). The relevant construction is that of a faithful operator ⊗, which is studied in [4],
and can be defined at the level of some 𝐼 and P on a fixed set of variables 𝑋 . The faithful operator ⊗ is
an assignment

⊗ : (𝑉𝑖, 𝑃𝑖)𝑖∈𝐼 ↦→ (𝑉, 𝑃 )

of each family of pairs of sets of states 𝑉𝑖 and preference structure 𝑃𝑖 ∈ P(𝑉𝑖) to a set of states 𝑉 and
preference structure 𝑃 ∈ P(𝑉 ) with the property that for any independence statement 𝛼 on 𝑋 we have

𝑃 |=𝐼𝑉 𝛼 ⇐⇒ ∀𝑖∈𝐼
[︁
𝑃𝑖 |=𝐼𝑉𝑖

𝛼
]︁

(1)



We will be focused on cases where 𝐼 is finite. The existence of an ⊗ that operates on all finite arities
reduces to the existence of a binary ⊗. The first consequence of the existence of a faithful operator is
that complete semantic independence assignments characterise (I1)-(I4).

Theorem 2. (Geiger, Paz, Pearl, 1991) Suppose 𝐼 is a semantic independence assignment for a class of
preference structures P which possesses a faithful operator ⊗, and which is complete with respect to (I1)-(I4).
Then for any independence relation ⊥⊥ satisfying (I1)-(I4) on a set of variables 𝑋 there exists a set of states
𝑉 for 𝑋 and a preference structure 𝑃 ∈ P(𝑉 ) such that for any independence statement 𝛼 on 𝑋

𝛼 ∈ ⊥⊥ ⇐⇒ 𝑃 |=𝐼𝑉 𝛼

The proof of the above theorem considers all statements 𝛼 /∈ ⊥⊥ , of which there are finitely many
since 𝑋 is finite. By the contrapositive statement of completeness, there must exist a structure 𝑃𝛼 that
satisfies ⊥⊥ and not 𝛼. Applying ⊗ over all such 𝑃𝛼 yields the desired 𝑃 .

All the above constructions are used to devise an algorithm to check consistency of a set of indepen-
dence statements 𝐴 and a set of dependence statements (negations of independence statements) 𝐵 over
𝑋 . We will define 𝑃 |=𝐼𝑉 𝐵 to mean that 𝑃 ̸|=𝐼𝑉 𝛽 for every dependence statement ¬𝛽 ∈ 𝐵. We say
that 𝐴 and 𝐵 are consistent in 𝐼 if there exists some set of states 𝑉 for 𝑋 and some 𝑃 ∈ P(𝑉 ) such that
𝑃 |=𝐼𝑉 𝐴 and 𝑃 |=𝐼𝑉 𝐵. The algorithm Con(𝐴,𝐵) is defined as follows: if Find(𝐴, 𝛽) returns false
for each ¬𝛽 ∈ 𝐵, then return true; otherwise return false.

Theorem 3. (Geiger, Paz, Pearl, 1991) Suppose 𝐼 is a semantic independence assignment for a class of
preference structures P which possesses a faithful operator ⊗, and which is complete with respect to (I1)-(I4).
Then for any set of independencies 𝐴 and set of dependencies 𝐵 we have that Con(𝐴,𝐵) returns true if
and only if 𝐴 and 𝐵 are consistent in 𝐼 .

The proof for the case where 𝐴 and 𝐵 are consistent in 𝐼 again relies on the contrapositive form of
completeness to declare a 𝑃𝛽 that satisfies all of 𝐴 but not 𝛽 for every dependence statement ¬𝛽 ∈ 𝐵.
We then take ⊗ of all of these to produce the desired 𝑃 .

In the following section, we study the special case where P is the class of probability distributions. In
Section 5 we study the case where P is the class of ordinal conditional functions.

3. Semantic independence for probability distributions

We now make precise the usual semantic independence assignment for probability distributions. Let
Prob be the class of all probability spaces and for a given set of variables 𝑋 = {𝑥1, . . . , 𝑥𝑛} which
take on values in 𝑉 = 𝑉1 × . . .× 𝑉𝑛, we denote by Prob(𝑉 ) the set of all probability distributions on
𝑉 . The usual semantic independence assignment for Prob maps a given distribution 𝑃 ∈ Prob(𝑉 ),
to ⊥⊥ 𝑃 , the relation that expresses usual probabilistic independence of subsets of variables w.r.t. 𝑃 . That
is, for disjoint sets 𝑅 =, 𝑆 ⊆ 𝑋 , let 𝑃 |𝑅 and 𝑃 |𝑆 denote the marginalisations of the distribution 𝑃 to
𝑅 and 𝑆 respectively. Then 𝑅⊥⊥ 𝑃𝑆 if and only if the probability distribution 𝑃 |𝑅𝑆 of 𝑃 marginalised
to the union 𝑅𝑆 is given by the product distribution 𝑃𝑅𝑃𝑆 . We continue our example from before.

Example 4. Let 𝑋 and 𝑉 be defined as in Example 1. Now consider the distribution 𝑃 on 𝑉 given by

(𝑡, 1, 1) ↦→ 0.14 (𝑡, 1, 0) ↦→ 0.06
(𝑚, 1, 1) ↦→ 0.105 (𝑚, 1, 0) ↦→ 0.045
(𝑠, 1, 1) ↦→ 0.063 (𝑠, 1, 0) ↦→ 0.027
(𝑡, 0, 1) ↦→ 0.007 (𝑡, 0, 0) ↦→ 0.003
(𝑚, 0, 1) ↦→ 0.105 (𝑚, 0, 0) ↦→ 0.045
(𝑠, 0, 1) ↦→ 0.28 (𝑠, 0, 0) ↦→ 0.12



It is easy to check that the independence relation ⊥⊥ 𝑃 associated to this distribution is in fact the same
as the independence relation given in Example 1. For example, the distribution 𝑃 |{ℎ,𝑏} is given by

(𝑡, 1) ↦→ 0.2
(𝑚, 1) ↦→ 0.15
(𝑠, 1) ↦→ 0.09
(𝑡, 0) ↦→ 0.01
(𝑚, 0) ↦→ 0.15
(𝑠, 0) ↦→ 0.4

whereas the distribution 𝑃 |{𝑓} is given by

1 ↦→ 0.7 0 ↦→ 0.3

and {ℎ𝑏}⊥⊥ 𝑃 {𝑓} since for any state (𝑣1, 𝑣2, 𝑣3) ∈ 𝑉 we have that 𝑃 (𝑣1, 𝑣2, 𝑣3) =
𝑃 |{ℎ,𝑏}(𝑣1, 𝑣2)𝑃 |{𝑓}(𝑣3).

Geiger, Paz, and Pearl consider probabilistic semantics for independence statements in [1]. They
establish that the usual semantic independence assignment for Prob is both sound and complete with
respect to (I1)-(I4). For completeness, they use the contrapositive statement, which says that if we have
an independence statement 𝛼 on 𝑋 that does not follow from a set 𝐴, then there exists some set of
states of 𝑋 and a probability distribution 𝑃𝛼 on this set of states such that 𝑃𝛼 satisfies 𝐴 but not 𝛼.
They moreover establish that we can choose this set of states to be binary.

Theorem 5. (Geiger, Paz, Pearl, 1991) Let 𝑋 be any set of variables and 𝐼 be the usual semantic in-
dependence assignment for Prob. Let 𝐴 be a set of independence statements for 𝑋 and 𝛼 /∈ cl(𝐴) be
an independence statement for 𝑋 that does not follow from 𝐴 under (I1)-(I4). Then there exists some
distribution 𝑃𝛼 ∈ Prob(Ω(𝑋)) such that 𝑃𝛼 |=𝐼Ω(𝑋)

cl(𝐴) but 𝑃𝛼 ̸|=𝐼Ω(𝑋)
𝛼.

An explicit construction of such a 𝑃𝛼 is given for any independence statement 𝛼. For probability
spaces to enjoy Theorem 2 and Theorem 3, [1] constructs a faithful operator ⊗ for the usual semantic
independence assignment for Prob. The binary construction is as follows: given state sets 𝑉1 and 𝑉2
for 𝑋 and distributions 𝑃1 ∈ Prob(𝑉1) and 𝑃2 ∈ Prob(𝑉2), we let (𝑉1, 𝑃2) ⊗ (𝑉2, 𝑃2) have state
set 𝑉1 × 𝑉2 and probability distribution the product distribution 𝑃1𝑃2. The fact that this indeed is a
faithful operator is proved in [5].

4. Ordinal conditional functions

Ordinal conditional functions (OCFs) or ranking functions were first introduced in [6], originally intended
to provide a structure by which to represent graded beliefs. We take an OCF1 on a set of states 𝑉 to be
a function 𝜅 : 𝑉 → N0 ∪ {∞} with 𝜅−1(0) ̸= ∅. This in general gives an indication of preference or
typicality among elements of 𝑉 . Those states 𝑣 such that 𝜅(𝑣) = 0 are considered most preferred, and
the larger 𝜅(𝑣), the less preferred 𝑣 is. OCFs arise in various subdisciplines of knowledge representation
and reasoning. Two related such disciplines are those of belief revision and NMR. In both these situations,
OCFs are used to express preference among states in Ω(𝑋) on a set of binary variables𝑋 . In the context
of belief revision, an OCF can be used to represent epistemic state of an agent, in which the worlds of
rank 0 are those that make up the agent’s belief set. This idea is developed in [2] and extends what has
been formulated in terms of structures of preference given by total preorders [7]. In NMR, OCFs on
𝜔(𝑋) are used to construct defeasible entailment relations |∼ on the class of propositional formulas
over the variables in 𝑋 , where 𝜑 |∼ 𝜓 models the fact that 𝜓 typically follows from 𝜑, but there may be

1We remark that this terminology deviates from that used originally in [6]. There OCFs have codomain the class of all ordinals
whereas natural conditional functions have codomain N. Our definition sits between these two (in that there is only one
infinite ordinal in the codomain) and is line with contemporary use of the term (e.g. in [2] and [3]).



exceptions. Defeasible entailment relations constructed from ranking functions are particularly well
behaved in that they satisfy the postulates of System P of [8] as well as the Rational Monotony postulate
[9]. Examples of well-established entailment relations built from ranking functions are Z-inference [10]
and 𝑐-inference [11].

As is the case with probability distributions, to speak of independence among OCFs, we must define
a suitable notion of marginalisation. We state the definition for variables taking values from arbitrary
sets. Suppose 𝑋 is a set of 𝑛 variables, 𝑉 = 𝑉1 × . . .× 𝑉𝑛 is a set of states for 𝑋 , and 𝜅 is an OCF on
𝑉 . Let 𝑆 be any subset of variables in 𝑋 . We have the subproduct 𝑉𝑆 =

∏︀
𝑥𝑖∈𝑆 𝑉𝑖 of 𝑉 just containing

those values for variables in 𝑆 and the usual product projection function 𝜋𝑆 : 𝑉 → 𝑉𝑆 . For a given
state 𝑣 = (𝑣𝑖)1≤𝑖≤𝑛 ∈ 𝑉 we define 𝑣|𝑆 := (𝑣𝑖)𝑥𝑖∈𝑆 to be the substate of 𝑣 with values for variables in
𝑆. We define the marginal of 𝜅 on 𝑆, denoted 𝜅|𝑆 , to be the OCF on 𝑉𝑆 given by

𝜅|𝑆(𝑣|𝑆) = 𝑚𝑖𝑛
𝑤∈𝜋−1

𝑆 (𝑣|𝑆)
𝜅(𝑤)

That is, for any state (𝑣𝑖)𝑥𝑖∈𝑆 for the variables in 𝑆, we have that 𝜅|𝑆 ranks this state equal to the
minimum rank of all states in 𝑉 that have (𝑣𝑖)𝑥𝑖∈𝑆 as a substate.

Established notions of independence for OCFs are closely related to syntax splitting. In the context of
belief revision, this goes back to [12], where the splitting of a language refers to a partitioning 𝑋1 ⊔𝑋2

of the underlying variables 𝑋 of the language. There, Axiom P is introduced, which expresses the fact
that given a splitting, revision by a formula in one sublanguage should only depend on the revision
operator of that sublanguage. In [2], a stronger, semantic notion of syntax splitting is proposed. Here, a
given epistemic state 𝜅 on Ω(𝑋) is said to ocf-split over a partition 𝑋1 ⊔ . . . ⊔𝑋𝑛 of 𝑋 if 𝜅 is equal
to the sum 𝜅|𝑋1 + . . . 𝜅|𝑋𝑛 of the marginals on 𝑋𝑖, taken pointwise. The same definition appears in
the context of NMR, for which notions of syntax splitting are introduced in [3]. Here, we refer to a
splitting 𝑋 = 𝑋1 ⊔𝑋2 of some knowledge base over 𝑋 as 𝜅-independent for some OCF 𝜅 on Ω(𝑋), if
𝜅 = 𝜅|𝑋1 + 𝜅|𝑋2 . In the following section, we straightforwardly extend these definitions to situations
where variables may not necessarily be binary.

5. Semantic independence for OCFs

We now make precise the usual semantic independence assignment for OCFs. Let OCF be the class of
all possible ordinal conditional functions and OCF(𝑉 ) be the set of all ordinal conditional functions
on a given set of states 𝑉 = 𝑉1 × . . . × 𝑉𝑛 for a set of 𝑛 variables 𝑋 . For any 𝜅 ∈ OCF(𝑉 ), let
⊥⊥ 𝜅 be defined as follows. For any disjoint sets 𝑅,𝑆 ⊆ 𝑋 , we have that 𝑅⊥⊥ 𝜅𝑆 if and only if the
marginalisation 𝜅|𝑅𝑆 of 𝜅 to the union 𝑅 and 𝑆 is given by the sum 𝜅|𝑅 + 𝜅|𝑆 . We use our running
example to illustrate the construction.
Example 6. Let 𝑋 and 𝑉 be defined as in Example 1. Consider the OCF 𝜅 on 𝑉 given by

(𝑡, 1, 1) ↦→ 0 (𝑡, 1, 0) ↦→ 1
(𝑚, 1, 1) ↦→ 0 (𝑚, 1, 0) ↦→ 1
(𝑠, 1, 1) ↦→ 1 (𝑠, 1, 0) ↦→ 2
(𝑡, 0, 1) ↦→ 2 (𝑡, 0, 0) ↦→ 3
(𝑚, 0, 1) ↦→ 0 (𝑚, 0, 0) ↦→ 1
(𝑠, 0, 1) ↦→ 0 (𝑠, 0, 0) ↦→ 1

Again, the independence relation ⊥⊥ 𝜅 is the same as the independence relation given in Example 1 and
Example 4. Here, the marginal 𝜅|{ℎ,𝑏} is given by

(𝑡, 1) ↦→ 0
(𝑚, 1) ↦→ 0
(𝑠, 1) ↦→ 1
(𝑡, 0) ↦→ 2
(𝑚, 0) ↦→ 0
(𝑠, 0) ↦→ 0



while 𝜅|{𝑓} is given by
1 ↦→ 0 0 ↦→ 1

With this we see again that {ℎ𝑏}⊥⊥ 𝜅{𝑓} since for any state (𝑣1, 𝑣2, 𝑣3) ∈ 𝑉 we have that 𝜅(𝑣1, 𝑣2, 𝑣3) =
𝜅|{ℎ,𝑏}(𝑣1, 𝑣2) + 𝜅|{𝑓}(𝑣3).

6. Soundness and completeness for independence of OCFs

We state soundness and completeness results for the usual semantic independence assignment for OCFs.
We start with soundness, the proof for which is a straightforward verification. We detail it to illustrate
the underlying algebraic (monoidal) properties satisfied by the independence relation for OCFs. This
result is also stated in [13].

Proposition 7. Let 𝐼 be the usual semantic independence assignment for OCFs. Then 𝐼 is sound with
respect to (I1)-(I4).

Proof. Let 𝑋 be a set of 𝑛 variables and 𝑉 = 𝑉1 × . . .× 𝑉𝑛 be a set of states for 𝑋 . Let 𝜅 ∈ OCF(𝑉 )
and let ⊥⊥ 𝜅 = 𝐼𝑉 (𝜅). We must show that ⊥⊥ 𝜅 satisfies (I1)-(I4). For trivial independence, we note that 𝜅|∅
is just the trivial ranking function on the empty product, i.e., a one-element set where the one element
has rank 0. It is then clear that 𝜅|𝑆∅ = 𝜅|𝑆 + 𝜅|∅ for any 𝑆 ⊆ 𝑋 . So trivial independence follows from
the existence of a unit for addition of ranking functions. Symmetry for ⊥⊥ 𝜅 follows immediately from
symmetry of addition of ranking functions. Decomposition follows from the following computation:
supposing 𝑅⊥⊥ 𝜅𝑆𝑇 , we then have for any state 𝜇 on 𝑅𝑆

𝜅|𝑅𝑆(𝜇) = 𝑚𝑖𝑛
𝜔 ∈𝜋−1

𝑅𝑆(𝜇)
𝜅(𝜔)

= 𝑚𝑖𝑛
𝜔 ∈𝜋−1

𝑅𝑆(𝜇)
𝜅|𝑅𝑆𝑇 (𝜔|𝑅𝑆𝑇 )

= 𝑚𝑖𝑛
𝜔 ∈𝜋−1

𝑅𝑆(𝜇)
(𝜅|𝑅(𝜔|𝑅) + 𝜅|𝑆𝑇 (𝜔|𝑆𝑇 ))

= 𝑚𝑖𝑛
𝜔 ∈𝜋−1

𝑅𝑆(𝜇)
𝜅|𝑅(𝜔|𝑅) + 𝑚𝑖𝑛

𝜔 ∈𝜋−1
𝑅𝑆(𝜇)

𝜅|𝑆𝑇 (𝜔|𝑆𝑇 )

= 𝜅|𝑅(𝜇|𝑅) + 𝑚𝑖𝑛
𝜔 ∈𝜋−1

𝑆 (𝜇|𝑆)
𝜅|𝑆𝑇 (𝜔|𝑆𝑇 )

= 𝜅|𝑅(𝜇|𝑅) + 𝜅|𝑆(𝜇|𝑆)

Finally, mixing follows directly from associativity of addition of ranking functions: supposing 𝑅𝑆⊥⊥ 𝜅𝑇
and 𝑅⊥⊥ 𝜅𝑆 we get 𝑆⊥⊥ 𝜅𝑇 from decomposition and symmetry and so

𝜅|𝑅𝑆𝑇 = 𝜅|𝑅𝑆 + 𝜅|𝑇
= (𝜅|𝑅 + 𝜅|𝑆) + 𝜅|𝑇
= 𝜅|𝑅 + (𝜅|𝑆 + 𝜅|𝑇 )
= 𝜅|𝑅 + 𝜅|𝑆𝑇

We next embark on establishing completeness for independence of OCFs. As with the case for
probability distributions, we will be proving the contrapositive form of the completeness statement by
considering some independence statement 𝛼 not in the deductive closure of some set of independence
statements 𝐴 and constructing an OCF 𝜅𝛼 that satisfies the statements of 𝐴 and not 𝛼. We can define a
preorder ≤ on the set of all independence statements on 𝑋 by taking the product of the usual order
on 𝒫(𝑋) with itself. So we set (𝑆′, 𝑇 ′) ≤ (𝑆, 𝑇 ) if and only if 𝑆′ ⊆ 𝑆 and 𝑇 ′ ⊆ 𝑇 . We set 𝛼′ < 𝛼
if 𝛼′ ≤ 𝛼 and 𝛼′ ̸= 𝛼. It is sufficient to construct a 𝜅𝛼 for those independence statements 𝛼 that are
minimal for 𝐴, that is, those 𝛼 such that for any 𝛼′ < 𝛼 we have that 𝛼′ ∈ cl(𝐴). We work towards
showing that this can be done for any semantic independence assignment that is sound w.r.t. (I1)-(I4).
From repeated applications of symmetry and decomposition we get the following.



Lemma 8. Suppose ⊥⊥ is an independence relation on a set of variables 𝑋 satisfying (I2) and (I3). Then ⊥⊥
is down-closed with respect to ≤.

So if 𝛼′ is a statement not in an independence relation ⊥⊥ satisfying (I1)-(I4), then for any 𝛼 with
𝛼′ ≤ 𝛼, we have that 𝛼 is not in ⊥⊥ as well. This allows us to deduce the following, which in turn tells
us that minimal statements are indeed sufficient to establish our completeness result.

Lemma 9. Suppose 𝐼 is a semantic independence assignment for a class of preference structures P that is
sound with respect to (I1)-(I4). Suppose 𝑋 is a set of variables and 𝑉 is a set of states for 𝑋 . Suppose 𝛼 and
𝛼′ are independence statements on 𝑋 with 𝛼′ ≤ 𝛼 and suppose that 𝐴 is a set of independence statements
on 𝑋 . Then

𝐴 ̸|=𝐼𝑉 𝛼′ =⇒ 𝐴 ̸|=𝐼𝑉 𝛼

The following observation we take out of the proof for completeness given in [1], since it is purely
syntactic in that it is about an arbitrary independence relation ⊥⊥ satisfying (I1)-(I4) and makes no
mention of any preference structure P.

Lemma 10. (Geiger, Paz, Pearl, 1991) Suppose ⊥⊥ is an independence relation on 𝑋 satisfying (I1)-(I4).
Suppose (𝑆1, 𝑆2), (𝑆3, 𝑆4) are independence statements on 𝑋 such that (𝑆1, 𝑆2) is minimal for ⊥⊥ and
𝑆1𝑆2 = 𝑆3𝑆4. Then (𝑆3, 𝑆4) is not in ⊥⊥ .

The proof for the above considers the intersections 𝑆13, 𝑆14, 𝑆23, 𝑆24 and proceeds by contradiction,
assuming that (𝑆3, 𝑆4) = (𝑆13𝑆23, 𝑆14𝑆24) is in ⊥⊥ . Using mixing, we “move 𝑆23 and 𝑆14 across the ⊥⊥ ”
to get 𝑆1⊥⊥𝑆2. With this equipment in place, we are now able to state our completeness result for OCFs.
We again show that the structure that satisfies the given set of statements 𝐴 but not the 𝛼 /∈ cl(𝐴) is a
structure on the set of binary states.

Theorem 11. Let 𝑋 be any set of variables and 𝐼 be the usual semantic independence assignment for
OCF. Let 𝐴 be a set of independence statements for 𝑋 and 𝛼 /∈ cl(𝐴) be an independence statement
for 𝑋 that does not follow from 𝐴 under (I1)-(I4). Then there exists some 𝜅𝛼 ∈ OCF(Ω(𝑋)) such that
𝜅𝛼 |=𝐼Ω(𝑋)

cl(𝐴) but 𝜅𝛼 ̸|=𝐼Ω(𝑋)
𝛼. Thus, 𝐼 is complete with respect to (I1)-(I4).

Proof. By Proposition 7 and Lemma 9, we only need to construct 𝜅𝛼 for those 𝛼 minimal for 𝐴. Let our
minimal 𝛼 = (𝑆1, 𝑆2). For a given state 𝜔 ∈ Ω(𝑋) and subset 𝑆 ⊆ 𝑋 , let |𝜔|𝑆 denote the number of
occurrences of positive literals in 𝜔|𝑆 , that is, the number of variables 𝑥𝑖 in 𝑆 such that 𝑥𝑖 is true in 𝜔.
Now set

𝜅𝛼 : 𝜔 ↦→
{︂

0 if |𝜔|𝑆1𝑆2 is even
1 if |𝜔|𝑆1𝑆2 is odd

𝜅𝛼 has the property that

for any 𝑆 ⊆ 𝑋 where it is not the case that 𝑆1𝑆2 ⊆ 𝑆, we have that the marginal
𝜅𝛼|𝑆 is just the zero ranking function which assigns every state to 0. (2)

Indeed, for any such 𝑆 there is some variable 𝑥 ∈ 𝑆1𝑆2 that does not appear in 𝑆 and so any 𝜔 with 𝑥
positive and 𝜔′ identical to 𝜔 but with 𝑥 negative both restrict to the same state on 𝑆. So any such state
𝜇 is such that 𝜋−1

𝑆 (𝜇) contains at least one world with zero rank.
We now confirm that 𝜅𝛼 ̸|=𝐼Ω(𝑋)

𝛼. Note that, since (𝑆1, 𝑆2) is minimal, we certainly have that 𝑆1𝑆2
is nonempty. Now pick any variable 𝑥 ∈ 𝑆1𝑆2, and let 𝜇 be the state on 𝑆1𝑆2 where 𝑥 is positive and
all other variables are negative. Then 𝜅𝛼|𝑆1𝑆2(𝜇) = 1. But, by (2), we have that both 𝜅𝛼|𝑆1(𝜇|𝑆1) = 0
and 𝜅𝛼|𝑆2(𝜇|𝑆2) = 0, and so 𝜅𝛼|𝑆1𝑆2 ̸= 𝜅𝛼|𝑆1 + 𝜅𝛼|𝑆2 .

Next we show that 𝜅𝛼 |=𝐼Ω(𝑋)
𝐴. For each (𝑇3, 𝑇4) ∈ 𝐴 we split along two cases. The case where

𝑆1𝑆2 ̸⊆ 𝑇3𝑇4 is given by (2), which tells us that 𝜅𝛼|𝑇1𝑇2 is zero here and so 𝜅𝛼|𝑇1 and 𝜅𝛼|𝑇2 are also
zero here. We show that the case where 𝑆1𝑆2 ⊆ 𝑇3𝑇4 cannot occur. Suppose for contradiction that
(𝑇3, 𝑇4) ∈ cl(𝐴). Since cl(𝐴) is closed under decomposition, we have that (𝑆3, 𝑆4) ∈ cl(𝐴) as well,
where 𝑆3 ⊆ 𝑇3, 𝑆4 ⊆ 𝑇4 and 𝑆3𝑆4 = 𝑆1𝑆2. But by Lemma 10, we have that (𝑆3, 𝑆4) is not in cl(𝐴).



7. A faithful operator for OCFs

As is done for probability spaces, we construct a faithful operator ⊗ for the usual semantic independence
assignment for OCFs. Again, we only define binary ⊗, since 𝑛-ary ⊗ can be defined by repeated
application of binary ⊗.

Definition 12. Let 𝑉1 and 𝑉2 be state sets for a set of variables 𝑋 and let 𝜅1 ∈ OCF(𝑉1) and
𝜅2 ∈ OCF(𝑉2). We define (𝑉1, 𝜅1)⊗ (𝑉2, 𝜅2) to have state set 𝑉1 × 𝑉2 and ranking function 𝜅1 + 𝜅2.

Letting 𝑉1 = 𝑉11 × . . .× 𝑉𝑛1 and 𝑉2 = 𝑉12 × . . .× 𝑉𝑛2, we note that it is more accurate to define
the state set for (𝑉1, 𝜅1) ⊗ (𝑉2, 𝜅2) as (𝑉11 × 𝑉12) × . . . × (𝑉𝑛1 × 𝑉𝑛2). But this is in bijection with
𝑉1×𝑉2 and so we identify the two via this bijection. To show that ⊗ above is indeed a faithful operator,
we begin by observing that it remains preserved under marginalisation.

Lemma 13. Suppose 𝑆 is a subset of variables from 𝑋 . Then for any state sets 𝑉1, 𝑉2 on 𝑋 and ranking
functions 𝜅1 ∈ OCF(𝑉1), 𝜅2 ∈ OCF(𝑉2) we have that

((𝑉1, 𝜅1)⊗ (𝑉2, 𝜅2))|𝑆 = (𝑉1, 𝜅1)|𝑆 ⊗ (𝑉2, 𝜅2)|𝑆

Proof. We observe that at the level of state sets we have (𝑉1 × 𝑉2)𝑆 = 𝑉1𝑆 × 𝑉2𝑆 . Now suppose we
have some state (𝑢1, 𝑢2) ∈ 𝑉1𝑆 × 𝑉2𝑆 . Then

(𝜅1 + 𝜅2)|𝑆(𝑢1, 𝑢2) = 𝑚𝑖𝑛
(𝑣1,𝑣2)∈𝜋−1

𝑆 (𝑢1,𝑢2)
(𝜅1 + 𝜅2)(𝑣1, 𝑣2)

= 𝑚𝑖𝑛
(𝑣1,𝑣2)∈𝜋−1

𝑆 (𝑢1,𝑢2)
(𝜅1(𝑣1) + 𝜅2(𝑣2))

= 𝑚𝑖𝑛
𝑣1 ∈𝜋−1

𝑆 (𝑢1)
𝜅1(𝑣1) + 𝑚𝑖𝑛

𝑣2 ∈𝜋−1
𝑆 (𝑢2)

𝜅2(𝑣2)

= 𝜅1|𝑆(𝑢1) + 𝜅2|𝑆(𝑢2)

Proposition 14. ⊗ is a faithful operator for the usual semantic independence assignment 𝐼 for OCF.

Proof. Let 𝑉1 and 𝑉2 be state sets for a set of variables 𝑋 and let 𝜅1 ∈ OCF(𝑉1) and 𝜅2 ∈ OCF(𝑉2).
Suppose (𝑆, 𝑇 ) is an independence statement on 𝑋 . We must show that

(𝜅1 + 𝜅2) |=𝐼𝑉1×𝑉2
(𝑆, 𝑇 ) ⇐⇒ 𝜅1 |=𝐼𝑉1

(𝑆, 𝑇 ) ∧ 𝜅2 |=𝐼𝑉2
(𝑆, 𝑇 )

We prove the backward implication first. Suppose 𝜅1|𝑆𝑇 = 𝜅1|𝑆 + 𝜅1|𝑇 and 𝜅2|𝑆𝑇 = 𝜅2|𝑆 + 𝜅2|𝑇 .
Then

(𝜅1 + 𝜅2)|𝑆𝑇 = 𝜅1|𝑆𝑇 + 𝜅2|𝑆𝑇
= (𝜅1|𝑆 + 𝜅1|𝑇 ) + (𝜅2|𝑆 + 𝜅2|𝑇 )
= (𝜅1|𝑆 + 𝜅2|𝑆) + (𝜅1|𝑇 + 𝜅2|𝑇 )
= (𝜅1 + 𝜅2)|𝑆 + (𝜅1 + 𝜅2)|𝑇

Conversely, assume that (𝜅1 + 𝜅2)|𝑆𝑇 = (𝜅1 + 𝜅2)|𝑆 + (𝜅1 + 𝜅2)|𝑇 . That is, for any state (𝑢1, 𝑢2) ∈
𝑉1|𝑆𝑇 × 𝑉2|𝑆𝑇 , we have that

𝜅1|𝑆𝑇 (𝑢1) + 𝜅2|𝑆𝑇 (𝑢2) = (𝜅1|𝑆(𝑢1|𝑆) + 𝜅2|𝑆(𝑢2|𝑆)) + (𝜅1|𝑇 (𝑢1|𝑇 ) + 𝜅2|𝑇 (𝑢2|𝑇 ))

Since 𝜅2 is a ranking function, we know that there is some 𝑢2 ∈ 𝑉2|𝑆𝑇 such that 𝜅2|𝑆𝑇 (𝑢2) = 0 and so
𝜅2|𝑆(𝑢2|𝑆) = 0 and 𝜅2|𝑇 (𝑢2|𝑇 ) = 0 as well. This gives us that 𝜅1|𝑆𝑇 = 𝜅1|𝑆 + 𝜅1|𝑇 . An appropriate
lowest ranking 𝑢1 similarly gives us that 𝜅2|𝑆𝑇 = 𝜅2|𝑆 + 𝜅2|𝑇 .



We can use the above along with Theorem 11 to deduce our characterisation and consistency results
for OCFs.

Corollary 15. For any independence relation ⊥⊥ satisfying (I1)-(I4) on a set of variables 𝑋 there exists a
set of states 𝑉 for 𝑋 and an OCF 𝜅 ∈ OCF(𝑉 ) such that for any independence statement 𝛼 on 𝑋

𝛼 ∈ ⊥⊥ ⇐⇒ 𝜅 |=𝐼𝑉 𝛼

We note that the above set of states is not necessarily binary.

Corollary 16. Let 𝐼 be the usual semantic independence assignment for OCFs. Then for any set of
independencies 𝐴 and set of dependencies 𝐵 we have that the algorithm Con(𝐴,𝐵) returns true if and
only if 𝐴 and 𝐵 are consistent in 𝐼 .

8. Related Research

The vast majority of research into axiomatisations of independence relations has focused on the more
general case of conditional independence. The core axioms are those of (semi-)graphoids, which
were first described as properties of probability distributions in [14] and named and explored more
abstractly in [15]. These axioms are significant in that they are closely connected to graphical methods
for reasoning about independence statements. One associates to a set of conditional independence
statements 𝐴 a directed acyclic graph (also called an influence diagram) which has as nodes variables
and as edges the causal relationships between these variables determined by the statements in 𝐴. The
particular case of interest is where the statements of 𝐴 form a causal input list, where there is a total
ordering on 𝐴 and an element of 𝐴 expresses independence of some set conditioned on a subset of its
ancestors. Independence checking here then corresponds to a graphical procedure called 𝑑-separation,
which can be executed in polynomial time. In [16], it is shown that if we restrict to causal input
lists, closure under the semi-graphoid axioms is exactly the same as the set of statements verified by
𝑑-separation, and that probabilistic conditional independence is sound with respect to 𝑑-separation. In
[17], completeness with respect to 𝑑-separation of probabilistic conditional independence among causal
input lists is established. In [6], a notion of conditional independence is given for natural conditional
functions and in [18], soundness of this with respect to the graphoid axioms is established as well as
a completeness result for causal input lists. [19] shows that no finite axiomatisation of conditional
independence exists for which probabilistic conditional independence is complete with respect to the
axiomatisation. [20] establishes the same for natural conditional functions.

9. Further Research

A more recent set of axioms governing independence is set out in [21]. There, a category-theoretic
framework is used where independence is phrased in terms of a product-like operation on structures,
called an independent product, which satisfies conditions akin to a symmetric monoid operation (existence
of a unit, symmetry, associativity). Both the product of probability distributions and the sum of ranking
functions are examples of such independent products. Following the argument of Proposition 7, we can
see that any independent product on a category of preference structures on states will give rise to an
independence relation that satisfies (I1)-(I4). A next investigation of interest is to explore other types
of independent products (of which there are many examples) and determine whether completeness
and the results that follow can be established for these as well. To this end, we have structured our
proofs in such a way that as little as possible depends on the type of preference structure in question. It
is also interesting that the underlying monoidal structure for the faithful operator is the same as the
independent product in both the case of probability spaces and OCFs (but for the faithful operator only
the state sets feature in the product, while for the independent product the set of variables also features).
The extent to which this generalises can also be investigated. These investigations will not only deepen



our understanding of independence among structures of preference, but may, for example, also open
the door to build systems of inference on new classes of preference structures where independence
behaves as it does for probability spaces.

We wish to answer above questions for those preference structures given by a ranking measure [22],
where ranks are taken in an ordered abelian group, and which generalise both probability distributions
and OCFs. At a higher level of generality, we could consider quasi-measures [22] and ask which of these
support the same observations. The same exercise may also be undertaken at the even higher level of
generality given by plausibility measures [23], where the algebraic structure is not required.

We also wish to extend our investigations to axiomatisations for conditional independence. In
particular, we would like to apply known results to recent work in conditional syntax splitting [24, 25].
For example, we wish to determine whether the polynomial-time decision algorithms for 𝑑-separation
are able to increase the speed of checking typical independence statements in the nonmonotonic
inference setting.

10. Conclusion

The axioms of trivial independence, symmetry, decomposition, and mixing ((I1)-(I4)) are well-established
to model independence of random variables in probability theory. This statement can be made precise by
the fact that the usual semantic independence assignment for Prob is both sound and complete for these
axioms, and, moreover, that every independence relation ⊥⊥ satisfying (I1)-(I4) possesses a distribution
satisfying exactly the statements of ⊥⊥ . We have shown that exactly the same holds for ordinal conditional
functions. To achieve this, we have lifted semantic notions of independence to the level of abstract
preference structures, and have shown that the notions of soundness, completeness, faithful operators,
and consistency can all be formulated at this level. Moreover, the above characterisation result for
probability spaces and the correctness of an algorithm for consistency checking hold for any complete
semantic independence assignment that has a faithful operator, as is the case for OCFs. It remains to be
explored which other classes of preferences structures also exhibit these properties.
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