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Abstract

Nonmonotonic reasoning with conditional belief bases aims at answering the question “Given a belief base A and
two formulas A and B, does formula A entail formula B in the context of A?”. Answering these inference tasks
is usually quite complex as their semantics involve structures that often grow exponentially in signature size. As
a means of localizing such inferences tasks, safe conditional syntax splitting has been introduced in order to split
conditional belief bases into smaller subbases, allowing to take only the relevant parts of a given belief base into
account. Recently, the kinds of splittings that can be exploited for inductive inference have been refined in two
ways: Generalized safe splittings broaden the number of splittings exploitable while genuine splittings identify
those splittings that can be meaningfully used for inductive inference. While the theoretical aspect of splittings
has been investigated in some detail, their implementation has received far less attention. We present algorithms
for computing the different kinds of conditional syntax splittings of a given belief base. These algorithms are
capable of computing all conditional syntax splittings and finding all safe, generalized safe, and genuine splittings
of a belief base. A modular approach ensures that any combination of safe, generalized safe, and genuine, e.g., the
genuine and generalized safe splittings, can be easily computed as well. We evaluate an implementation of these
algorithms with respect to the number of splittings computed for each kind and the runtime of each algorithm,
analyzing in particular the differences between safe and generalized safe splittings, as well as the benefits of
genuine splittings.
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1. Introduction

A central aspect of knowledge representation and reasoning (KRR) is that of nonmonotonic reasoning;:
Given a belief base A and two formulas A and B, does formula A entail formula B in the context
of A? Reasoning mechanisms aiming at answering this question can be formalized as inductive
inference operators [1]. Examples of inductive inference operators include p-entailment [2, 3], system Z
[3], lexicographic entailment [4], skeptical c-inference [5], and system W [6, 7]. Computation of
these inference operators often suffers from the fact that their semantics rely on structures that grow
exponentially in the underlying signature size. Splitting techniques aim at tackling this problem, by
focusing only on the relevant parts of a belief base, reducing the number of conditionals and signature
elements that need to be taken into account for inference. Originally introduced by Parikh for belief
revision [8], syntax splitting and its generalization conditional syntax splitting [9] have established
themselves in recent years as a useful means to localize reasoning tasks via a set of postulates for
inductive inference operators [1, 9, 10]. Multiple kinds of conditional syntax splittings, aiming at
identifying splittings useful for inductive inference, have been proposed [9, 10]. However, while their
theoretical aspects have been researched, approaches for computing the different kinds of conditional
syntax splittings for a given belief base are missing.

In this paper, we present algorithms for computing all conditional syntax splittings of a given belief
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base A, as well as all safe, generalized safe and genuine splittings of A. A modular approach ensures
that the algorithms can be easily combined to compute any combination of these kinds of splittings
which we illustrate with an algorithm computing the most beneficial splittings of A, i.e., the splittings
that are both genuine and generalized safe [10]. We implement these algorithms and evaluate them on
different belief bases. We observe and evaluate both the number of different kinds of splittings as well
as the runtime of the presented algorithms.

The rest of this paper is organized as follows. We briefly recall the necessary technical preliminaries
in Sect. 2. In Sect. 3 we give an overview of the state of the art of conditional syntax splitting of belief
bases and present our developed algorithms in Sect. 4. We evaluate an implementation of our proposed
algorithms in Sect. 5 and point out future research in Sect. 6 before concluding in Sect. 7.

2. Preliminaries

We consider a finitely generated propositional language £ over a signature ¥ with atoms a, b, c, . . .
and with formulas A, B, C, . .. For conciseness of notation, we may write AB instead of A A B, and
A instead of ~A. With atoms(A) we denote the signature elements occurring in a formula A4, i.e.,
atoms(a A b) = {a,b}. As models of formulas we will use the set §2 of possible worlds, or propositional
interpretations, over £. We will use w both for the model and the corresponding conjunction of all
positive or negated atoms, allowing us to use w both as an interpretation and a formula. Since w = A,
denoting both the satisfaction and logical entailment relation, means the same for both readings of
w, no confusion will arise. For subsets 3J; of ¥, let £(X;) denote the propositional language defined
by ¥;, with associated set of possible worlds 2(3;). Note that while each formula of £(©) can also
be considered as a formula of £ if © C Y, the interpretations w® € Q(0O) are not elements of (X))

if © # ¥. Furthermore, each interpretation w € € can be written uniquely in the form w = w®w®

with concatenated w® € Q(0) and w® € Q(O), where © = X\ O. Note that the syntactical reading
of interpretations aligns with this representation: w is a conjunction of w® and w® (with omitted A
symbol). With w’ we denote the reduct of w to ¥; [11]. Conditionals (B|A) are meant to express
plausible, yet defeasible rules “If A then usually B”. A conditional (B|A) is verified by w if w = AB
and falsified by w if w = AB. For a conditional (B|A) we may write atoms(B|A) as shorthand for
atoms(A) U atoms(B). A conditional (B|A) is called self-fulfilling, or trivial, if A |= B, i.e., there is
no world that falsifies it. A belief base A is a finite set of conditionals. As models for conditionals we
use ordinal conditional functions (OCFs) k — Ny U {oco} that map worlds to ranks such that at least
one world has rank 0, i.e., s 1(0) # 0, introduced first in a more general form by Spohn [12]. The
intuition is that worlds with lower ranks are more plausible than worlds ranked higher; worlds ranked
oo are considered entirely infeasible. OCFs are lifted to formulas by x(A) = min{w | w = A}. An
OCF k accepts a conditional (B|A) if k(AB) < k(AB). An OCF & is a model of a belief base A if
accepts all conditionals of A. A belief base A is strongly consistent (in the sense of [13, 3]) if there
is a model k of A with k(w) < oo for all w € €, i.e, all worlds are at least somewhat plausible. In
this paper, we focus on strongly consistent belief bases. To formalize inductive inference from belief
bases, the notion of inductive inference operators was introduced [1]. An inductive inference operator
is a mapping C that assigns to each belief base A C (£ | £) an inference relation oA C £ X L on L,
ie, C: A pa, such that the two properties (DI): If (B|A) € Athen A v B, and (TV): A vy B
implies A |= B are satisfied. Examples of inductive inference operators include p-entailment [2, 3],
system Z [3], lexicographic inference [4], c-inference [5], and system W [6, 7].

3. Conditional Syntax Splitting

Syntax splittings describe that a belief base A contains completely independent information about
different parts of the signature. According to [1], A splits into subbases A1, Ay if {1, ¥o} is a partition
of ¥ suchthat A = Ay UAg, A; C (L£4|L5), Li = L(X;) fori € {1,2},31NXe =0, and X1 Uy = 3,
denoted as A = Ay U21,22 Ao,



Syntax splittings were generalized to conditional syntax splittings, which allow subbases to share
some atoms in a given subsignature X3 [9].

Definition 1 (conditional syntax splitting [9]). A belief base A splits into subbases Aj,As conditional
on X3, if there are ¥1,% C ¥ such that A; = AN (L(X; UX3) | L(X; UX3)) fori € {1,2}, and
{X1, 32,83} is a partition of X. This is denoted as A = A1 Uy, v, D2 | Zs.

Unlike syntax splitting, conditional syntax splitting does not require the subbases A; and Ay to be
disjoint. For the rest of this paper, we will often use A3 to denote the intersection of the subbases, i.e.,
Az = A1 N As.

In the literature different kinds of conditional syntax splittings were introduced.

Definition 2 (safe, generalized safe, genuine conditional syntax splitting [9, 10]). A conditional syntax
splitting A = Ay Uy, 5, Ao | B is called

. safe, denoted A = Al Us, =, A? | 33, if the following safety condition holds [9]:

for every w'w® € Q(2; U 3) there isw’ € Q(Sy) s.t. ww’w’ [ \/ E A —F.
(FIE)eA,

« generalized safe, denoted A = Ay gzsl s, D2 | X3, if the following generalized safety condition

holds [10]:

for every w'w® € Q(; U ) there isw' € Q(Ty) s.t. www! b \/ E N—F.
(FIE)eA\As

« genuine if Ay € Ag and Ao Ay [10].

Safe splittings were introduced because a purely syntactical conditional syntax splitting is not
sufficient to guarantee independence between the subbases A; and Ay [9]. This is because conditionals
in one subbase may put constraints on signature elements in the conditional pivot 33 that are not
reflected in the other subbase (cf. [9, Example 6]), making some interpretations over X3 valid in one
subbase, but not in the other. Note that the key difference between safe splittings and generalized safe
splittings is that the conditionals in the intersection A; N Ay are not considered for the generalized
safety condition.

Example 1 (A°). Consider the belief base A = {(f|b), (f|p), (b|p), (ble)} over the signature &> =
{b,p, f, e} denoting that an entity is a bird, is a penguin, flies, or is an eagle. A® has the safe conditional
syntax splitting

A= {(fIb), (FIp), lp)}  (J {(ble)} | {0}.
{p.f1{e}

The safety condition can be verified by checking that every w'w? € Q({p, f} U {b}) can be extended with
w? = {€} such that (ble) € Ay = {(ble)} is not falsified by w'w?w3, and that every w*?w*3 € Q({e} U
{b}) can be extended with some w*' € Q({p, f}) such that no conditional in Ay = {(f|b), (f|p), (b|p)}
is falsified by w*'w*2w*3,

It has recently been shown that the safety condition is quite a strong restriction on the intersection
of the subbases A1 N Ag, allowing only trivial, self-fulfilling conditionals to occur in the intersection
[14]. Generalized safe splittings allow for more expressive conditionals in the intersection [10].

Example 2 (A"). Consider A” = {(5|r), (F|s), (b|sr), (o|sT), (0|r), (u|or)} describing the following: If
it is (r)ainy, then usually it is not (s)unny, and if it is sunny, then usually it is not rainy. If it is rainy and
sunny at the same time, then we can usually observe a rain(b)ow. We usually spend some time (o)utside if it
is sunny and not rainy. If it is rainy, then we usually do not spend time outside. If we do spend time outside



and it is rainy, then we usually have an (u)mbrella. This belief base has the generalized safe conditional
syntax splitting

gs
A" = {(5]r), (7ls), Glsr)y | J AGIr), (7ls), (ols), (@]r). (ulor)} | {s,7}
{b}{o,u}

with A7 = {(3|r), (F|s), (b|sr)} and AL = {(5|r), (F|s), (o|sT), (0|r), (u|or)}. The splitting is not safe
because (5|r) € AT N AL = {(5|r), (F|s)} is not a trivial conditional. Furthermore, every safe splitting of
A" = ATUs, 5, A% | X3 satisfies AT C AL or Ay C AY, meaning that there is no safe splitting that can
be meaningfully exploited for inductive inference (cf. [10]).

Because every belief base usually has a large amount of conditional syntax splittings (e.g. [10, Ex.13]),
genuine splittings were introduced to focus on splittings beneficial for inductive inference and to filter
out the large class of simple splittings [10].

Example 3 (A®, A" cont.). Both splittings in Examples 1 and 2 are genuine. The splitting

A°= A {(I0)} b, )

{p.e}.0
is not genuine because Ay = {(f|b)} C A = A;.

Generalized safe conditional syntax splitting, a generalization of safe conditional syntax splitting (cf.
(1, 9]), gives rise to a set of postulates for inductive inference, demanding that inferences in the sub-
language ¥; U X3 can be made taking only A; into account, and that inferences from one sub-language
are independent from formulas over the other sub-language.

(CRel®) [10] An inductive inference operator C satisfies generalized conditional relevance if for any
A=A Ug251,22 Ay | X3, fori € {1,2} and any A, B € £(%;), and a complete conjunction
E € L(X3): AE v A\B iff AE~ 5 B.

(CInd®) [10] An inductive inference operator C satisfies generalized conditional independence if for
any A = Ay US 5, Ao | B3, ford, j € {1,2}, # i,and any A, B € L(%;), D € L(X;), and a
complete conjunction £ € £(X3), such that DE [t 1: AE |~ A\ B iff AED |~ \B.

(CSynSplit8) [10] An inductive inference operator C satisfies generalized conditional syntax splitting
if it satisfies (CRel®) and (CInd8).

a

Example 4 (A" cont.). Recall the splitting in Example 2 and let C' : A — |} " be an inductive inference
operator satisfying (CSynSplitS). Using (CRelf), we obtain that s Ny b iff sr }’vflmb Thus, it is sufficient
to consider only A1 for this inference, reducing the number of conditionals to be taken into account from 6
to 3 and the number of signature elements from 5 to 3. By applying (CInd8), we additionally know that
both sro NX"b and 51 ~X"b hold iff s ™D holds.

Note that the splittings where the postulates (CInd®) and (CRel®) can be meaningfully applied are
exactly the genuine and generalized safe splittings [10].

4. Algorithms

In this section, we present algorithms for computing the different kinds of conditional syntax splittings
of a given belief base. All algorithms are designed in a modular way, such that any combination of kinds
of conditional syntax splittings can easily be computed by employing the corresponding algorithms. We
illustrate this by designing an algorithm combining all different kinds of conditional syntax splittings
and also an algorithm computing exactly those splittings exploitable for inductive inference.



Algorithm 1: condSplittings
Input: Belief base A, signature 3 of A
Output: Set of all conditional syntax splittings of A

1 allSplittings < ()
2 forall partitions {¥1, 32, Y3} of ¥ do
3 Al — (Z); AQ — (Z)

4 | foreach (B|A) € Ado

5 if atoms(B|A) C (31 U X3) then
6 L Ay (—AlU{(B‘A)}

7 if atoms(B|A) C (X2 U X3) then

L AQ — AQ U {(B‘A)}

9 if A1 UAy = A then
10 L allSplittings < allSplittings U {A1 Uy, 5, Ao | X3}

11 return allSplittings

Algorithm 2: genuineSplittings

Input: Set splittings of conditional syntax splittings
Output: Set of all genuine conditional syntax splittings in splittings
1 genuineSplittings < ()
2 foreach A, U21,22 Ay | X5 € splittings do
3 ifAlgAg A As € Ay then
4 L L genuineSplittings < genuineSplittings U {A; U21,22 Ay | X3}

5 return genuineSplittings

First, Algorithm 1 computes all conditional syntax splittings of a given A. It takes A and its signature
as input and iterates over all partitions {X, X2, 33} of ¥, computing for each the subbases A; and
Ay by checking the signature elements of each conditional (Il. 4-8). If all conditionals were assigned
to A1, Ag or both, the algorithm has found a conditional syntax splitting and adds it to the output (IL.
9-10).

After Algorithm 1 has computed all conditional syntax splittings, the following algorithms can be
used in any order dependent on which splittings should be computed.

Algorithm 2 takes a set of conditional syntax splittings and returns all genuine splittings of that set.
This is done by checking for each splitting in the input, whether it is genuine, i.e., whether A; Z Ao
and Ay Z A (1L 2-4).

Algorithm 3 takes a set of conditional syntax splittings as input and returns the set of generalized
safe splittings in the input. This is done by validating the generalized safety condition (Il. 2-7), adding
a splitting to the output if it holds. Algorithm 4 is analogous to Algorithm 3 but validates the safety
instead of the generalized safety condition.

Next we design two algorithms utilizing the modular construction to compute all kinds of splittings
and all splittings exploitable w.r.t. inductive inference. Algorithm 5 computes all types of splittings for
a given belief base. This is useful, e.g., for statistical purposes, i.e., to see how many genuine splittings a
belief base has or how many generalized safe splittings exist as opposed to safe splittings.

Example 5 (A¢, A" cont.). For A°, Algorithm 5 computes 19 conditional syntax splittings, 3 genuine
splittings, 5 safe splittings, 1 genuine and safe splitting, 11 generalized safe splittings, and 2 genuine and
generalized safe splittings.

For A", Algorithm 5 computes 37 conditional syntax splittings, 5 genuine splittings, 16 safe splittings, 0



Algorithm 3: genSafeSplittings

Input: Set splittings of conditional syntax splittings
Output: Set of all generalized safe splittings in splittings

1 genSafeSplittings < ()
2 foreach A, UEL22 Ay | X3 € splittings do
3 genSafe_delta2 «+ Vwlw? € Q(X1 UN3), Jw? € Q(X2) : V(F|E) € A\ Az, whwdw? £
EAN-F
4 if genSafe_delta? then
genSafe_deltal + Yw?w3 € Q(Xy U X3), Jw! € Q1) : V(F|E) €
L Al \ Ag, w2w3w1 % EN-F
6 if genSafe_deltal A genSafe_delta2 then
7 L genSafeSplittings < genSafeSplittings U { A4 %SLEQ Ay | X3}

8 return genSafeSplittings

Algorithm 4: safeSplittings

Input: Set splittings of conditional syntax splittings
Output: Set of all safe splittings in splittings

1 safeSplittings < ()

2 foreach Ay Uy, v, A2 | X3 € splittings do

3 safe_delta2 + Yw'w? € Q(¥1 UY3), Jw? € Q(Xs) : V(F|E) € Ag, wlwdw? [ EA-F
4 if safe_delta2 then

5 L safe_deltal + Yw?w? € Q(ToUX3), Jwy € Q(X1) : V(F|E) € Ay, wiwdw! £ EA-F

6 if safe_deltal N safe_delta2 then
7 L safeSplittings < safeSplittings U { Ay Uszh22 Ag | X3}

8 return safeSplittings

Algorithm 5: allSplittings
Input: Belief base A, signature 3
Output: All kinds of conditional syntax splittings of A

allSplittings < condSplittings(A, )

genuineSplittings <— genuineSplittings(allSplittings)

safeSplittings < safesSplittings(allSplittings)

genuineSafeSplittings < safeSplittings(genuineSplittings)

genSafeSplittings < genSafeSplittings(allSplittings)

genuineGenSafeSplittings < genSafeSplittings(genuineSplittings)

return allSplittings, genuineSplittings, safeSplittings, genuineSafeSplittings,
genSafeSplittings, genuine GenSafeSplittings

NN G W N e

genuine and safe splitting, 33 generalized safe splittings, and 5 genuine and generalized safe splittings.

Algorithm 6 computes all conditional syntax splittings of A exploitable for inductive inference, i.e., the
genuine and generalized safe splittings. First, the algorithm computes all conditional syntax splittings
of A. Then, it removes all simple splittings, leaving only the genuine splittings, and finally checks
all genuine splittings for generalized safety. By computing the genuine splittings first, Algorithm 6
minimizes the amount of splittings where the generalized safety property must be validated, being much
more efficient than Algorithm 5 when only splittings relevant for inductive inference are of interest.



Algorithm 6: exploitableSplittings

Input: Belief base A, signature
Output: All splittings of A exploitable w.r.t. inductive inference

allSplittings <— condSplittings(A,>)

genuineSplittings < genuineSplittings(allSplittings)
genuineGenSafeSplittings < genSafeSplittings(genuineSplittings)
return genuineGenSafeSplittings

W N e

Example 6 (A°, A" cont.). For A, Algorithm 6 computes the following two genuine and generalized safe
splittings:

gs
A®={(f1), (flp), (lp)}  |J {(ble)} | {b}
{p.f}{e}

gs
A= {(f1), (fIp), (blp)} | {(£1b) (ble)} | {b, £}
{p}.{e}

For A", Algorithm 6 computes the following five genuine and generalized safe splittings:

gs
A" = {(s]r), (7ls), Olsr)y (| {GIr), (7ls), (o]s7), (0r), (ulro)} | {s,7}

{b}{o,u}
gs
A7 = {(5]r), (7[s), (Blsr), (ols7), (0lr)}  |J  {(@lr), (ulro)} | {r, o0}
{b,s},{u}
gs
A" = {(s[r), (7]s), (b]sr), (ols7), (@)} | {(@lr), (ulro)} | {b,7,0}
{s}{u}
gs
A7 = {(5]r), (7[s), (blsr), (o]s7), (@lr)} | {(5Ir), (7ls), (o]sT), (0]r). (ulro)} | {s,r, 0}
{o}{u}
gs
A" = {(5[r), (7ls), (0lsr)} | {GIr), (Fls), (ols7), (@]r), (ulro)} | {s,7,u}
{b}.{0}

In the next section we evaluate the approach developed in this section.

5. Implementation and Evaluation

In this section, we evaluate the results of Algorithm 5 by comparing the different numbers of splittings
computed, and we evaluate implementations of all algorithms presented in this paper with respect to
their runtime. We evaluate 6 different belief bases with signature sizes between 4 and 14, containing
between 4 and 20 conditionals. All belief bases as well as their signature size and belief base size are
given in Table 1. The belief bases have been taken from the literature [10, 15, 16] and are available in
the online repository CLKR [17].

The number of each different kind of splitting as computed by Algorithm 5 can be found in Table 3.
It can be seen that the number of splittings for each belief base grows exponentially in the signature
size, already yielding more than 63000 conditional syntax splittings for a signature size of 14. Overall,
only a fraction of splittings is exploitable for inductive inference, i.e., the genuine, generalized safe
splittings, the maximum being 23% for A®** and the minimum being just 2% for the largest example
A If only genuine, safe splittings are taken into account these numbers are significantly smaller,



A I%| | |A| | Signature Conditionals
A° | 4| 4 |bpfe (f1b), (flp) (blp), (ble)
AT 5 6 | rsbou (8|r), (7|s), (b]sr), (o|sT), (0|r), (ulor)
A 1 6 | 7 |rsboug (3lr), (7ls), (b]sr), (0|57’), (5|7’),(U|07") (g]b)
Ase |7 8 | myv,u,o0,c, ek (vlm), (¢|m), (u|lm), (olm), (mle), (¢|e), (m|k), (vec|k)
AT [ 12 (w6 ek sg, | (@), (@), (ofm), (cm), (mle), ([@e), (mlk), (velk),
b, f (wls), (g]s), (s|b), (f]b)
A® 114 | 20 | f,a,w,b,d,p,c, 5,1, | (flaw), (flaw), (b = a|T), (wlb), (d[b), (p = b[T),
1o k,m (flp), (fIp), (¢ = BIT), (flc), (flsc), (5]e), (i = a|T),
(r=a|T), (= 4[T), AV rli), (d]r), (d]D), (b = r[T),
(fwlh), (k = m|T)
Table 1

Evaluated belief bases from the literature [10, 15, 16].

A condSplits  safeGenuSplits  genSafeGenuSplits allKinds  genuSafeSplits  explSplits
A€ 0.0006 0.0056 0.0059 0.0140 0.0027 0.0053
AT 0.0015 0.0219 0.0294 0.0545 0.0051 0.0103
AN 0.0043 0.0929 0.1441 0.2434 0.0375 0.0725
ANG 0.0142 0.2123 0.5569 0.7874 0.0748 0.3707
AY 1.6186 51.7818 278.0983 331.5116 36.5009 243.6230
Aew 70.6094 3240.6019 19335.6374 | 22647.1372 1907.3076  18014.1865
Table 2

Runtime (in seconds). The column condSplits shows the time to find all conditional syntax splittings of a belief
base (cf. Algorithm 1). The columns safeGenuSplits and genSafeGenuSplits show the runtime of calculating
first all safe, and generalized safe splittings respectively (cf. Algorithms 4, 3) and then the genuine splittings (cf.
Algorithm 2). The column allKinds shows the runtimes for our implementation of Algorithm 5, computing all
kinds of splittings. The columns genuSafeSplits and explSplits show the runtime of computing first the genuine,
then the safe respectively generalized safe splittings (cf. Algorithm 6).

leading to a maximum of 9% for A** and a minimum of 0% for A", where no genuine and safe splitting
exists. For A® the fraction of splittings that are both genuine and safe is less than 0.3%. Generalized
safe splittings vastly outnumber safe splittings for both simple and genuine splittings, reaching up to
more than 10 times their amount for some examples, which further corroborates that generalized safe
splittings greatly increase the applicability of splitting postulates [10]. Furthermore, the proportion
of genuine splittings to all conditional syntax splittings increases with the amount of splittings. The
proportion of genuine safe and genuine generalized safe to all safe and generalized safe splittings is
lower than the proportion of genuine splittings to all splittings. This shows that filtering for genuine
splittings can effectively reduce the amount of splittings to be considered for a notion of safety by
around 50% in most cases.

A first implementation of the algorithms in this paper is based on the software library underlying
the InfOCF-Web system [18, 19]. We implemented the algorithms using Python 3. The runtimes were
measured on an AMD Ryzen 7 PRO 7840U Processor with 32GB working memory.

We measured the runtime of all algorithms presented in this paper. Additionally we implemented
and measured the runtime of an algorithm computing the genuine and safe splittings analogous to
Algorithm 6. For A¢ A" A", A A%? and A" we took the average runtime across ten different
executions of the program. The measured times can be seen in Table 2. Evaluating these runtimes
reveals that the computation of the generalized safe splittings (cf. Algorithm 3) takes by far the longest
time of all components in Algorithms 6 and 5. Already for small belief bases, computing the genuine
and generalized safe splittings takes double the amount of time of computing the genuine and safe
splittings, growing up to almost 10 times the runtime for the largest example we considered. This
is likely caused by the significantly larger number of generalized safe as opposed to safe splittings
which grows similarly. In comparison, the computation of all conditional syntax splittings only took a
negligible amount of time. Computing the genuine splittings was almost instantaneous for all belief



A condSplits  safeSplits  genSafeSplits genuSplits genuSafeSplits  explSplits
A€ 19 5 11 3 1 2
A" 37 16 33 5 0 5
AsH 90 32 73 26 8 21
Ase 231 20 102 103 3 54
AY 7530 166 1835 5482 97 1363
A 63949 348 2209 47565 174 1249

Table 3

Number of splittings. The column condSplits shows the number of all conditional syntax splittings of the given
belief base. The columns safeSplits and genSafeSplits show the number of safe and generalized safe splittings
respectively. The column genuSplits shows the number of genuine splittings and the columns genuSafeSplits
and explSplits show the numbers of genuine and safe respectively genuine and generalized safe splittings.

bases and is thus not separately considered here. The runtime advantage of genuine splittings is most
prominent in smaller examples, leading to a runtime reduction of up to 75% for safe and up to 65%
for generalized safe splittings in the case of A”. For the two largest examples, computing the genuine
splittings first achieves a runtime reduction of about 35% for safe and 10% for generalized safe splittings.
This loss of reduction for the larger examples is likely connected to the overall higher fraction of genuine
splittings in the larger examples.

6. Outlook and future work

Ultimately, the goal of splittings as presented in this paper is to enhance inductive reasoning by allowing
queries to be solved locally on one of the subbases. This is formalized via the postulates (CRel®) and
(CInd®). Thus, in order to make use of splittings, an inductive inference operator must satisfy at least
one of these postulates. Notably system Z satisfies (CRel®) but not (CInd®) while skeptical c-inference
and system W satisfy both (CRel®) and (CInd®) [10]. From a practical point of view, there are two
approaches to utilizing splittings of a belief base A for inductive inference: If A is static or changes
rarely it is reasonable to compute all exploitable splittings of A once and then utilize the “best” splitting
for each given query. If A undergoes regular changes, it is more promising to compute a “good” splitting
on the fly when answering queries. In either case what constitutes a “good” splitting is not immediately
clear and neither is its computation. This problem is left for future work; the aim of this paper is to
provide a first stepping stone for practical applications that can be further refined in future work.

In future work we will perform a more elaborate evaluation with many different belief bases of
varying size to investigate empirically if our discoveries can be generalized. We will also investigate
how splittings can be exploited for inductive inference in practice by analyzing the computational gains
of splittings for implementations of inductive inference operators like system Z, lexicographic inference,
c-inference, and system W, available, e.g., in the online reasoning platform InfOCF-Web [18].

7. Conclusion

In this paper, we presented algorithms for computing different kinds of conditional syntax splittings
of a belief base and evaluated their implementations. A modular approach to the algorithms ensures
that any combination of any kinds of splittings can be easily computed as well, in particular the set
of genuine and generalized safe splittings, providing the largest potential for inductive inference. We
evaluated the results of our algorithms with respect to the number of splitting kinds computed and also
evaluated their runtime. This analysis revealed that, while taking much longer to compute, generalized
safe splittings greatly increase the amount of splittings exploitable for inductive inference by up to 10
times as opposed to safe splittings. We have also analyzed the runtime advantage of genuine splittings
and seen that, while most effective for smaller examples and safe splittings, they are also relevant for
larger examples and generalized safe splittings.
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